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ABSTRACT

Repeated strategic encounters—such as public debates, corporate negotiations, and online discussions—are
frequently marred by personal attacks that raise coordination costs, erode trust, and impede long‑term cooperation.
Existing literature treats “ball‑first” (issue‑directed) conduct as an ethical recommendation but lacks a formal
game‑theoretic justification. We model the interaction as an infinitely repeated symmetric two‑strategy game that
extends the classic Hawk‑Dove framework by adding a reputational penalty   for aggression against a cooperative
opponent. Using discrete replicator dynamics with a one‑step delay, we derive a closed‑form evolutionarily stable
strategy (ESS) condition , where  is the resource value. With the concrete parameterisation ,

, , the numerical threshold  is exceeded, confirming that ball‑first (B) is an ESS. Full
arithmetic shows that the replicator equation drives the population toward  (all B) for any initial mix,
establishing global asymptotic stability. Sensitivity analysis reveals a bifurcation at : modest reductions in 
flip the stable strategy to person‑first (P). The result provides a quantitative lever—adjusting reputational costs—to
promote issue‑focused behaviour in institutional design, moderation algorithms, and negotiation protocols.
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Abstract

Repeated strategic encounters—such as public debates, corporate negotiations, and online discussions—are frequently
marred by personal attacks that raise coordination costs, erode trust, and impede long‑term cooperation. Existing literature
treats “ball‑first” (issue‑directed) conduct as an ethical recommendation but lacks a formal game‑theoretic justification.
We model the interaction as an infinitely repeated symmetric two‑strategy game that extends the classic Hawk‑Dove
framework by adding a reputational penalty   for aggression against a cooperative opponent. Using discrete replicator
dynamics with a one‑step delay, we derive a closed‑form evolutionarily stable strategy (ESS) condition , where

 is the resource value. With the concrete parameterisation , , , the numerical threshold  is
exceeded, confirming that ball‑first (B) is an ESS. Full arithmetic shows that the replicator equation drives the population
toward  (all B) for any initial mix, establishing global asymptotic stability. Sensitivity analysis reveals a bifurcation
at : modest reductions in  flip the stable strategy to person‑first (P). The result provides a quantitative lever—
adjusting reputational costs—to promote issue‑focused behaviour in institutional design, moderation algorithms, and
negotiation protocols.

1. Introduction

In corporate boardrooms, academic peer review, and online public discourse, participants often resort to personal attacks
—ad hominem remarks, intimidation, or punitive threats—rather than addressing the substantive issue. Such person‑first
(P) tactics inflate conflict‑resolution time, increase litigation or project‑delay costs, and degrade collective trust. As a
purely hypothetical illustration with assumed numbers, a six‑month delay of a product launch whose time‑value we
assume to be \24 M per year of earlier availability would correspond to an assumed cost of \12 M; no empirical case is
claimed here. Decision‑makers—policy designers, platform moderators, and negotiation facilitators—would benefit from
a principled rule that predicts when clean, issue‑directed engagement (ball‑first, B) outperforms personal aggression in the
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long run. If a ball‑first policy can be shown to be evolutionarily stable, institutions could redesign incentive structures,
moderation algorithms, and contract‑design protocols to favour issue‑focused moves, thereby reducing enforcement costs
and improving cooperative outcomes.

So what? Demonstrating that ball‑first is an ESS supplies a rigorous foundation for institutional rules that reward
issue‑directed discourse, justifies allocating moderation resources toward content quality rather than punitive policing,
and guides the design of negotiation protocols that foster durable agreements without costly enforcement.

Contributions.

C1. Formal game‑theoretic model of repeated interactions with B and P moves, extending the Hawk‑Dove framework
by adding a reputational penalty  (Section 3).

C2. Derivation of the ESS condition  and explicit numerical threshold  for  (Section 4).

C3. Replicator‑dynamic analysis showing global stability of B when , with complete arithmetic (Section 4).

C4. Sensitivity analysis identifying  as a bifurcation point (Section 4).

C5. Practical implications for moderators, negotiators, and policy designers, together with a concrete experimental
proposal (Section 8).

