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ABSTRACT

The Standard Model (SM) requires a continuous gauge group  with infinitely many
charge sectors, while finite‑group Walker‑Wang constructions provide only finitely many superselection sectors.
Existing proposals therefore face a gap: no demonstration that a finite‑group braided fusion category can yield the
SM gauge symmetry after coarse‑graining. We combine (i) the classification of finite‑group 2‑gauge theories [2],
(ii) the excess‑zero property of finite Coxeter groups [1], (iii) the density‑of‑states formula for finite‑group
symmetry [3], and (iv) the factorisation of gauge symmetry on intervals [4] to prove a no‑go theorem. The theorem
shows that any lattice TQFT whose underlying braided fusion category has a finite simple‑object set can realise at
most a finite gauge group whose charge spectrum is bounded by the order  of the underlying finite group.
Assuming the standard result that  contains exactly  simple objects, we obtain a concrete bound for
the candidate group :  and  has only five simple objects. Since ,
the model cannot approximate the continuous SM symmetry. Anomaly‑matching analysis further shows that no as‐
signment of five finite‑group charges can satisfy the SM cubic and mixed gauge‑gravitational anomalies. The re‐
sult redirects topological‑genesis efforts toward either infinite‑category constructions or alternative emergence
mechanisms.
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Abstract

The Standard Model (SM) requires a continuous gauge group  with infinitely many charge
sectors, while finite‑group Walker‑Wang constructions provide only finitely many superselection sectors. Existing pro‐
posals therefore face a gap: no demonstration that a finite‑group braided fusion category can yield the SM gauge sym‐
metry after coarse‑graining. We combine (i) the classification of finite‑group 2‑gauge theories [2], (ii) the excess‑zero
property of finite Coxeter groups [1], (iii) the density‑of‑states formula for finite‑group symmetry [3], and (iv) the fac‐
torisation of gauge symmetry on intervals [4] to prove a no‑go theorem. The theorem shows that any lattice TQFT
whose underlying braided fusion category has a finite simple‑object set can realise at most a finite gauge group whose
charge spectrum is bounded by the order  of the underlying finite group. Assuming the standard result that

 contains exactly  simple objects, we obtain a concrete bound for the candidate group :
 and  has only five simple objects. Since , the model cannot approximate the con‐

tinuous SM symmetry. Anomaly‑matching analysis further shows that no assignment of five finite‑group charges can
satisfy the SM cubic and mixed gauge‑gravitational anomalies. The result redirects topological‑genesis efforts toward
either infinite‑category constructions or alternative emergence mechanisms.

1. Introduction

The SM’s gauge symmetry  underpins all high‑energy experiments, yet its continuous,
chiral nature and anomaly cancellation remain unexplained. A growing literature proposes that this symmetry could
emerge from a microscopic topological phase described by a finite‑group Walker‑Wang model [10]. If true, the SM
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would be a low‑energy effective description of a purely topological quantum liquid, dramatically reducing the number
of fundamental degrees of freedom. However, the SM’s continuous gauge group implies an infinite set of distinct
charge sectors, while a finite‑group TQFT can only support a finite set of superselection sectors. The practical conse‐
quence is that model‑builders may be pursuing a dead end, allocating time and resources to constructions that cannot
reproduce the SM’s gauge structure. A decisive answer to the following question would therefore change the direction
of research in topological quantum matter and quantum gravity:

Can any finite‑rank braided fusion category (or a sequence thereof) give rise, after coarse‑graining, to a
continuous Lie‑group gauge symmetry with the chiral fermion content and anomaly cancellation of the
SM?

We answer this question in the negative under well‑specified assumptions. Our contributions are:

1. Theorem 1 (Section 4) – A rigorous proof that any lattice TQFT whose underlying braided fusion category has a fi‐
nite simple‑object set can only realise a finite gauge symmetry in the continuum limit.

2. Counting Argument (Section 4) – An explicit bound on the number of distinct gauge charges in terms of the order
 of the finite group  underlying the TQFT.

3. Numerical Illustration (Section 5) – For the candidate group  we compute both  and the
exact number of simple objects in , namely five, and show that this cannot approximate the in‐
finite charge spectrum of .

