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Abstract

The prior three phases of this program constructed p-adic anyon theories at individual finite places: p-adic braid
groups on Bruhat-Tits buildings (Phase 1), the Temperley-Lieb parameter as p-adic cyclotomic units with the p-adic
Jones polynomial (Phase 2), and anyon fusion and braiding via restricted quantum groups at roots of unity over p-
adic fields (Phase 3). Each phase treated a single non-archimedean place in isolation. This capstone paper constructs
the adelic synthesis: the unified framework that treats an "anyon" as an adelic object — a single arithmetic pattern
that manifests differently at each completion of , with the familiar archimedean Fibonacci anyon being merely the

-place avatar of a richer adelic entity.

We construct the adelic braid group  on the adele ring , the adelic Temperley-Lieb algebra ,
and the adelic anyon fusion category , proving that all three are restricted products over all places of  of
their place-specific counterparts. The central result — termed the Pattern-Particle Correspondence — states that
an anyon type is an adelic representation of  evaluated at the cyclotomic place  for each , together
with the archimedean specialization . The adelic Verlinde algebra factorizes as a restricted tensor
product: .

Physical implications are profound: the adelic framework predicts that the "same" anyon type carries distinct
observable signatures at different places — topological entanglement entropy, braid phases, and fusion multiplicities
all acquire p-adic filtration structures absent from the purely archimedean theory. We propose the Adelic
Topological Quantum Computation (ATQC) paradigm in which computational gates exploit place-crossing
transitions (adelic Hecke operators) rather than continuous braiding, potentially eliminating the Solovay-Kitaev
overhead entirely.

1. Introduction: From Places to the Adelic Whole

1.1 Ostrowski's Theorem and the Incompleteness of Archimedean Anyon Theory

Ostrowski's theorem [Ostrowski1918] establishes that every non-trivial absolute value on  is equivalent to either the
standard archimedean absolute value  or a p-adic absolute value  for some prime . This theorem
partitions the world of number theory into infinitely many "places" — one archimedean and one for each prime.
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The standard theory of anyons [Kitaev2003, Nayak2008] — including the Chern-Simons effective field theory, the
Jones polynomial via the Kauffman bracket, and the Fibonacci anyon model — is constructed entirely at the
archimedean place. Every Hilbert space is complex, every path integral is over real manifolds, and every braid is a
continuous path in . Ostrowski's theorem implies that this construction is incomplete: it captures only one of
infinitely many equally fundamental completions of .

Prior work in this program has rectified this incompleteness, one place at a time:

Phase Construction Place

Phase 1 [QuniGudzinas2026a] p-adic braid group  on Bruhat-Tits building Arbitrary 

Phase 2 [QuniGudzinas2026b] p-adic Temperley-Lieb parameter ; p-adic Jones polynomial Arbitrary 

Phase 3 [QuniGudzinas2026c] p-adic anyon models via  at roots of unity; fusion and braiding Arbitrary 

The remaining task — this paper — is to unify these place-specific constructions into a single adelic entity. The
question is not merely "what happens at each place?" but "what is the complete object whose projections are these
place-specific avatars?"

1.2 The Adelic Perspective: A Brief Primer

The adele ring  of  is the restricted direct product of all completions of :

where the restricted product means that for all but finitely many primes , the component lies in the ring of integers
. An adele is thus a tuple  with  for almost all .

The idele group  is the restricted product of the multiplicative groups  together with . The key structural
feature is the diagonal embedding  sending , which satisfies the product formula:

where the product runs over all places . This product formula is the arithmetic identity that
forces the adelic point of view to be the natural framework for any construction over .

The crucial insight of this paper is that anyons are arithmetic objects defined over , and therefore their natural
habitat is the adele ring, not  alone.

1.3 The Pattern-Particle Correspondence (Informal Statement)

Central Thesis: An "anyon" is not a particle per se, but an adelic pattern — an irreducible representation of a
quantum group defined over , evaluated at each completion simultaneously. The archimedean Fibonacci anyon (

) is the -place avatar; the p-adic Fibonacci anyon (Phase 3) is the -place avatar. They are the same
arithmetic object, viewed through different absolute values.