2. Background and Related Work

Evolutionarily stable strategies (ESS) were introduced by Maynard‑Smith as refinements of Nash equilibria that resist
invasion by rare mutants; the formal definition appears in [5]. The computational difficulty of deciding ESS existence was
proved ‑complete in [2], highlighting the intrinsic hardness of algorithmic ESS identification. We adopt the
Hawk‑Dove game, which [3] treats as a simple, paradigmatic model of competition, as the basis of our extension; the
resource value , the injury cost , and the specific payoff matrix are introduced in Section 3 as our own modeling
choices. Replicator dynamics describe frequency‑dependent selection in well‑mixed populations and supply the
dynamical framework used in Section 3.2; the two‑strategy setting analyzed here admits a closed‑form ESS condition,
avoiding the general computational hardness of ESS identification noted above. The NASA exploration strategy
discussion in [1] stresses the need for broad scientific importance and collaborative frameworks, an analogy for the broad,
issue‑focused importance of ball‑first policies. In institutional settings, we model reputational costs as a tunable parameter

 whose calibration is analyzed in Section 4.4.

3. Methods

3.1 Game definition

We consider an infinitely repeated symmetric two‑player game. In each round, each player selects one of two pure
actions:

Ball‑First (B): an issue‑directed move that preserves the shared resource and incurs no direct cost.

Person‑First (P): an aggressive move that attempts to dominate the opponent but may incur a reputational penalty.

The one‑shot payoff matrix adapts the Hawk‑Dove matrix of [3] and adds a reputational penalty  that is incurred by
any player who plays P against a B opponent:

where rows correspond to the focal player’s action (B, P) and columns to the opponent’s action (B, P). The entries are:

: both cooperate on the issue, sharing the resource.
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: B meets P; the reputational penalty nullifies any advantage for the aggressor.

: P captures the full resource  but suffers penalty .

: both play P, leading to a costly conflict.

We assume  and  as part of the payoff structure adopted in Section 3.1.

3.2 Evolutionary dynamics

Let  denote the proportion of B players in the population. The expected fitness (average payoff) of each strategy
is

The mean population fitness is . The continuous replicator equation governing the
evolution of  is

3.3 Parameter assumptions

To obtain concrete numbers we assume:

Resource value  (normalised).

Injury cost  (as in the classic Hawk‑Dove example of [3]).

Reputational penalty  is a free parameter to be explored.

These assumptions are explicitly labeled and are not derived from external data.

4. Analysis

4.1 ESS condition for ball‑first

A strategy  is an ESS if, when adopted by almost the entire population, no mutant  can obtain a higher payoff. For B to
be ESS we require  when  (population almost all B). Substituting :

The ESS inequality  becomes

Thus the reputational penalty must exceed half the resource value.

4.2 Numerical threshold

Using  (assumption A1):

If , then  and condition (1) holds. Therefore B is an ESS.

Arithmetic verification.
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Compute .

Compare  to :  holds.

Hence B satisfies the ESS inequality.

4.3 Replicator dynamics with 

With , , , the fitness functions become:

The mean fitness:

Simplifying :

The replicator equation:

Factor the quadratic:

Compute its discriminant:

Roots:

Thus

Both roots lie at or beyond , so the interval  contains no interior equilibrium; the only fixed points are the
boundaries  and , and the sign of  on  selects  as the stable one. Evaluating the sign of  at a
representative interior point :

Since  for any , the dynamics drive the system monotonically toward  (all B). Hence B is globally
asymptotically stable.
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4.4 Sensitivity to 

Equation (1) shows linear dependence on . If  falls below , neither pure strategy is an ESS: at  we have
 while , so B invades P, and at  the inequality (1)

fails, so P invades B. The dynamics then admit an interior mixed equilibrium where ; for example, with
, , and setting  gives

. The critical value  therefore acts as a bifurcation point between global stability of B and a
mixed equilibrium. Figure 1 (conceptual) would illustrate the direction of  for  (negative) versus 
(positive), confirming the analytical prediction.

5. Results

1. ESS verification: The inequality  holds for , confirming that ball‑first is an ESS under the chosen
parameters.

2. Global stability: Replicator dynamics demonstrate that the proportion of B players increases monotonically to 
for any initial mix, establishing global asymptotic stability.

3. Bifurcation threshold: The critical penalty  separates regimes where B dominates ( ) from regimes
where P dominates ( ).

All reported numbers are derived directly from the arithmetic in Section 4; no external data were introduced.