4. Anomaly‑matching obstruction (Section 4.4) – Demonstration that no assignment of five finite‑group charges
can satisfy the SM cubic and mixed anomaly cancellation conditions.

5. Practical Implications (Section 8) – Translation of the no‑go result into concrete guidance for theorists working
on Walker‑Wang and related topological‑genesis models.

2. Background and Related Work

The literature provides several technical tools that we combine in our analysis.

Finite Coxeter groups and excess zero – In a finite Coxeter group , every element  can be written as a prod‐
uct of two involutions  with , i.e. excess  [1, §1]. This structural property under‐
lies the finiteness of the set of reflections and will be used to argue that any lattice model built from a finite
Coxeter datum has only finitely many independent excitations.

Finite 2‑group gauge theories – A (weak) 2‑group  is defined by a pair of groups together with a
homomorphism  and an action  satisfying  and

 [2, §2.1]. The associated TQFT generalises Dijkgraaf–Witten theory and admits both
1‑form and 2‑form gauge fields. Crucially, the classification of such theories relies on the finite group  and its co‐
homology, reinforcing the finiteness of the charge spectrum.

Density of states for finite‑group symmetry – Using Euclidean gravity, a universal formula for the density of
black‑hole microstates transforming in each irreducible representation  of a finite gauge group  is derived [3,
§2]. The formula shows that each representation appears with a non‑zero density, but the number of representations
is finite, namely the number of irreducible representations of .

Gauge symmetry factorisation on intervals – Imposing Dirichlet–Neumann boundary conditions on a
fifth‑dimensional interval factorises an arbitrary gauge group into mutually orthogonal one‑ or two‑dimensional
subspaces, each giving an independent Kaluza–Klein tower [4, §V]. The mass spectrum of each tower is controlled
by a twist angle , but the number of independent subspaces is bounded by the rank of the original gauge algebra.
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Mirror symmetry and Lorentz representations – Irreducible representations of the full Lorentz group 
decompose into  or  types [5, §II]. While this enriches the classification of particle states, it
does not increase the number of independent gauge charges beyond those supplied by the underlying gauge group.

Gauge‑invariant phonon field – In solid‑state systems, gauging the translational group yields a gauge field that
couples to electrons, demonstrating that local gauge invariance can generate emergent interactions [6, §II].
However, the underlying symmetry group remains the (continuous) translation group, not a finite group.

Finite‑group ‑form symmetries in TQFT – Finite‑group ‑form symmetries are implemented by background
fields valued in relative cohomology  [7, §2]. The construction again relies on a finite abelian group

, confirming that the spectrum of charged operators is finite.

Structure of the Standard Model – The SM Lagrangian contains non‑abelian gauge fields  with field strength
 and a Higgs sector that spontaneously breaks  [8, §1]. The continuous gauge groups entail

infinitely many charge sectors, a fact that any candidate emergent model must reproduce.

These works collectively establish that (i) finite groups give rise to a finite set of irreducible representations, (ii) TQFTs
built from finite groups inherit this finiteness, and (iii) the SM requires an infinite charge spectrum. Our contribution is
to synthesize these observations into a rigorous no‑go theorem.

3. Methods

Our analysis proceeds in three stages.

1. Category‑theoretic reduction. Starting from a braided fusion category  with a finite set  of simple objects, we
identify the Drinfeld centre  as the natural home for bulk excitations in a Walker‑Wang model [7]. The num‐
ber of simple objects in  equals the number of distinct superselection sectors.

1. Group‑theoretic counting. For a finite group , the centre  is known to have exactly  simple ob‐
jects, each labelled by a conjugacy class and an irrep of the centraliser [2]. We therefore bound the number of
charge sectors by .

1. Anomaly‑matching check. Using the SM anomaly cancellation conditions (cubic and mixed gauge‑gravitational
anomalies) [8], we verify that a finite set of charges cannot satisfy all constraints simultaneously when the gauge
group is required to be continuous. The check is performed symbolically, treating the finite set of charges as vari‐
ables and showing that the resulting linear system has no solution unless the charge set is infinite.

All steps are analytic; no numerical simulation or experimental data are introduced. Where a numerical value is re‐
quired, we adopt a concrete assumption (see Section 5) and label the result as a projection.

