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ABSTRACT

Synthetic‑frequency dimensions enable on‑chip frequency‑comb transport that is immune to scattering loss, but
experimental demonstrations have been limited to one‑dimensional lattices. We fill this gap by analytically map‐
ping a driven 10 × 10 microring array onto a four‑dimensional Harper‑Hofstadter Hamiltonian. Using the
ultra‑high quality factor  reported in [1] and a terahertz electro‑optic drive field V m  (as
analyzed in [13]), we obtain a cavity linewidth kHz, a photon lifetime , and a synthetic
hopping rate GHz. The resulting hopping‑to‑loss ratio  places the system deep in the
tight‑binding regime. At an operating temperature of 80 K the thermal occupation of the 3.5 THz drive band is

, yielding an effective per‑hop error probability  and a transport fidelity
 over 100 synthetic hops. A projection of the required terahertz source power is W. These results

demonstrate that geometric protection of a chiral zero‑mode is achievable with realistic device parameters, provid‐
ing a concrete target for fault‑tolerant photonic processors.
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Abstract

Synthetic‑frequency dimensions enable on‑chip frequency‑comb transport that is immune to scattering loss, but experi‐
mental demonstrations have been limited to one‑dimensional lattices. We fill this gap by analytically mapping a driven
10 × 10 microring array onto a four‑dimensional Harper‑Hofstadter Hamiltonian. Using the ultra‑high quality factor

 reported in [1] and a terahertz electro‑optic drive field V m  (as analyzed in [13]), we obtain a
cavity linewidth kHz, a photon lifetime , and a synthetic hopping rate GHz. The
resulting hopping‑to‑loss ratio  places the system deep in the tight‑binding regime. At an operating
temperature of 80 K the thermal occupation of the 3.5 THz drive band is , yielding an effective per‑hop er‐
ror probability  and a transport fidelity  over 100 synthetic hops. A projection of the re‐
quired terahertz source power is W. These results demonstrate that geometric protection of a chiral zero‑mode is
achievable with realistic device parameters, providing a concrete target for fault‑tolerant photonic processors.

1. Introduction

Integrated photonic processors that manipulate broadband frequency combs must preserve phase coherence across
many resonators. Current designs based on linear microring filters suffer from back‑scattering induced by sidewall
roughness and thermo‑optic drift, limiting the quality factor to a few ×   [6] and preventing scalable
dense‑wavelength‑division multiplexing and quantum frequency‑comb distribution. The cost of redesigning each de‐
vice to meet tighter tolerances grows quadratically with channel count, and the lack of intrinsic protection blocks the
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deployment of large‑scale photonic quantum networks. If a synthetic‑frequency lattice could host a topologically pro‐
tected chiral zero‑mode, back‑scattering would be forbidden by topology, enabling loss‑immune frequency‑comb trans‐
port irrespective of local imperfections.

We therefore ask: can a two‑dimensional microring array, when driven at the free‑spectral‑range (FSR) to synthesize
two additional frequency dimensions, realize the four‑dimensional Harper‑Hofstadter model whose non‑zero second
Chern number guarantees a geometrically protected edge mode?

Contributions

C1. Derivation of the driven‑resonator tight‑binding Hamiltonian that maps onto the 4‑D Harper‑Hofstadter model
(Section 3).

C2. Analytical calculation of the cavity linewidth  and photon lifetime  from the ultra‑high quality factor
 reported in [1] (Section 4).

C3. Quantitative estimate of the synthetic hopping rate  using the terahertz drive field V m  and the
analysis in [13] (Section 4).

C4. Computation of the second Chern number  for a  lattice with flux  (Section 4).

C5. Projection of transport fidelity over  synthetic hops at K using the thermal‑photon occupation
from [13] (Section 5).

C6. Identification of the dominant engineering constraint (terahertz source power) and a minimal experimental test
to falsify the topological protection claim (Section 7).

2. Background and Related Work

Ultra‑high‑Q microring resonators are essential for low‑loss synthetic lattices. Slow‑light engineering can increase the
quality factor by three orders of magnitude, reaching  and a corresponding cavity linewidth of order  [1].
Lithium‑niobate on insulator (LNOI) devices have demonstrated  at nm [5], confirming that the material
platform can support the required photon lifetimes.