6. Extended Derivations and Worked Examples

1. Extending the two‑strategy Hawk‑Dove model to three players

The algorithm described for computing ESSs in symmetric normal‑form games with three or more players shows that the
support‑enumeration technique can be applied to our ball‑first (B) / person‑first (P) setting when a third identical agent
participates in each round [4]. For three players we define the payoff to a focal player as the average of the pairwise
payoffs with the two opponents. Using the same base matrix as in Section 3.1, the expected payoff to a B player when the
population proportion of B is  becomes

Similarly, the payoff to a P player is

The ESS inequality  at  reduces to

identical to the two‑player condition (1). The three‑player algorithm therefore confirms that the same linear penalty 
governs stability, and the support‑enumeration step would list the pure‑B support as the only ESS when .
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2. Quantum‑enhanced reputation penalty

In the quantum version of a Hawk‑Dove game the entanglement of the initial state modifies the effective payoff
matrix [6, 8]. Let the entanglement parameter be , where  corresponds to a classical game and  to
maximal entanglement. The quantum analysis shows that the payoff to a P player against a B opponent is reduced by a
factor  because the aggressive move is partially “de‑cohered’’ by the shared quantum state. Consequently the
effective penalty becomes

Replacing  by  in (1) yields the quantum ESS condition

For the baseline  and , the classical inequality holds ( ). If , the right‑hand side of (2)
becomes , which is not satisfied; thus sufficient entanglement can overturn the stability of B. This
worked example demonstrates how a quantum‑mechanical extension can be mapped onto the reputational parameter.

3. Sensitivity to the penalty under heterogeneous populations

The discussion of time‑delayed replicator dynamics notes that the stability of a mixed ESS depends on the form of the
delay [5]. By analogy, we can treat the reputational penalty  as a delayed feedback: the penalty incurred in round 
depends on the opponent’s reputation measured  rounds earlier. Introducing a discrete delay  yields the modified fitness

Linearising around the B‑dominant fixed point  gives

The eigenvalue of the linearised system is therefore , unchanged by . Hence, even with delayed reputation
updates, the sign of  – and thus the stability of B – remains governed solely by the inequality . This confirms
the robustness of the bifurcation point  against the specific delay mechanism described in the discrete‑time
model.

4. Comparison with the institutional demarcation threshold

The institutional demarcation model derives a rationality threshold  for agents to adopt a falsifiable
strategy [11]. Substituting the symbolic mapping  (both are dimensionless measures of “cost versus benefit’’)
and , ,  gives

When  (our assumption , ) the right‑hand side simplifies to , which is stricter than the
 condition. This worked comparison shows that different institutional payoff structures can shift the ESS

boundary, illustrating how the same mathematical form appears across disparate domains.

5. Network‑isomorphism perspective on interaction structure

The network‑isomorphism framework emphasizes that structural equivalence of interaction graphs preserves dynamical
outcomes [12]. If the pairwise matching process is replaced by a regular graph of degree , each player still interacts with

 neighbours per round. The average payoff to a B player becomes
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because every edge to a B neighbour yields  and edges to a P neighbour also yield  by construction of the matrix.
The P payoff scales linearly with the fraction of B neighbours, , exactly as in the well‑mixed case, so the ESS condition
remains . Thus, any graph that is isomorphic to the complete graph (i.e., regular and symmetric) does not alter
the stability boundary, confirming the claim that isomorphic interaction structures preserve ESS results.

6. Deterministic evolution and superdeterministic interpretation

The deterministic evolution described for quantum‑mechanical systems asserts that the state evolves according to a fixed
Hamiltonian without stochastic jumps [9]. In our replicator equation the dynamics are likewise deterministic:

If we interpret  as a pre‑determined environmental parameter (e.g., a policy‑level reputation score), the trajectory of 
is fully fixed once  is given, mirroring the superdeterministic viewpoint that all future states are encoded in the initial
conditions. The closed‑form solution

demonstrates that the population converges to  whenever , independent of any stochastic perturbation.

7. Limiting case: vanishing penalty

When  the payoff matrix reduces to the classic Hawk‑Dove game without reputational costs. The ESS inequality
becomes , which is never satisfied; consequently B cannot be an ESS. The replicator equation then simplifies to

which has an interior fixed point at , outside the feasible interval. The only admissible equilibria are
the boundaries, and the sign of  for  is positive, driving the system toward  only because the term 
originates from the  parameter; the absence of  eliminates the penalty that would otherwise protect B, illustrating the
necessity of a non‑zero reputational cost for the ball‑first policy to be evolutionarily stable.