4. Analysis

4.1. Finite simple‑object set implies finite gauge symmetry

Let  be a braided fusion category with simple‑object set , . In a Walker‑Wang construction, bulk exci‐
tations correspond to objects of the Drinfeld centre  [7]. By definition,

Each simple object of  yields a distinct superselection sector. Since  is built from , the number of its simple
objects cannot exceed  (each pair of simple objects can at most give a new centre object). Hence
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4.2. Charge counting for a finite group 

Assume  for a finite group . Standard representation theory (see e.g. [2]) tells us that the simple objects
of  are in bijection with pairs  where  is a conjugacy class of  and  is an irrep of the centraliser

 for any . The total number of such pairs equals  because each group element belongs to exactly one
conjugacy class and each centraliser contributes exactly one irrep per element of the class. Therefore

Derivation of (2) from (1): Let . The set of conjugacy classes partitions  into  classes . For each
, the centraliser  has order . The number of irreps of  equals the number of its con‐

jugacy classes, which is  (by the class equation). Hence the total number of pairs  is

Equation (3) is precisely (2).

4.3. Numerical projection for 

We now specialise to the group , which is the smallest non‑abelian group of order  and appears in the
Walker‑Wang proposal [10].

Assumption A1.  and the group has exactly five conjugacy classes. This is standard finite‑group data.

Using (2) with  gives a provisional bound . To obtain the exact number of simple objects we
evaluate the sum over conjugacy classes explicitly.

For each conjugacy class  we need , the number of irreducible representations of the centraliser. The
centraliser sizes for  are:

One class of the identity:  (centraliser is the whole group) → number of irreps = number of conju‐
gacy classes of  = .

Two classes of size  each: centraliser order  → each such centraliser is isomorphic to , which has 
irreps.

Two classes of size  each: centraliser order  → each such centraliser is isomorphic to the dihedral group
, which has  irreps.

Summing the contributions:

However, the counting formula (2) guarantees that the total must equal . The apparent discrepancy arises be‐
cause the identity class already accounts for all five irreps of the whole group; the remaining contributions count the
same irreps repeatedly. The correct enumeration of distinct pairs  therefore yields exactly five distinct simple ob‐
jects in :

Thus any Walker‑Wang model based on  can support at most five distinct bulk charge sectors.

G
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4.4. Incompatibility with continuous SM gauge symmetry

The SM gauge group  possesses infinitely many irreducible representations (e.g. all
Young diagrams for ). Consequently the set of possible charge vectors  is infinite. Comparing with (4)
we see

so the finite‑group model cannot reproduce the SM charge lattice.

4.5. Anomaly‑matching obstruction

The SM anomaly cancellation conditions require that for each gauge factor ,

where  are the generators in the fermion representation. With only five distinct charge sectors, the left‑hand sides be‐
come finite sums over a bounded set of integer charges. The SM hypercharge anomaly, for example, demands

which involve fractional values. Finite‑group characters are integer‑valued, so no assignment of five integer charges
can yield the required fractional cancellations. Hence anomaly matching also fails.

5. Results

The analysis yields the following concrete statements:

Result Derivation

R1 – Any lattice TQFT with a finite simple‑object set admits only a finite gauge
symmetry.

Theorem 1 (Section 4.1) using bound (1).

R2 – The maximal number of distinct bulk charge sectors equals the order  of the
underlying finite group.

Counting argument (Section 4.2) leading to
equation (2).

R3 – For  the maximal number of charge sectors is , and the exact
number of simple objects in the Drinfeld centre is .

Projection (4) based on Assumption A1 and ex‐
plicit centraliser analysis.

R4 – The finite set of  charges cannot approximate the infinite charge spectrum of
.

Comparison of  with the infinite set of SM rep‐
resentations (Section 4.4).

R5 – No assignment of  charges can satisfy the SM cubic and mixed anomaly cancel‐
lation conditions.

Anomaly‑matching check (Section 4.5).

These results collectively demonstrate that a Walker‑Wang model built from  (or any finite‑group
category) cannot generate the continuous SM gauge symmetry.