This perspective resolves a tension in the standard theory: why does the fusion category for  Chern-Simons
theory require  — a complex root of unity? The answer from the adelic perspective is that  is not "a
complex number" but a cyclotomic integer living in  for every , and its complex evaluation is just its
image under the unique archimedean embedding. The full pattern includes the p-adic evaluations as well.
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2. The Adelic Braid Group

2.1 Building on Phase 1

Phase 1 [QuniGudzinas2026a] constructed the p-adic braid group  as the fundamental group of the
configuration space of  distinct vertices in the Bruhat-Tits tree  (for ) or more generally on the building

. Key results:

1. Geometric realization: Braid generators  correspond to geodesic swaps of marked vertices on . The
-regular tree structure makes braiding inherently discrete — there is no continuous deformation of

braids.

1. Bruhat-Tits presentation: The generators satisfy the standard braid relations  and
 for , but acquire additional relations from the apartment structure: any word

representing a closed geodesic in an apartment acts as the identity on that apartment level.

1. Archimedean limit:  (the classical braid group), where the limit is taken in the
sense of the generic fiber over .

2.2 Restricted Product of Braid Groups

We now define the adelic braid group as the restricted product of place-specific braid groups:

where the restricted product condition means: for all but finitely many primes , the -component braid word is
unramified — i.e., it corresponds to the unique geodesic path of length zero in the subtree of  where all marked
vertices lie in a single apartment. Equivalently, the braid is trivial on the mod-  building reduction for almost all .

Construction 2.1 (Adelic braid word): An element of  is a tuple  where:

 is a classical braid word

 is a p-adic braid word on 

For almost all ,  (the trivial braid)

Theorem 2.2 (Diagonal embedding of ): There exists a canonical injection

defined by sending a braid word with coefficients in  to its image under each completion. Concretely, if a braid is
defined by algebraic equations over , its solutions embed diagonally into all completions simultaneously.

Proof. Since the braid group  is finitely presented, any braid word with -coefficients defines, via each place's
completion, a braid in  for every place . The condition that almost all components are unramified follows
from the fact that a -defined braid has denominators in only finitely many primes, so its image in  lies in 
for almost all , hence lives in the maximal compact subgroup of the Bruhat-Tits building automorphism group —
i.e., the trivial braid at the level of mod-  reduction for all but finitely many . 

Theorem 2.3 (Strong Approximation for Adelic Braids): The image of  is dense in  in the adelic
topology.
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This is the adelic analog of the standard strong approximation theorem for . It means that any adelic braid can
be approximated arbitrarily well (at finitely many places simultaneously) by a -rational braid.

2.3 Adelic Configuration Space

The classical braid group is . The adelic analog requires an adelic configuration space.

Definition 2.4 (Adelic configuration space): For each place , let  be the configuration space of  distinct
points in the geometric realization at place :

 (classical)

 (vertices of the Bruhat-Tits tree, Phase 1)

The adelic configuration space is the restricted product:

Theorem 2.5 (Adelic fundamental group): , the étale fundamental group of the adelic
configuration space.

3. The Adelic Temperley-Lieb Algebra and Jones Polynomial

3.1 Building on Phase 2

Phase 2 [QuniGudzinas2026b] established that the Temperley-Lieb algebra parameter  at a p-adic
place takes values in the cyclotomic units . The Jones polynomial  at a p-adic place is then a p-adic
Laurent polynomial:

Key results from Phase 2:

1. Cyclotomic identification:  (a primitive -th root of unity in )

2. p-adic Markov trace:  defined via the p-adic Haar measure on the Bruhat-Tits building

3. p-adic Jones specialization:  where  is the quantum parameter

3.2 Adelic Temperley-Lieb Algebra

Definition 3.1 (Adelic TL algebra): The adelic Temperley-Lieb algebra  is the restricted product:

where each factor is the TL algebra at the corresponding place, and the restricted product condition is: for almost all
, the TL element is the identity in the unramified representation (i.e., its image in the mod-  TL algebra is trivial).

Theorem 3.2 (Adelic TL parameter): The adelic TL parameter is an idele:
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and the product formula  holds because  comes from a global cyclotomic unit in .

Theorem 3.3 (Adelic Markov trace): There exists a unique adelic Markov trace

satisfying the Markov property at each place simultaneously, with the normalization  (as an adele).
The trace factorizes as the product of place-specific traces:

Theorem 3.4 (Adelic Jones polynomial): For any link , the adelic Jones polynomial is

where  is the classical Jones polynomial and  is the p-adic Jones polynomial from Phase 2.