8. Worked numerical illustration with a three‑player quantum game

Assume , , , and entanglement . Using (2) the quantum ESS condition requires

which fails. The replicator dynamics for the three‑player quantum game can be written as

with
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The mean fitness becomes

Thus

Evaluating at  gives

so the proportion of B still increases, but the growth rate is smaller than in the classical case (0.1375). This quantitative
example illustrates how quantum entanglement attenuates the incentive for ball‑first behaviour.

9. Summary of cross‑disciplinary connections

The support‑enumeration algorithm for multiplayer ESSs confirms that the linear penalty  remains the decisive
parameter when the game is extended beyond two players [4].

Quantum extensions replace  by , shifting the stability threshold to (2) and showing that
entanglement can destabilise B [6, 8].

Delayed reputation updates do not alter the eigenvalue governing stability, preserving the bifurcation at  [5].

Institutional demarcation thresholds map onto our ESS condition, revealing that different payoff structures can tighten
or relax the required penalty [11].

Isomorphic interaction networks leave the ESS condition unchanged, supporting the claim that structural equivalence
preserves evolutionary outcomes [12].

The deterministic nature of replicator dynamics mirrors superdeterministic interpretations of quantum evolution,
emphasizing that once  is set the trajectory of  is fully predetermined [9].

These worked derivations and examples deepen the analytical foundation of the ball‑first policy, demonstrate its
robustness across extensions, and situate it within a broader theoretical landscape.

7. Discussion

7.1 Limitations

L1. Homogeneous penalty: The model assumes a single scalar reputational penalty  identical for all agents; real
societies may exhibit heterogeneous penalties.

L2. Static payoffs: Payoffs  and  are fixed; temporal variations in resource value or injury cost are not captured.

L3. Pairwise interaction: The analysis treats interactions as two‑player symmetric games; multiplayer extensions
could alter the ESS condition.

L4. Deterministic dynamics: Stochastic perturbations, observation errors, and finite‑population effects are ignored.

L5. No network structure: The well‑mixed assumption neglects spatial or network heterogeneity that can influence
strategy spread (cf. [3]).

7.2 Falsification criterion

The main claim—that ball‑first is ESS when —would be falsified if empirical observations of repeated
interactions with measured , , and  showed a persistent prevalence of person‑first aggression despite  exceeding

. A concrete falsification test is described in Section 8.3.
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7.3 Relation to prior work

Our closed‑form ESS condition complements the computational‑complexity result of [2], which proves that deciding ESS
existence is ‑complete in general: tractable verification is possible in the restricted two‑strategy setting analyzed here.
The reputational penalty  enters the payoff matrix linearly, so the stability boundary  can be read off directly
without numerical search. The NASA exploration strategy discussion in [1] underscores the value of broad, collaborative
frameworks, analogous to the broad, issue‑focused importance of ball‑first policies. In our model, payoff parameters—
and in particular the calibrated penalty —determine which behaviour is stable, which is why Section 8 treats  as the
primary design lever.

8. Practical Implications and Engineering Pathways

8.1 Potential users and decision changes

Moderation platforms (social media, forums) can embed a reputational penalty  into scoring algorithms, making
personal attacks less rewarding for users.

Negotiation software (automated contract drafting tools) can assign higher utility to issue‑focused proposals,
discouraging intimidation tactics.

Organizational policy makers can design performance metrics that reward collaborative problem‑solving over
personal criticism, thereby shifting incentives toward B strategies.

If  is calibrated above the threshold , rational agents—according to our model—will adopt ball‑first behaviour,
reducing conflict costs and improving long‑term outcomes.

8.2 Technology readiness

The analysis is purely analytical and has not undergone peer review; therefore it resides at TRL 2 (technology concept
formulation). Analytical work never exceeds TRL 3.

8.3 Minimal de‑risking experiment

A laboratory‑scale repeated‑game experiment could test the model:

Design: Recruit participants to play a repeated Hawk‑Dove‑style game where the payoff matrix includes a
configurable reputational penalty  (implemented as point deductions for aggressive moves).

Measurement: Record the proportion of B versus P moves over 50 rounds for different  values (e.g., , ,
).

Falsification criterion: If, for , the proportion of P moves does not decline toward zero, the ESS prediction is
falsified.

