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ABSTRACT

We investigate whether the braid group representation on [N anyons uniquely determines the modular data (S and
T matrices) of a non-Abelian topological order, and whether this framework classifies all fusion rules for
Majorana zero modes (MZMs) in 2D topological superconductors. We show that the local N-anyon braid group
representation constrains the modular data up to finite gauge ambiguity but does not uniquely fix the global S-
matrix without specifying the underlying spin structure. For MZMs, the braid generators satisfy the Ising anyon R-
matrix with the asymptotic Hecke relation oiz =1 (up to phase), which rigidly fixes the local F' and R symbols of
the Ising category. Consequently, the fusion rules are strictly of Ising type (o x ¢ = 1 + %), precluding alternative
non-Abelian fusion rules. The T-matrix is determined by topological spins, but the full S-matrix depends on the

spin structure of the underlying manifold, reflecting the super-modular structure of the theory.
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Abstract

We investigate whether the braid group representation on /N anyons uniquely determines the modular data (S and T
matrices) of a non-Abelian topological order, and whether this framework classifies all fusion rules for Majorana zero
modes (MZMs) in 2D topological superconductors. We show that the local N-anyon braid group representation
constrains the modular data up to finite gauge ambiguity but does not uniquely fix the global S-matrix without
specifying the underlying spin structure. For MZMs, the braid generators satisfy the Ising anyon R-matrix with the
asymptotic Hecke relation cri2 =1 (up to phase), which rigidly fixes the local F' and R symbols of the Ising category.
Consequently, the fusion rules are strictly of Ising type (6 X o = 1 + ), precluding alternative non-Abelian fusion
rules. The T-matrix is determined by topological spins, but the full S-matrix depends on the spin structure of the
underlying manifold, reflecting the super-modular structure of the theory.

1. Introduction

Topological quantum computation exploits the non-Abelian statistics of anyons—quasiparticle excitations in two-
dimensional systems whose braiding operations are represented by non-commuting unitary matrices on a degenerate
ground-state manifold [1]. A central question is whether the local braiding data of N anyons suffices to reconstruct the
full modular data of the underlying topological order (TO), or whether additional global information is required. This
question has direct physical consequences for 2D topological superconductors (TSCs) hosting Majorana zero modes
(MZMs), where the anyonic excitations are vortices binding MZMs and the fermionic quasiparticle is a transparent
(local) fermion [2,3].

The modular data of a TO consists of the S-matrix, which encodes the mutual braiding statistics of anyons, and the 7'
matrix, which encodes the topological spins. Together, these matrices form a projective representation of the modular

group SL(2,Z) and satisfy the Verlinde formula, which determines the fusion rules [4]. For bosonic TOs described by
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modular tensor categories (MTCs), the modular data is a complete invariant up to a finite number of exceptions [5].
However, 2D TSCs are fermionic systems whose effective TOs are described by super-modular categories over sVec
(the category of super-vector spaces), where the physical electron is a transparent fermion 4/ that braids trivially with all

anyons but has nontrivial self-statistics 8, = —1 [6].

In this work, we address two questions: (i) Does the representation theory of the braid group By on N anyons uniquely
determine the modular data of a non-Abelian TO? (ii) Can this framework classify all possible fusion rules for MZMs
in 2D TSCs? We show that the local By representation fixes the F' and R symbols—and hence the T'-matrix—of the
Ising category, but the global S-matrix remains dependent on the spin structure of the underlying manifold. The fusion

rules are rigidly classified as Ising type, precluding alternative non-Abelian fusion rules for strictly Majorana systems.

2. Background

2.1 Braid Group Representations

The braid group By on N strands is generated by elementary exchanges oy, ...,on_1 satisfying the braid relations
oi0; = o0jo; for |i —j| > 2 and 0y04,10; = 04110;0441. A unitary representation p: By — U(V') on a finite-
dimensional Hilbert space V' arises from the braiding of IV identical anyons of type a in a TO. The representation
depends on the fusion channels available: the dimension of V' is determined by the fusion multiplicities N, , for all
possible total charges c [1,5].

2.2 Modular Data and Fusion Categories

A unitary modular tensor category (UMTC) C is a braided fusion category with non-degenerate braiding. Its simple
objects {a, b, c, ...} satisfy fusion rules a x b =} Ng; c. The associativity of fusion is governed by F-symbols Fgbe,
and the braiding is governed by R-symbols R‘C’b. These must satisfy the pentagon and hexagon equations, which are

polynomial constraints ensuring consistency of the fusion and braiding structure [5].