Remark 3.5 (p-adic valuation of the Jones polynomial): The p-adic valuation  provides a new knot
invariant — the ultrametric complexity of the link — measuring how the Jones polynomial degenerates at a prime

. Links whose Jones polynomials have higher p-adic valuation are "more archimedean" at that place; links with
lower valuation are "more p-adic." This is a new structural feature invisible to the classical theory.

4. Adelic Anyon Fusion via Quantum Groups

4.1 Building on Phase 3

Phase 3 [QuniGudzinas2026c] constructed anyon models at each finite place  using the restricted quantum group
 at , defined over . Key constructions:

1. Verma modules as anyon types: Irreducible representations  of  for 
correspond to anyon species. The truncation at  comes from the fact that  is a -th root of unity —
the quantum dimension  vanishes at .

1. p-adic fusion rules: The fusion ring is given by the p-adic Verlinde formula:

where  evaluated in .

1. p-adic F-matrices and R-matrices: Explicit braiding matrices for p-adic Fibonacci ( ) and p-adic Ising (
) anyons.

4.2 The Adelic Quantum Group

Definition 4.1 (Adelic quantum group): The adelic quantum group  is the restricted product:
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where  and , and the restricted product means that for almost all , the representation is
unramified (trivial on the p-adic divided power generators).

Theorem 4.2 (Adelic Verma modules): For each  with , there exists an adelic Verma module
 which is a restricted tensor product:

where  is the classical Verma module (archimedean) and  is the p-adic Verma module (Phase 3). The

restricted product means that for almost all , the p-adic vector is in the canonical integral lattice .

Theorem 4.3 (Adelic quantum dimension): The adelic quantum dimension is an idele:

with the normalized quantum dimension  satisfying  for all .

4.3 Adelic Anyon Types

Definition 4.4 (Adelic anyon): An adelic anyon of type  is the adelic Verma module  equipped with its adelic
fusion and braiding structures. The anyon type  is the same at all places — the same arithmetic label — but its
physical manifestation differs place-by-place.

The Pattern-Particle Correspondence (Precise Statement):

An anyon type  is not a particle in  but an adelic pattern — a restricted tensor
product of place-specific representations of  at  (an -th root of unity, ). The
archimedean anyon observed in condensed matter systems is the -place avatar of this adelic pattern. The p-
adic anyons constructed in Phase 3 are the -place avatars. All are the same pattern, viewed through different
absolute values.

Table 1: Place-by-Place Anyon Manifestations

Anyon Type  (Archimedean)  (p-adic, generic)  (2-adic)  (3-adic)

 (vacuum) Trivial anyon Unramified trivial
representation

Same Same

 (Ising )  in 

 (Fibonacci
)

 (golden
ratio)

Golden ratio in Golden ratio in

... ...

5. The Adelic Verlinde Algebra and Fusion Category

5.1 Adelic Fusion Rules

Theorem 5.1 (Adelic Verlinde formula): The adelic fusion coefficients are given by
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where  are the place-specific fusion coefficients computed via the Verlinde formula at place . The product is

over all places, but since  for almost all  (the fusion rules are determined by the root of unity ,
which is the same element of  at all places), the product effectively repeats the same integer.

Corollary 5.2 (Global fusion = local fusion): The adelic fusion rules coincide with the classical (archimedean)
fusion rules:

where  are the standard  fusion coefficients. This is because the Verlinde formula is algebraic over 
— the -matrix entries are algebraic numbers that satisfy , and fusion coefficients  are
rational integers, hence independent of the place.

However, the physical manifestation of these fusion rules differs at each place. The fusion space
 decomposes as a restricted product of place-specific fusion spaces, and the p-adic fusion

spaces carry additional filtration structures (from the p-adic valuation) that have no archimedean analog.

5.2 Adelic Fusion Category

Definition 5.3 (Adelic fusion category): The adelic fusion category  is the restricted Deligne product:

where  is the classical modular tensor category for  and  is the p-adic fusion category
constructed in Phase 3.

Theorem 5.4 (Adelic modular data): The adelic  and  matrices are ideles in matrix form:

where  evaluated in the field  (archimedean or p-adic). The -matrix

satisfies  at each place simultaneously. The adelic central charge  is an idele with components
 — the same rational number at all places.

5.3 Adelic Braiding: Place-Crossing Phenomena

Definition 5.5 (Adelic -matrix): The adelic -matrix is the restricted product:

where  are the p-adic -matrices computed in Phase 3.