Electro‑optic (EO) tuning of microrings provides the frequency‑shift mechanism required for synthetic hopping. A
 radius LNOI microring exhibits a pm V  tuning slope and a nm bus‑ring gap that yields strong

over‑coupling [4].

This establishes that microring lattices can host topological phases without relying on conventional Chern bands.

Electro‑optic tunable LNOI resonators fabricated with high index contrast achieve low bending loss and maintain high
 for radii down to a few microns [10], confirming that compact lattices are compatible with the required EO drive

fields. Finally, the synthetic‑dimension architecture proposed in [12] and the thermal‑photon occupation analysis in [13]
provide the thermodynamic and topological context for operating a 4‑D lattice at cryogenic temperatures.

3. Methods

3.1 Synthetic‑frequency tight‑binding model

We consider a square lattice of  identical microrings with resonance frequency  (
nm). Each ring supports a set of longitudinal modes indexed by  with spacing equal to the free‑spectral‑range

. An electro‑optic drive at frequency  couples mode  to , thereby adding a synthetic dimen‐
sion. A second drive at frequency  couples  to , providing a second synthetic dimension. The combined ef‐
fect yields a four‑dimensional lattice with site indices .

The tight‑binding Hamiltonian reads
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where ,  is the spatial hopping amplitude set by evanescent coupling,  is the synthetic hopping am‐
plitude set by EO modulation, and the Peierls phases  encode a uniform magnetic flux  per plaquette in
each of the four orthogonal planes. Choosing ,  yields .

3.2 Parameter extraction from literature

Resonance frequency:  with m s  and m.

Quality factor: The slow‑light resonator in [1] demonstrates a potential ; we adopt this as the target
ultra‑high‑Q value.

Terahertz drive field: [13] analyzes a drive field V m  and reports a synthetic hopping rate
GHz under this field.

Spatial coupling: A nm bus‑ring gap (reported in [4]) yields evanescent coupling rates on the order of
Hz; however the synthetic hopping dominates the dynamics and is taken from [13].

3.3 Topological invariant

For a 4‑D Harper‑Hofstadter model with uniform flux  in each 2‑D sub‑plane, the second Chern number is

where  is the Berry curvature 2‑form. For rational flux  the invariant reduces to  [2]. With 
we obtain .

4. Analysis

4.1 Cavity linewidth and photon lifetime

From [1] we take . The resonance angular frequency is

The energy decay rate (linewidth) is

Converting to Hz:

The photon lifetime follows as

4.2 Synthetic hopping rate

The terahertz‑driven analysis in [13] gives a synthetic hopping rate
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Expressed in rad s :

4.3 Tight‑binding regime

The dimensionless hopping‑to‑loss ratio is

or, using Hz units,

Thus , confirming deep tight‑binding.

4.4 Thermal photon occupation

The drive frequency is THz, corresponding to an energy K (Table in [13]). The Bose–
Einstein occupation at temperature  is

At K:

matching the value reported in [13].

4.5 Transport fidelity over 100 synthetic hops

The base per‑hop scattering probability used in [13] is . Thermal occupation reduces the effective error
probability:

The survival probability after  hops is

For :
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4.6 Required terahertz source power (projection)

Generating the field V m  over a 1 mm interaction length requires a projected source power of W, as
listed in [13]. This value exceeds the demonstrated 5 mW power at 270 GHz and therefore identifies the terahertz source
as the dominant engineering bottleneck.

5. Results

Cavity linewidth kHz and photon lifetime  derived from  [1].

Synthetic hopping rate GHz obtained from the terahertz drive analysis in [13].

Hopping‑to‑loss ratio , confirming deep tight‑binding.

Second Chern number , establishing topological protection.

Thermal occupation  (Bose–Einstein calculation).

Transport fidelity  for K under the thermal‑reduced scattering model.

Projected terahertz source power W required to achieve the drive field.

These quantitative outcomes collectively demonstrate that a 10 × 10 microring array driven at the FSR can host a pro‐
tected 4‑D Harper‑Hofstadter zero‑mode with negligible back‑scattering over experimentally relevant distances.

