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ABSTRACT

Precision metrology assumes the fine‑structure constant   to be isotropic. Existing Lorentz‑violation analyses
within the Standard‑Model Extension constrain any directional variation of  to a fractional level of , but no
theoretical framework links this bound to a deeper geometric origin. We develop a formal model in which the
embedding of ‑adic completions into the Archimedean sector is direction‑dependent: each spatial direction 
couples to a distinct prime , modifying the electromagnetic coupling tensor. By expressing the elementary
charge  and Planck constant  as functions of the embedding parameters, we derive a directional shift

 where  and  is a universal scaling factor. Imposing the empirical SME limit 
for the  direction yields  and predicts . Consequently the Josephson
constant  and von Klitzing constant  acquire fractional modulations bounded by

 and . The model further specifies a rotation‑induced
sinusoidal signature with amplitude  for a laboratory rotating relative to the cosmic
microwave‑background frame. These quantitative predictions translate the abstract ‑adic geometric hypothesis
into falsifiable laboratory observables and define concrete targets for next‑generation rotating‑Josephson and
quantum‑Hall experiments.
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Abstract

Precision metrology assumes the fine‑structure constant   to be isotropic. Existing Lorentz‑violation analyses within
the Standard‑Model Extension constrain any directional variation of  to a fractional level of , but no theoretical
framework links this bound to a deeper geometric origin. We develop a formal model in which the embedding of ‑adic
completions into the Archimedean sector is direction‑dependent: each spatial direction   couples to a distinct prime ,
modifying the electromagnetic coupling tensor. By expressing the elementary charge  and Planck constant  as
functions of the embedding parameters, we derive a directional shift  where  and  is a universal
scaling factor. Imposing the empirical SME limit  for the  direction yields  and
predicts . Consequently the Josephson constant  and von Klitzing constant 
acquire fractional modulations bounded by  and . The model
further specifies a rotation‑induced sinusoidal signature with amplitude  for a laboratory rotating relative to
the cosmic microwave‑background frame. These quantitative predictions translate the abstract ‑adic geometric
hypothesis into falsifiable laboratory observables and define concrete targets for next‑generation rotating‑Josephson
and quantum‑Hall experiments.

1. Introduction

National metrology institutes maintain the definition of the kilogram, ampere and related SI units through quantum
standards: the Josephson voltage standard (constant ) and the quantum Hall resistance standard (constant

). Any unnoticed directional dependence of the underlying electromagnetic coupling would corrupt the
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reproducibility of voltage and resistance measurements across laboratories, jeopardizing the integrity of the SI system.
Current Lorentz‑violation searches within the Standard‑Model Extension (SME) place an upper bound of  on
fractional anisotropies of . If a theoretical mechanism predicts anisotropies at or above this level, metrologists must
design rotation‑sensitive experiments; if it predicts far smaller effects, the hypothesis becomes experimentally
irrelevant.

The present work asks: Can a non‑isotropic embedding of ‑adic completions into the real sector generate a
measurable anisotropy of ? We answer affirmatively by constructing a minimal coupling‑tensor model, deriving
explicit fractional shifts, and comparing them to the SME bound. The analysis yields concrete numerical predictions
for the modulation of  and  as a function of the laboratory orientation, thereby providing a clear decision point
for metrology laboratories.

Contributions

1. Derivation of a direction‑dependent fine‑structure constant  from non‑isotropic ‑adic embeddings
(Section 4).

2. Quantitative bound  obtained by enforcing the SME limit on the  direction (Section 5).

3. Projection of fractional modulations for  and , including explicit numerical values (Section 5).

4. Specification of an experimental signature (rotation‑induced sinusoid) and a roadmap for a minimal pilot test
(Section 7).

2. Background and Related Work

The idea that number‑theoretic structures influence physical constants has appeared in several recent studies:

[1] formulates a ‑adic analogue of Borel’s regulator theorem, relating ‑adic ‑groups to special values of
‑functions. This provides a precedent for linking ‑adic arithmetic data to observable quantities.

[2] proves that a three‑state ‑adic Potts model on a Cayley tree exhibits a phase transition if and only if  for
any non‑zero interaction. The privileged role of the prime 3 motivates assigning distinct physical effects to different
primes.

[3] introduces ‑adic Stark regulators and an Iwasawa‑Greenberg main conjecture for Artin motives, illustrating
how ‑adic ‑functions can encode subtle arithmetic information that may manifest in low‑energy physics.

[4] defines ‑adic equiangular lines and proves the inequality , establishing quantitative
constraints on ‑adic vector configurations that we adapt to bound anisotropic coupling tensors.

[5] proves the Bloch–Kato conjecture for critical values of Asai ‑functions, demonstrating that deep ‑adic
cohomological results can be made explicit, a methodological inspiration for our derivations.

[6] shows that the ‑adic square‑root function exists in a four‑dimensional extension for , thereby linking the
prime   to spacetime dimensionality and supporting the identification of ‑dependent geometric directions.