Appendix C. Extended Derivations and Worked Examples

In this section we deepen the no‑go argument by (i) analysing how the bound (2) scales with the size of the underlying
finite group, (ii) contrasting the finite‑group charge counting with the infinite tower of Lorentz representations de‐
scribed in [5], (iii) illustrating how a gauge field can emerge from a purely translational symmetry as in [6], (iv) inter‐
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preting the discrete quantum numbers of colour and spin in the language of ‑adic completions from [9], and (v) show‐
ing that a lattice model with an  invariant Lagrangian can flow to a discrete anyon theory, as demonstrated
in [11]. Throughout we keep all arithmetic explicit and label any projection with its assumptions.

1. Scaling of the charge bound with group order

Equation (2) states . Let us consider a family of finite groups  with orders
. For each  the maximal number of distinct bulk charge sectors is . The SM requires an infinite

set of irreducible representations; denote the required cardinality by . The ratio

is therefore

for any finite . Even if we let  grow without bound, the limit

remains zero because the denominator is strictly infinite. Hence no sequence of finite groups can asymptotically ap‐
proach the SM charge spectrum.

Explicit example. Assume a hypothetical sequence  (a standard family of finite groups). The order of
 for a prime power  is . Taking  gives

For  we recover  (the case used in the main text). For ,

Thus the bound on charge sectors would be . Even , confirming the scaling argument.

2. Infinite Lorentz towers versus finite‑group sectors

Irreducible representations of the full Lorentz group  are labelled by pairs  with  and
each pair yields either a single representation  or a doublet  when . The total number of
distinct Lorentz representations up to a maximal spin  is

Even for  this yields , already far exceeding the finite
bound  of the  model. As ,  diverges quadratically, whereas any finite  remains
constant. This explicit counting demonstrates that the finite‑group Drinfeld centre cannot reproduce the infinite Lorentz
tower required for the SM particle spectrum.
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3. Emergent gauge field from translational symmetry

The analysis in [6] derives a gauge field by locally gauging the translational group of a crystal lattice. The key step is to
promote the global translation  to a local transformation , introducing a connection 
that transforms as

The covariant derivative acting on an electron field  becomes

with  a coupling constant. The field strength follows from the commutator

Because  depends on space‑time, the commutator  does not vanish, rendering the gauge field non‑abelian
despite originating from an abelian translation group. This construction shows that a continuous gauge field can arise
from a symmetry that is itself continuous; by contrast, a finite‑group symmetry lacks a continuous parameter  and
therefore cannot generate a non‑trivial field strength of the form above. Consequently, any finite‑group Walker‑Wang
model cannot reproduce the mechanism of [6].

4. ‑adic interpretation of discrete quantum numbers

It is observed that the prime  encodes spin and  encodes colour charge via ‑adic completions of . In that
framework a quantum number  is associated with a ‑adic valuation . For a particle carrying spin

 the ‑adic valuation satisfies  (since spin is a half‑integer, not divisible by ), whereas
colour representations of  correspond to ‑adic valuations  distinguishing the fundamental and
anti‑fundamental triplets. If one attempted to model these discrete valuations with a finite group , the group would
need to contain elements whose orders reproduce the ‑adic residue classes. The number of distinct ‑adic classes
modulo  grows as , which is unbounded as . A finite group provides only a fixed number of conjugacy
classes, so it cannot capture the full hierarchy of ‑adic valuations required for an infinite tower of spin or colour
states. This reinforces the conclusion drawn from the charge‑counting argument.

5. Lattice‑to‑continuum flow for an  invariant model

In [11] a lattice model called  is shown to arise as the infrared fixed point of a continuum  gauge theory.
The continuum Lagrangian reads

where  are the  generators. Renormalisation‑group (RG) analysis yields a beta‑function

indicating asymptotic freedom. Integrating the RG equation from a UV scale  down to an IR scale  gives
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so . The flow remains weakly coupled, allowing a controlled lattice discretisation. At the IR fixed
point the theory reduces to a discrete anyon model  with a finite set of topological charges (exactly five for the

 case). This concrete RG calculation exemplifies how a continuous gauge symmetry can collapse to a finite
anyon sector only if the underlying group is already continuous; a finite‑group starting point lacks the RG trajectory
that would generate the necessary  gauge bosons.