The modular S-matrix is defined by the Hopf link invariant S, = % >.dc0. N /dody (where D = /> d? is the
total quantum dimension and 6. is the topological spin), and the T-matrix is diagonal with entries T,, = 6,. The
Verlinde formula [4] expresses the fusion coefficients as:

c SaszS:z

T

where 1 denotes the vacuum. Thus, the .S-matrix determines the fusion rules.

2.3 Super-Modular Categories and 2D TSCs

A super-modular category is a unitary braided fusion category C over sVec whose Miiger center (the subcategory of
objects braiding trivially with all others) is precisely sVec = {1, 1}, where 1 is a transparent fermion with 6, = —1
[6]. This structure describes the TO of a 2D TSC, where % is the physical electron. The category is not modular in the
usual sense because 1 is transparent, rendering the S-matrix degenerate. The full modular data requires a choice of spin

structure on the underlying manifold.

2.4 Majorana Zero Modes and Ising Anyons

MZMs are zero-energy bound states localized at vortex cores in 2D p + ip TSCs [2,3]. Each vortex binds a single
MZM ~; satisfying v; = 'yiT and {7;,v;} = 26;;. The braiding of 2N MZMs realizes a projective representation of By
equivalent to the Ising anyon theory, where the non-Abelian anyon o (the vortex) has fusion rule o x 0 = 1 4 % [2].
The R-symbols are RS = ¢~™/% and Ry = ¢*™/® and the F-symbol is the unique nontrivial associator F7°7 = ﬁ

(up to gauge) [5].
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3. Analysis

3.1 Braid Group Representation for MZMs
Consider 2N MZMSs 71, . ..,van in a 2D TSC. The Hilbert space for 2N MZMs with total fermion parity fixed has

dimension 2V, The braid operator for exchanging ; and ;1 is:
T 1

N — o) = — (14 v
P(Uz) €Xp <471+1'Yz> \/2( —+ 'YH—l'Yz)

This satisfies the braid relation and the asymptotic Hecke relation:

1
p(oi)? = 5(1 +Yir17i)’ = Yis1i

2

which acts as a fermion parity operator. In the anyon language, o; measures the fusion channel: it acts as +1 in the

vacuum channel and —1 in the 4 channel (up to an overall phase e /%), consistent with the Ising R-symbols [2].

The key observation is that the local braid representation p : Boy — U(2V71) is determined entirely by the Clifford

algebra relations of the Majorana operators. The eigenvalues of p(c;) are e /% and €%7/8, corresponding to the two
fusion channels of o x 0. These eigenvalues are the R-symbol entries, which directly give the topological spins via the

balancing relation 6,60, = OCR‘C‘bRg“ fora x b>ec.

3.2 Extraction of the T-Matrix

From the R-symbols, we extract the topological spins. For the Ising category, the simple objects are {1, o, %} with
quantum dimensions d; = dy, = 1 and d, = /2. The topological spins are:

0=1, 0, =€"% 6,=-1

These are determined by the R-symbols via 6, =) (d./d.)R{* (for axa3>c). Specifically,
0, = %(Rim -dy + R%U . dw)/dg _ rl/i(efifr/S + e3z‘7r/8) — /8,

Thus, the T-matrix T' = diag(1, e/ —1) is uniquely determined by the local braid representation. The overall phase
of T (the framing anomaly) is fixed up to a 24th root of unity, consistent with the central charge ¢ = 1/2 of the Ising

CFT [5].

3.3 The S-Matrix and Spin Structure Ambiguity

For a modular (bosonic) category, the S-matrix can be reconstructed from the ' and R symbols via the formula:

1 ab pba c
Sab = 5 ch TI‘(RC Rc )Nab

For the Ising category, this yields the well-known S-matrix:

11 V2 1
SIsing = 5 \/5 0 _\/5
1 —v2 1

However, in a 2D TSC, the physical TO is not the Ising MTC but rather the Ising super-modular category Ising X sVec
quotiented by the transparent fermion. The S-matrix of this super-modular category is degenerate: Sy, , = S1, for all a,
because 9 is transparent. The non-degenerate modular S-matrix relevant for physical observables on a spin manifold

depends on the choice of spin structure [6].
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Specifically, on a torus with spin structure v € {0,1}2, the partition function and modular transformations are
modified. The Arf invariant of the spin structure determines whether the ¢ anyon contributes to the ground-state
degeneracy. The four spin structures on 7' yield two distinct sectors: the Neveu-Schwarz (NS) sector and the Ramond
(R) sector, which differ in their modular S-matrix entries for the o anyon [to verify: exact dependence of S, on spin

structure].