[7] derives the first‑order ‑adic Welch bound , which we repurpose as a bound on the

magnitude of directional deviations in a coupling tensor.

[8] discusses a canonical correspondence between ‑adic and real numbers, arguing that physical predictions
expressed in real units can be obtained from ‑adic constructions, justifying our translation of ‑adic embedding
effects into measurable  variations.

These works collectively justify a framework in which distinct primes label distinct spatial directions and where ‑adic
arithmetic can influence real‑valued physical constants.
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3. Methods

3.1 Direction‑dependent embedding model

Let  be a unit vector indicating the orientation of a laboratory apparatus. We associate each Cartesian
axis  with a prime :

The embedding of the ‑adic completion  into the Archimedean sector is assumed to modify the electromagnetic
coupling tensor  multiplicatively:

where  is a universal, dimensionless scaling parameter to be determined from experimental limits.

3.2 Impact on fundamental constants

The elementary charge  and Planck constant  are taken to scale with the square root of the diagonal entries of :

so that the fine‑structure constant

acquires a fractional shift

The Josephson constant  and von Klitzing constant  then shift as

3.3 Relating  to SME bounds

The SME analysis provides an empirical upper bound on any directional fractional variation of :

Since , Eq. (1) gives . Solving for  yields

All subsequent numerical predictions follow from Eq. (7).

4. Analysis

We now compute the directional shifts explicitly.

1. Determine  from the  bound.

From Eq. (6) and :
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We set  (saturating the bound) for a worst‑case estimate.

1. Compute  for .

Using Eq. (1):

1. Compute  for .

1. Fractional shift of  in each direction.

By Eq. (4) the shifts equal the  values:

1. Shift of  and .

From Eq. (5):

Numerically:

1. Rotation‑induced modulation amplitude.

A laboratory rotating with angular frequency  about an axis orthogonal to  samples a time‑varying projection of .
The maximal sinusoidal amplitude is the difference between the largest and smallest  values:

This is the predicted observable modulation in  (and opposite sign in ) for a full  rotation.

All arithmetic steps are shown explicitly; no hidden approximations are used beyond the linear model (Eq. 1).

5. Results

The analysis yields the following quantitative predictions:
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Direction (prime)  (fractional shift)

 ( )

 ( )

 ( )

Universal scaling factor:  (Eq. 7). Maximum rotation‑induced modulation: 
(Eq. 14).

These numbers respect the SME bound and provide concrete targets for experimental sensitivity.

6. Discussion

6.1 Limitations

Assumption Sensitivity

Linear dependence  (Eq. 1) Higher‑order ‑adic corrections could change the scaling, potentially reducing or
enhancing anisotropy.

Uniform scaling of  and  (Eq. 2) If  and  respond differently to the embedding, the relation (4) would be altered.

Fixed prime assignment to Cartesian axes Different orientation conventions would permute the  values but not change the
maximal amplitude.

Neglect of other SME coefficients (e.g., photon
sector)

Additional Lorentz‑violating operators could mask or mimic the predicted signal.

Constant speed of light Any  anisotropy would modify Eq. (3) and the derived bounds.

6.2 Falsifiability

Observation of a periodic modulation in  or  with amplitude exceeding  under controlled rotation
would falsify the present linear ‑adic embedding model. Conversely, a null result at the  level would tighten the
bound on  to below , further constraining the hypothesis.

6.3 Open Questions

How do higher‑order ‑adic corrections affect the coupling tensor?

Can the model be embedded in a full quantum‑field‑theoretic framework that predicts additional observables (e.g.,
anisotropic photon dispersion)?

What is the relationship between the primes chosen for spatial axes and the underlying Bruhat‑Tits tree geometry
discussed in [6] and [8]?

7. Practical Implications and Engineering Pathways

(a) Intended users and decision impact

National metrology institutes (e.g., NIST, PTB, METAS) and laboratories operating Josephson voltage standards or
quantum Hall resistance standards would use these results to assess whether orientation‑dependent systematic errors
could affect their calibrations. If the predicted modulation were observed, the design of future standards would need to
incorporate orientation monitoring or active compensation.
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(b) Technology Readiness Level

The work is purely analytical and has not undergone peer review; therefore it resides at TRL 2 (formulation of concept
and basic principles).

(c) Smallest next experiment

A feasible pilot test consists of mounting a Josephson voltage standard on a precision rotation stage (angular speed
 rad s ), synchronizing data acquisition with the rotation angle, and integrating over  s to achieve a statistical

sensitivity of . The key observable is a sinusoidal variation in the measured voltage at the rotation frequency.
Detection of an amplitude  would refute the current model; a null result would tighten the bound on .

(d) Engineering constraints

Mechanical stability: rotation platform must maintain angular jitter  rad to avoid spurious voltage
fluctuations.

Thermal control: temperature variations  mK to prevent drift in the Josephson junction.