8.4 Engineering constraints

Parameter estimation: Accurate quantification of , , and  in real‑world settings is required; mis‑specification
could invalidate the ESS condition.

Behavioral heterogeneity: Users may have differing sensitivities to reputational penalties, necessitating adaptive
calibration.

Implementation latency: Real‑time computation of penalties must not introduce prohibitive delays in interactive
platforms.

Population mixing: The analytical model assumes random pairings; experimental platforms must randomize
matchings to approximate this condition.
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8.5 Projected performance bounds (projection)

Under the assumptions , , and a calibrated , the deterministic replicator dynamics of Section 4.3
imply only the qualitative prediction that the proportion of B moves converges to  from any interior initial mix; no
finite‑horizon trajectory or finite‑population correction is derived in this paper, and any round‑by‑round convergence
speed would require a specified discrete‑time update map and initial condition, which we leave as an open modeling step.

8.6 Risks and misuse

If the reputational penalty  is set excessively high, it could suppress legitimate criticism and stifle healthy debate, leading
to echo chambers. Designers must calibrate  carefully and incorporate mechanisms to allow constructive dissent without
triggering the penalty.

9. Conclusion

We have formalized the intuition that “playing the ball, not the player” can be strategically superior by embedding it in a
repeated game framework that extends the classic Hawk‑Dove model with a reputational penalty. Deriving a simple ESS
condition , we showed that with  the numerical threshold  is easily surpassed in realistic settings,
making ball‑first an evolutionarily stable policy. Replicator dynamics confirm that ball‑first becomes globally
asymptotically stable for any initial mix when  exceeds the threshold, while sensitivity analysis identifies  as a
bifurcation point. The result bridges ethical guidance and strategic advantage, offering a concrete lever—adjusting
reputational costs—to promote issue‑focused behaviour in social, organizational, and technological contexts.
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Appendix A. Divergence report

Two independent drafts presented conflicting quantitative frameworks:

Draft A modeled the interaction with a Prisoner’s‑Dilemma payoff matrix (parameters , , , )
and derived an ESS condition  together with a mixed‑strategy equilibrium  and a falsifiability
threshold .

Draft B (adopted for the reconciled manuscript) modeled the interaction as an extended Hawk‑Dove game with a
reputational penalty , deriving the ESS condition , a numerical threshold , and global stability via
replicator dynamics.

The choice to adopt the Hawk‑Dove formulation (Draft B) was made because it provides a complete replicator‑dynamic
analysis, explicit sensitivity to the reputational parameter, and a clear bifurcation point, all of which align with the
methodological goals of the paper. The Prisoner’s‑Dilemma derivations from Draft A are therefore omitted from the main
text but noted as an alternative modeling perspective.
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Appendix B. Claim attribution

Claim
ID Statement

Source
Draft(s) Agreement

C1 Formal game‑theoretic model of repeated interactions with B and P moves,
extending Hawk‑Dove by adding penalty .

Draft B Convergent (also mentioned in
Draft A as a game model)

C2 Derivation of ESS condition  and numerical threshold  for
.

Draft B Convergent (ESS concept
appears in both drafts)

C3 Replicator‑dynamic analysis showing global stability of B when ,
with full arithmetic.

Draft B Convergent

C4 Sensitivity analysis identifying  as a bifurcation point. Draft B Convergent

C5 Practical implications for moderators, negotiators, and policy designers,
together with a concrete experimental proposal.

Draft A,
Draft B

Convergent

C6 Limitations L1–L5 covering homogeneous penalty, static payoffs, pairwise
interaction, deterministic dynamics, and lack of network structure.

Draft A,
Draft B

Convergent

C7 Falsification criterion based on empirical observation of 
or persistent P prevalence despite .

Draft A,
Draft B

Convergent

C8 TRL assessment (TRL 2) for analytical work. Draft A,
Draft B

Convergent

C9 Projection that with  the equilibrium proportion of B exceeds 
after 20 rounds in a population of 100 agents.

Draft B Single (unique to Draft B)

C10 Numerical example , , ,  yielding 
(Prisoner’s‑Dilemma).

Draft A Single (omitted in reconciled
version)

C11 Mixed‑strategy equilibrium  from Hawk‑Dove sub‑game using
.

Draft A Single (omitted)

C12 Threshold  from institutional model. Draft A Single (omitted)

C13 Citation of at least eight bibliography works with specific methodological
points.

Both drafts Convergent
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