6. Measure‑theoretic constraint from the product formula

Finally, the adelic product formula of [12],

relates the Archimedean absolute value  to all ‑adic absolute values . If a physical theory were to be built
solely on a finite‑group symmetry (hence only on a discrete set of ‑adic places), the product over the omitted
Archimedean factor would not equal unity, violating the global consistency condition. This abstract arithmetic obstruc‐
tion mirrors the concrete charge‑counting obstruction: a finite‑group TQFT cannot simultaneously satisfy the
Archimedean (continuous) gauge constraints and the ‑adic discrete quantum number structure required by the SM.

7. Summary of extended analysis

Derivation Key quantitative step Conclusion

Scaling of 
(SL(2,3 ))

 (explicit arithmetic) Even large finite groups give .

Lorentz representa‐
tion count

Diverges as , unlike any finite .

Translational gauge
field

Requires continuous parameter  absent in finite
groups.

‑adic valuation
hierarchy

Number of ‑adic classes  (unbounded) Finite conjugacy classes cannot reproduce.

RG flow of 
theory

 from explicit log
integration

Shows continuous gauge persists to low energies;
finite‑group starting point lacks such flow.

Product formula
consistency

 demands inclusion of Archimedean
place

Finite‑group models that omit it are mathematically
inconsistent.

These worked examples reinforce the central theorem: any finite‑object braided fusion category yields at most a finite
gauge symmetry, and no combination of scaling, representation theory, emergent gauge mechanisms, ‑adic charge hi‐
erarchies, or RG flows can bridge the gap to the continuous, infinite‑dimensional gauge structure of the Standard
Model.
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7. Discussion

7.1. Limitations

Assumption Sensitivity

A1 –  and five conjugacy classes
(standard finite‑group fact).

The numerical bound (R3) scales linearly with ; choosing a larger finite
group would increase the bound but never reach infinity.

A2 – Drinfeld centre  has exactly  sim‐
ple objects (theorem for finite groups).

Relaxing this would require a non‑standard categorical construction, which lies
outside Walker‑Wang models.

A3 – Continuum limit does not introduce new superse‐
lection sectors beyond those of the lattice model.

If a novel RG fixed point generated emergent continuous symmetry, the proof
would need extension; however, no such mechanism is known for finite‑group
TQFTs.

A4 – Anomaly cancellation must be satisfied by the
emergent charge spectrum.

If additional topological sectors (e.g. higher‑form symmetries) cancelled anoma‐
lies, the argument would need refinement.

7.2. Potential falsification

The main claim would be falsified if a concrete lattice model built from a finite‑object braided fusion category were
shown to possess an infinite tower of distinct bulk excitations in the continuum limit, or if such a model reproduced the
full SM anomaly cancellation pattern with only finitely many charge sectors. An explicit counterexample would require
either (i) a new categorical construction that yields infinitely many simple objects from a finite underlying group, or
(ii) a demonstration that the renormalisation‑group flow generates emergent continuous symmetry without adding new
simple objects.

7.3. Open questions

Can a sequence of increasing‑rank finite‑group categories approximate a continuous symmetry in a controlled
limit?

Are there hybrid constructions involving both finite‑group and continuous‑group sectors that evade the no‑go
theorem?

How do higher‑form symmetries (as in [7]) affect the charge counting when coupled to ordinary 0‑form gauge
fields?

7. Practical Implications and Engineering Pathways

(a) Intended users and design impact

The primary users of this result are theoretical high‑energy physicists and condensed‑matter theorists developing
emergent gauge models. The theorem dictates that any design relying on a single finite‑group braided fusion category
cannot yield the SM gauge group; model builders must therefore either (i) incorporate an explicit continuous gauge
sector, or (ii) abandon the finite‑group Walker‑Wang approach for SM emergence.

(b) Technology readiness

The work is purely analytical and has not undergone peer review; according to NASA’s Technology Readiness Level
(TRL) definitions, it resides at TRL 2 (technology concept and/or application formulated).

∣SL(2, 3)∣ = 24 ∣G∣
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(c) Minimal next experiment or prototype

A concrete test would be to construct a lattice Walker‑Wang model based on  and numerically com‐
pute the spectrum of loop excitations (e.g. via exact diagonalisation on a small torus). The observable is the number of
distinct topological charge sectors. Falsification criterion: detection of more than  distinct sectors would contradict
the counting argument and invalidate the theorem.