Magnetic shielding: residual magnetic field  nT to suppress Hall‑effect induced noise.

Data acquisition: phase‑locked detection with timing resolution  µs to resolve the rotation frequency.

Calibration: reference voltage traceable to the existing SI definition to within .

(e) Projected cost (projection)

A dedicated rotation‑test facility, including a low‑vibration turntable, cryogenic Josephson system, and high‑precision
data acquisition, is estimated to cost    million (USD) under current laboratory equipment pricing. This figure
assumes procurement of a commercial cryogenic system ( 600 k) and a custom rotation platform ( 400 k) plus
integration and personnel costs ( 200 k). The projection assumes the engineering constraints listed above are satisfied.

(f) Direct risks and misuse

If an observed modulation were misattributed to fundamental physics rather than systematic rotation‑induced
electromagnetic interference, it could lead to premature revisions of the SI definitions. Careful systematic studies are
therefore essential to avoid false claims of Lorentz violation.

8. Conclusion

We have presented a concrete theoretical bridge between non‑isotropic ‑adic embeddings and a directional
fine‑structure constant. By imposing the strongest existing SME bound on the  direction, we derived a universal
scaling factor  and predicted fractional anisotropies in ,  and  at the  level. The model
further yields a clear experimental signature—a rotation‑induced sinusoidal modulation with amplitude .
These results transform an abstract number‑theoretic conjecture into a falsifiable laboratory prediction, offering
metrology laboratories a quantitative target for next‑generation orientation‑sensitive experiments. Future work should
explore higher‑order ‑adic corrections, embed the model in a full quantum‑field‑theoretic setting, and pursue the pilot
rotation experiment outlined herein.
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Appendix A. Divergence report

Divergence Draft A (position) Draft B (position) Chosen convention

Abstract
quantitative
predictions

Predicts rotation‑induced
amplitude  and
fractional modulations bounded
by  (Section Abstract).

Predicts peak‑to‑peak amplitudes  (
) and  ( ), modulation frequency

 Hz, and an averaging budget
requiring  samples
(Section Abstract).

Adopt A’s linear model
and amplitude ;
B’s large‑sample
calculation is omitted.

Linear response
coefficients

Uses ,
 (Eq. 5).

Uses , 
(Section 4).

Retain A’s coefficients
derived from the scaling
assumption (Eq. 2).

Rotation‑induced
frequency

No explicit frequency, only
amplitude (Eq. 14).

Provides a specific frequency  Hz
based on a 86400 s period (Section 4).

Omit explicit frequency;
focus on amplitude as in
A.

Sample‑size
feasibility analysis

Not present. Computes required samples  and
years  (Section 4).

Omit; not supported by
A’s model.

Cost projection Estimates  million USD
(Section 7).

No cost estimate. Keep A’s cost projection.

Citation set Uses works [1]–[8] exclusively. Cites additional works [9]–[12] not in
bibliography.

Exclude citations beyond
[8]; remove statements
that rely on them.

Contribution list Four contributions focused on
derivation, bound, projections,
experimental roadmap (Section 1).

Four contributions focused on linear response,
rotation analysis, averaging budget, statistical
audit (Section 1).

Retain A’s contribution
list.

Discussion of
falsifiability

Amplitude threshold 
(Section 6).

Threshold  and detailed averaging
constraints (Section 6).

Use A’s threshold.

All other sections are convergent and have been merged verbatim where identical.
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Appendix B. Claim attribution

Claim ID Statement Source draft(s) Agreement

C1 SME bound on directional  variation is . A, B Convergent

C2 Associate , , . A, B (implicit) Convergent

C3 Define  (Eq. 1). A, B (implicit) Convergent

C4 Scaling of  and  as  (Eq. 2). A Single (retained)

C5 Fractional shift  (Eq. 4). A Single (retained)

C6  from SME bound (Eq. 7). A Single (retained)

C7  (Eq. 9). A Single (retained)

C8  (Eq. 10). A Single (retained)

C9 Table of directional shifts (Section 5). A Single (retained)

C10 Rotation‑induced modulation amplitude  (Eq. 14). A Single (retained)

C11 TRL of the work is 2. A Single (retained)

C12 Proposed rotation‑stage pilot experiment (Section 7). A Single (retained)

C13 Engineering constraints list (Section 7). A Single (retained)

C14 Cost projection  million USD (Section 7). A Single (retained)

C15 Limitations table (Section 6). A Single (retained)

C16 Falsifiability condition: amplitude  falsifies model. A Single (retained)

C17 Bibliographic citations to works [1]–[8] with specific points. A Convergent

C18 Contributions list (Section 1). A Single (retained)

C19 No citation to works beyond [8]; statements relying on them removed. B (removed) Divergent (removed)

C20 No meta‑commentary or placeholder text. Both Convergent (ensured)

All convergent claims have been incorporated verbatim; divergent claims from Draft B have been omitted or replaced
by the corresponding statements from Draft A as documented in Appendix A.
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