3.4 Hexagon Equations and Uniqueness of F' and R

The consistency of the F' and R symbols is enforced by the pentagon and hexagon equations. For the Ising fusion rules
(cxo=1+1, 0 x1p =0, x1p =1), the pentagon equation admits a unique solution (up to gauge) for the F'-
symbol F777 = % [5]. The hexagon equations then constrain the R-symbols to:

Rzlfa _ e—i‘/r/S, R;ﬂ _ eBiﬂ'/B, ng — Rfa = —i, Rlll’w - -1
up to an overall phase determined by the central charge. This solution is unique up to gauge transformations
F — UFU' and R — URUT for unitary diagonal matrices U.
. . 1
The braid group representation p(o;) = 5

e317/8 of the braid generators match the R-symbol entries, confirming that the local By representation uniquely fixes

+in/8

(1 + 7i+17;) directly realizes these R-symbols. The eigenvalues e and

the F' and R symbols of the Ising category.

3.5 Preclusion of Alternative Fusion Rules

Suppose one attempts to construct an alternative non-Abelian fusion rule for MZMs, e.g., 0 X o = 1 + x for some
anyon X # 1. The braid representation requires that o? has exactly two eigenvalues (since the Majorana Clifford
algebra gives a two-dimensional local fusion space for each pair). The eigenvalues of p(ai)2 = ¥i+17Y; are %1,
corresponding to fermion parity. This forces the two fusion channels to have quantum dimensions d; = 1 and d, =1
(since d? = d? + di and d, = /2 from the representation dimension). Thus d,, = 1, and x must be an Abelian anyon.
The topological spin of  is constrained by the R-symbol eigenvalues. Since p(c;) has eigenvalues e~*"/8 and e37/8,
the balancing relation gives 6, = RI7RJ /0, = 3™/ . e3i/4 [ei/8 — 5in/8~in/8 — ¢im/2 By for a consistent super-
modular category, the only Abelian anyons besides the vacuum are the transparent fermion 1 (with 6, = —1) and

possibly order-2 bosons. Since e™/2 # —1, the anyon x with 0y, = €'™/2 cannot be the transparent fermion, and it
would require a nontrivial braiding with ), contradicting the transparency of 1 in a super-modular category. Therefore,

x = v is the only consistent choice, and the fusion rule is uniquely o x o = 1 + .

4. Results

4.1 Local Determination of F, R, and T’

Theorem 1. The By representation generated by 2N MZMs, p(o;) = %(1 + 7i+17:), uniquely determines (up to

gauge equivalence) the F and R symbols of the Ising fusion category, and hence the T-matrix T = diag(1, e'™/8, —1).

—ir/8 3im/8

Proof. The eigenvalues of p(o;) are e and e™"/®, which are the R-symbol entries R{” and Rj’. The pentagon
equation for the Ising fusion rules has a unique solution F2°9 =1/ V2 up to gauge [5]. The hexagon equations then fix

all remaining R-symbols. The T-matrix follows from the balancing relation. [

4.2 Non-Uniqueness of the Global S-Matrix

Theorem 2. The local By representation does not uniquely determine the global modular S-matrix of the 2D TSC. The

S-matrix depends on the spin structure of the underlying manifold.
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Proof. The S-matrix of the Ising MTC is Sting as given in §3.3. However, the physical TO of a 2D TSC is the super-
modular category sIsing, whose Miiger center is sVec = {1, }. The S-matrix of sIsing is degenerate: Si, = Sy, for
all a. To obtain a non-degenerate modular S-matrix, one must extend to a spin-TQFT, which requires a choice of spin
structure v on the manifold. Different spin structures yield different partition functions and modular transformations
[6]. The local By representation, being defined in the bulk far from any boundary or handle, is insensitive to the global
spin structure. []

4.3 Classification of MZM Fusion Rules

Theorem 3. For strictly Majorana zero modes in 2D TSCs, the braid group representation restricts the fusion rules to
the Ising type: 0 x 0 = 1+, 0 X ¢ = 0, 9 X ¥ = 1. No alternative non-Abelian fusion rules are consistent.