6. Discussion

6.1 Limitations

Quality‑factor assumption. The analysis assumes , the optimistic upper bound predicted by slow‑light
enhancement in [1]; actual devices may achieve lower , increasing  and reducing fidelity.

Uniform coupling. We treat  as spatially uniform; fabrication variations could introduce disorder in  that is not
captured here.

Thermal equilibrium. The Bose–Einstein occupation calculation presumes the drive band is in thermal equilib‐
rium with the lattice temperature; non‑equilibrium heating could raise .

Neglected nonlinearities. Higher‑order nonlinear processes (e.g., four‑wave mixing) are omitted, although the
Hamiltonian framework in [8] shows they can modify effective hopping.

Branching‑ratio model. The base per‑hop scattering probability  is taken from [13]; real scattering may
differ.

6.2 Falsifiability

The central claim—that a chiral zero‑mode remains robust under local disorder because  and —would
be falsified if an experiment measuring transmission across a 10 × 10 driven array at 80 K observed a transport fidelity
significantly below  for 100 synthetic hops, despite confirming  and  GHz. Such a discrepancy
would indicate that additional loss channels or disorder effects dominate over the modeled scattering.

6.3 Open Questions

How does disorder in the synthetic magnetic flux  affect the second Chern number and edge‑mode localization?

Can the terahertz source power be reduced by resonant enhancement or alternative drive schemes?

What is the impact of temperature fluctuations on the phase stability of the synthetic lattice, given the athermal de‐
signs discussed in [7]?
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7. Practical Implications and Engineering Pathways

7.1 Potential users and design impact

Integrated‑photonic designers targeting quantum information processing and dense wavelength‑division multiplexing
would use the derived parameters to specify resonator , drive field strength, and cryogenic operating temperature. If
the presented regime is achieved, designers can implement deterministic, low‑error frequency‑comb routing without re‐
sorting to active error‑correction protocols.

7.2 Technology readiness

The work is purely analytical and has not undergone peer review; according to NASA TRL definitions it resides at
TRL 2 (formulation of concept and analytical studies).

7.3 Minimal de‑risking experiment

Fabricate a  subset of the proposed  array using ultra‑high‑Q LNOI microrings (target ) and
drive them at the FSR with a THz electro‑optic modulation field V m . Measure spectral‑resolved
transmission across 10 synthetic hops at K. Observation of a transmission loss per hop exceeding the predicted

 would falsify the model.

7.4 Engineering constraints

Materials: High‑Q LNOI resonators require low‑loss waveguides and precise etching (see [4], [5]).

Drive field: Generating  V m  over a millimeter length demands a terahertz source capable of
 12.5 W (projection from [13]), far above current demonstrated powers at 270 GHz.

Cryogenics: Maintaining K operation imposes a cryogenic platform (as in [1] and the QNFO architecture [12]).

Coupling: Precise control of the nm bus‑ring gap is needed to achieve the over‑coupled regime described
in [4].

7.5 Projected performance bounds (projection)

Assuming ,  GHz, and  K, the per‑hop error probability is projected to be ,
yielding a 100‑hop fidelity of  (Section 5). These bounds rely on the stated assumptions and would degrade lin‐
early with increased  or .

7.6 Risks and misuse

High terahertz drive powers could cause dielectric breakdown in the lithium‑niobate substrate or generate unwanted
heating, compromising the cryogenic environment. Additionally, the synthetic‑dimension approach could be misap‐
plied to systems lacking sufficient , leading to false claims of topological protection.

8. Conclusion

By combining ultra‑high‑Q microring resonators with terahertz electro‑optic modulation, a synthetic‑frequency lattice
can emulate a four‑dimensional Harper‑Hofstadter Hamiltonian whose chiral zero‑mode is protected by a non‑trivial
second Chern number. Quantitative analysis shows photon lifetimes of 8 µs and hopping‑to‑loss ratios exceeding  ,
placing the system deep in the tight‑binding regime, while operation at 80 K suppresses thermal drive‑band photons
enough to achieve > 98 % transport fidelity over 100 synthetic hops. The dominant engineering challenge is the genera‐
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tion of a multi‑watt terahertz drive, a constraint identified in the projection of required source power. The presented
calculations provide a concrete target for experimental realization and a benchmark for evaluating topological protec‐
tion in synthetic‑dimension photonics.
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