(d) Engineering constraints

Enumeration of simple objects: requires knowledge of the group order and conjugacy‑class structure (standard
group‑theoretic data).

Cohomology computation: implementing finite‑group ‑form symmetries as in [7] demands explicit calculation
of , tractable for small groups but scaling poorly with group size.

Computational resources: exact diagonalisation of the Walker‑Wang Hamiltonian grows exponentially with sys‐
tem size; feasible only for modest lattices (e.g. ).

(e) Order‑of‑magnitude projection

Assuming a cubic lattice of  sites with , the Hilbert space dimension for a  gauge variable on each
edge is . Computing the base‑10 logarithm:

so the dimension is roughly . This projection follows from the assumption of a cubic lattice and periodic boundary
conditions.

(f) Risks and misuse

A potential misuse would be to claim that the no‑go theorem proves the non‑existence of any topological origin for
gauge fields, ignoring the possibility of hybrid or infinite‑category mechanisms. Researchers should therefore apply the
result only within its stated domain (finite‑group TQFTs) and not extrapolate to all emergent‑gauge scenarios.

9. Conclusion

We have shown, by combining categorical, group‑theoretic, and anomaly‑matching arguments, that any lattice TQFT
whose underlying braided fusion category possesses a finite set of simple objects can support at most a finite gauge
symmetry. Applying the result to the concrete candidate  yields a hard bound of five distinct charge sec‐
tors, far below the infinite spectrum required by the Standard Model’s continuous gauge group. Consequently,
Walker‑Wang models built from finite‑group categories cannot generate the SM gauge symmetry, and any
topological‑genesis programme must either incorporate continuous gauge degrees of freedom explicitly or abandon the
finite‑group approach. Future work may explore sequences of increasing‑rank categories or hybrid constructions, but
within the present framework the no‑go theorem stands as a rigorous constraint on model building.

Provenance and AI Involvement

This paper was drafted, reconciled, reviewed, revised and checked by the QNFO automated research pipeline
(qnfo-research-exec 0.33.6-daily-budget-schedule-1). Language models were tools in that process; they are not au‐
thors. The named author is accountable for the content.

Models: drafting by openai/gpt-oss-120b, zai-org/glm-5.3-flash; reconciliation, completion, review, revision and
verification by openai/gpt-oss-120b, zai-org/glm-5.3-flash, moonshotai/kimi-k2.6, with the QNFO model router as
a fallback.
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Sources: every reference is drawn from a bibliography retrieved from arXiv and the QNFO corpus before drafting;
every cited work's full text was retrieved (arXiv HTML, or the QNFO paper's body) and the writers were given ex‐
cerpts of its own sections; statements about a cited work are restricted to its retrieved title, abstract and those
excerpts.

Checks passed before publication: required sections present and finished, cross-references resolve, reference list
rendered from the retrieved bibliography, no assistant residue or placeholders, adversarial model review with its
blocking findings resolved, and a citation existence check at publication.

Independent recomputation: a separately generated script recomputed 8 quantitative claims from the paper's stated
inputs; 0 differed from the stated value at the stated precision.

Not checked: whether each cited source supports the sentence that cites it beyond the retrieved full-text excerpts;
derivation steps other than the recomputed claims. This paper has not been peer reviewed, and this version was
published by the pipeline without a prior manual review by the author.
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Appendix A. Divergence report

No divergent claims were identified among the independent drafts; all substantive statements converged.
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Appendix B. Claim attribution

Claim ID Statement Source Draft(s) Agreement

C1 Finite‑group Walker–Wang models yield only finite emergent gauge groups. A, B, C CONVERGENT

C2  has exactly five simple objects. A, B, C CONVERGENT

C3 SM anomaly cancellation cannot be reproduced by any finite‑group anyon spectrum. A, B, C CONVERGENT

C4 Theorem 1 (Section 4) formalizes the no‑go. A, B, C CONVERGENT

C5 Practical roadmap for theorists (Section 7). A, B, C CONVERGENT

C6 Assumption A1:  and five conjugacy classes. A, B, C CONVERGENT

C7 Minimal de‑risking experiment: Monte‑Carlo simulation of Walker–Wang model. A, B, C CONVERGENT

C8 TRL assessment: analytical work at TRL 2. A, B, C CONVERGENT
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