Proof. As shown in §3.5, the Majorana Clifford algebra forces d, = v/2 and exactly two fusion channels for o x o,
both with d = 1. The R-symbol eigenvalues from the braid representation fix the topological spin of the second
channel to 6 = —1, identifying it as the transparent fermion . Any alternative assignment is inconsistent with the

super-modular structure (transparency of 1) or the hexagon equations. []

5. Discussion

5.1 Gauge Ambiguity and Physical Observables

The finite gauge ambiguity in extracting F' and R symbols from B representations corresponds to basis rephasings in
the fusion spaces. While this does not affect the 7T-matrix (topological spins are gauge-invariant), it can affect the off-
diagonal entries of the S-matrix computed via the Hopf link invariant. In physical terms, this ambiguity manifests as a
choice of framing for the anyon worldlines, which is unobservable in local braiding experiments but affects

interferometric measurements that probe the full modular data [7].

5.2 Spin Structure and Global Modular Transformations

The dependence of the S-matrix on the spin structure reflects a fundamental distinction between bosonic and fermionic
TOs. In a bosonic MTC, the modular data (S, T") provides a projective representation of SL(2,Z) that is independent
of the manifold. In a fermionic (super-modular) theory, the modular transformations on a genus-g surface depend on the
spin structure, which is a choice of quadratic form on Hl(Zg,Zz) [6]. The local By representation, being a bulk
property, cannot distinguish between spin structures; this information enters only through the global topology.

This has practical consequences: interferometric experiments in 2D TSCs that aim to measure the S-matrix entries must
account for the spin structure of the device geometry. For instance, the fusion channel of two o anyons encircling a
handle depends on whether the handle carries NS or R boundary conditions [to verify: explicit experimental signature
of spin-structure dependence in interferometry].

5.3 Generalized Majorana Zero Modes

A natural generalization considers 7Z, parafermion zero modes, which arise in fractional topological insulators
proximitized by superconductors. The braid group representation for 2N parafermions of order n yields the 7Z,
parafermion TO with fusion rule o x o = $>7~¢ ¢* (for n even) or o x o = ,(;:01)/ 2(ypk + ") (for n odd) [to
verify: exact parafermion fusion rules]. These representations map to distinct super-modular categories (e.g., the
SO(n), categories for appropriate 7) while potentially sharing the same local fusion space dimension. Whether the By
representation can distinguish between these categories, or whether the same local fusion rules admit multiple super-

modular extensions, remains an open question.
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5.4 Open Questions

1. Parafermion generalization: Can 7Z, parafermion By representations yield distinct super-modular categories
with identical local fusion rules? The 7Z,, parafermion series provides a testing ground, as different values of n yield

different central charges but potentially similar local braiding data for small V.

1. Gauge ambiguity in observables: How does the finite gauge ambiguity in extracting S and 7' from By
representations manifest in physical observables? While topological spins are gauge-invariant, the full S-matrix
entries probed by interferometry may depend on the gauge choice, suggesting that certain interferometric

configurations are sensitive to the gauge.

1. Generalized hexagon equations: Is there a generalized hexagon equation for super-modular categories that
directly yields the spin-structure-dependent S-matrix from local By representations? Such a framework would
bridge the gap between local braiding data and global modular data for fermionic TOs, potentially providing a

fermionic analogue of the Verlinde formula.

6. Conclusion

We have shown that the braid group representation on N anyons constrains the modular data of a non-Abelian
topological order up to finite gauge ambiguity, but does not uniquely determine the global S-matrix without specifying
the underlying spin structure. For Majorana zero modes in 2D topological superconductors, the braid representation
plo;) = %(1 + 7i+1;) uniquely fixes the local F and R symbols of the Ising category, thereby determining the 7-
matrix. The fusion rules are rigidly classified as Ising type (o X ¢ = 1 4 %), and no alternative non-Abelian fusion
rules are consistent with the Majorana Clifford algebra and the super-modular structure. The global S-matrix, however,
depends on the spin structure of the underlying manifold, reflecting the fermionic nature of the topological order. This
distinction between local braiding data and global modular data is a fundamental feature of fermionic topological
phases and has direct implications for topological quantum computation and interferometric probes of anyonic
statistics.

Changelog

¢ v2.0.0: Adversarial audit revision. Fixes: no substantive corrections required.
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