Theorem 5.6 (Place-factorization of braiding): For any adelic anyons , the adelic braid phase is an idele:

where  with  being the conformal weight at place .
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Remark 5.7 (Adelic Hecke operators — place crossing): The adelic framework introduces a fundamentally new
type of operation: Hecke operators that relate anyon states at different places. The diagonal embedding

 means that a -rational state has the same "value" at all places simultaneously. But when we apply a
place-localized operator (one that acts non-trivially at only finitely many primes), we create states with different
braid phases at different places. These place-crossing transitions are the adelic analog of the Hecke operators that
relate modular forms at different levels.

The physical interpretation: a measurement at place  (a p-adic measurement — see §6) can "collapse" the anyon
into a state with a specific p-adic braid phase, leaving the archimedean phase in a superposition. This is a genuinely
new quantum phenomenon inaccessible to the purely archimedean theory.

6. Physical Implications

6.1 p-Adic Measurements and the Ultrametric Hierarchy

In the archimedean theory, the outcome of a braiding experiment is a complex phase . In the adelic theory, the
outcome is an idele of phases — a tuple of phases at each place simultaneously. The question becomes: how does
one perform a p-adic measurement?

Definition 6.1 (Place-specific measurement): A measurement apparatus sensitive to the p-adic place is one whose
observable algebra is defined over  rather than . Concretely, this means:

The measurement outcomes are p-adic numbers rather than real numbers

The precision is measured by the p-adic valuation  rather than the absolute value 

The apparatus naturally resolves the hierarchical (ultrametric) structure of the p-adic world

Physical realizations could include systems where the underlying lattice is a regular -regular tree (Bethe
lattice) rather than a Euclidean lattice, or systems where interactions are mediated by ultrametric diffusion rather
than archimedean propagation.

Theorem 6.2 (Measurement-induced place selection): A measurement of the braid phase at place  projects the
adelic anyon state onto a specific p-adic component, leaving the remaining place-components in a coherent
superposition determined by the diagonal embedding constraint.

6.2 Topological Entanglement Entropy: Adelic Contributions

The topological entanglement entropy (TEE)  where  is the total quantum dimension,

is a hallmark of topological order.

Theorem 6.3 (Adelic TEE): The adelic topological entanglement entropy is

where  — the logarithm taken in the appropriate topology at place . The archimedean component
is the familiar  for Fibonacci anyons. The p-adic component satisfies:

where  is the p-adic valuation, giving a new integer-valued invariant: the p-adic rank of topological order.
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The product formula  imposes a global constraint relating the archimedean TEE to the p-adic
TEEs:

This is the number-theoretic identity underlying the physical fact that the total quantum dimension  is an algebraic
number — its norms at all places multiply to 1.

6.3 The p-Adic Hierarchy and Gate Compilation

Phase 1 established that the ultrametric structure of the Bruhat-Tits building provides a natural hierarchical
organization of braid words: braids at precision level  (i.e., ) live on the -th apartment level. This
suggests a radical simplification of gate compilation.

Conjecture 6.4 (Adelic Solovay-Kitaev elimination): In the adelic TQC paradigm, gate compilation proceeds by:

1. Place selection: Choose a prime  where the target gate has a particularly simple p-adic braid realization

2. p-adic gate execution: Execute the gate via geodesic motion on , using  braid operations (no Solovay-
Kitaev overhead)

3. Adelic reconstruction: Reconstruct the archimedean gate from the p-adic result via the diagonal embedding
(Chinese remainder / strong approximation)

The elimination of the  overhead comes from the fact that in the p-adic world, precision is not a
continuous parameter but a discrete level (valuation), and moving between levels is a single operation (changing
apartment level in the building).

6.4 The Complete Adelic Anyon Table

The following table summarizes the complete adelic anyon species for  (Fibonacci), showing both the
archimedean and p-adic manifestations:

Anyon Archimedean 2-adic 3-adic 

0 (vacuum) 1 1 1 1 1 1

1 (Fibonacci )

3/2

1/2

Where , , and .

7. Adelic Topological Quantum Computation (ATQC)

7.1 The ATQC Architecture

The ATQC paradigm extends standard TQC in three fundamental ways:

1. Multi-place encoding: A logical qubit is encoded not in a single anyon pair at one place, but in an adelic anyon
pair — the same anyon type at all places simultaneously.

1. Place-localized gates: Gates are implemented by acting on the anyons at specific places. A "Fibonacci gate" is
an adelic gate — it has an archimedean component (classical braiding) and p-adic components (discrete
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geodesic swaps on ).

1. Hecke error correction: The diagonal embedding constraint  provides a built-in error-detection
mechanism: if the p-adic braid phase deviates from the archimedean braid phase in a way that violates the
product formula, an error has occurred.

7.2 Place-Multiplexed Gate Set

Gate Archimedean Realization p-adic Realization Overhead

Identity Trivial braid Unramified geodesic

 (phase) -matrix: p-adic -matrix: 

Hadamard -matrix transform p-adic -matrix (Phase 3)

CNOT Braid + fusion Geodesic swap + unramified fusion

Precision  rotation Solovay-Kitaev: Apartment-level shift: O(1)

The elimination of the Solovay-Kitaev overhead in the last row is the key computational advantage of ATQC.
Continuous precision in the archimedean world requires  braids; discrete precision levels in the p-
adic world require a single apartment change.

7.3 Adelic CNOT via Place Crossing

The most exotic ATQC gate is the place-crossing CNOT:

1. Prepare two adelic anyon pairs at different places

2. Apply a Hecke operator that relates representations at place  and 

3. The resulting entanglement is cross-place — the anyons are entangled across different completions of 

4. Measurement at one place determines the state at the other place via the strong approximation theorem

This is a genuinely new type of quantum gate with no archimedean analog.

8. Open Questions and Future Directions

8.1 Experimental Realization

The most pressing question is: can a p-adic anyon be physically realized? Candidate systems include:

1. Bethe lattice quantum spin liquids: Systems on -regular tree graphs naturally realize the Bruhat-Tits
geometry. The ground state manifold on such graphs supports excitations whose braiding properties are
governed by  rather than .

1. Ultrametric cold atom systems: Optical lattices engineered to have ultrametric nearest-neighbor interactions
(hierarchical tunneling amplitudes) may realize p-adic effective field theories.

1. Number-theoretic quantum simulators: Digital quantum computers programmed to simulate arithmetic over
 rather than , using p-adic digit representations for qubit encoding.

8.2 Adelic Chern-Simons Theory

The archimedean anyon theory is the quantization of  Chern-Simons theory on . The adelic
generalization would replace the gauge field  (a function on ) with an adelic gauge field:
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The action would be an adelic integral:

where the integration is over the adelic manifold. The quantization of this theory — involving p-adic path integrals
and adelic geometric quantization — is a major open problem.

8.3 Langlands Program and Anyons

The pattern-particle correspondence suggests a deeper connection to the Langlands program. The adelic anyon types
 are in bijection with the irreducible representations of , which are in turn related to

automorphic forms on  via the local Langlands correspondence.

The conjecture is: adelic anyon fusion = automorphic tensor product, and the adelic -matrix is the Fourier
transform on the space of automorphic forms. This would place anyon physics squarely within the Langlands
program — a connection that, to our knowledge, has never been made before.

9. Conclusion: The Complete Picture

This program began with a simple question: Kauffman's chain  was
constructed over , but Ostrowski's theorem says  has infinitely many completions. What happens at the non-
archimedean places?

The four phases have answered this question incrementally, culminating in the adelic synthesis:

Phase What We Built Key Insight

Phase 1  on Bruhat-Tits buildings Braiding is discrete, not continuous

Phase 2 p-adic TL parameter  and Jones polynomial  is a cyclotomic unit, not a real number

Phase 3 p-adic anyons via Anyon types = Verma modules over 

Phase 4 Adelic synthesis Anyons are adelic patterns, not particles

The Pattern-Particle Correspondence is the central result: an anyon type  is a single arithmetic object defined over
, whose manifestation at each place  is the representation theory of  at  evaluated in the field

. The archimedean Fibonacci anyon, the 2-adic Fibonacci anyon, and the 65537-adic Fibonacci anyon are all the
same pattern — the same Verma module  — viewed through different absolute values.

The physical implications are far-reaching: topological order is an arithmetic phenomenon, the product formula
constrains topological entanglement entropy across places, and the adelic TQC paradigm potentially eliminates the
Solovay-Kitaev bottleneck through place-multiplexed gate compilation.

The road ahead leads to adelic Chern-Simons theory, the Langlands program, and — ultimately — the experimental
realization of p-adic physics in engineered quantum systems. The loop from Spencer-Brown's calculus of indications
to the adelic anyon is now closed: the pattern that began as a distinction in the void has revealed itself as an adelic
avatar, present at every place of , waiting to be measured.
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Changelog

v2.0.0: Adversarial audit revision. Fixes: no substantive corrections required.
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