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ABSTRACT

Ostrowski's theorem classifies every nontrivial rank-1 absolute value on the rationals; this paper distinguishes
three senses of completeness and exhibits the Levi-Civita field as a Cauchy-complete, ordered, real-closed, non-
Archimedean counterexample.
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The question "which number system is complete?" recurs across the foundations of physics and computation, where the
reals are usually taken as the default field for measurement, dynamics, and state spaces. A precise answer requires first
disambiguating the word complete, which names at least three distinct properties. Once the senses are separated, a
family of ordered number systems emerges that the standard classification does not name. One member of that family
— the Levi-Civita field — is ordered, complete in a metric sense, real-closed, and non-Archimedean, and therefore
serves as a concrete counterexample to the claim that the reals are the unique complete ordered field. The significance
is practical as well as structural: any physical theory that needs an ordered field with infinitesimal resolution, or any
computation that needs exact arithmetic with a distinguished scale, has an alternative to the Archimedean continuum
that is already a field rather than a ring.

1. The scope of Ostrowski's theorem

Ostrowski's theorem (1916) classifies every nontrivial absolute value on the rational numbers: it is equivalent either to
the Archimedean absolute value or to a p-adic absolute value for some prime p [1]. Completing the rationals under
these absolute values produces the real numbers and the p-adic fields. Two scope limits are frequently overlooked.

First, the theorem concerns rank-one valuations — those whose value group embeds into the positive reals. It says
nothing about valuations of higher rank, whose value groups are ordered groups of larger dimension.

Second, the theorem concerns completions of the rationals. Ordered field extensions of the reals that contain
infinitesimals are not completions of the rationals in Ostrowski's sense; they lie entirely outside the classification. The
reals themselves are one Archimedean completion; the p-adic fields are non-Archimedean completions; ordered fields
with infinitesimals form a third family the theorem never addresses.

2. Three senses of completeness

The word complete is used for at least three distinct properties, and each assigns a different answer to "which number
systems are complete?"
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Dedekind completeness. Every nonempty set with an upper bound has a least upper bound. Among ordered fields,
only the reals are Dedekind complete, and Dedekind completeness implies the Archimedean property. The statement
"the reals are the unique Dedekind-complete ordered field" therefore needs no qualifier.

Cauchy completeness. Every Cauchy sequence converges. This holds for the reals, every p-adic field, the Levi-Civita
field, and the formal Laurent series over the reals. It does not hold for the hyperreals or the surreals. The reals are not
unique in this sense.

Spherical completeness. A strictly stronger non-Archimedean notion in which every nested sequence of closed balls
has nonempty intersection. The p-adic fields, the formal Laurent series over the reals, and Hahn series fields are
spherically complete; the reals are not.

Sense Definition Held by Reals unique?

Dedekind least-upper-bound property reals alone among ordered fields yes, unconditionally

Cauchy every Cauchy sequence converges reals, every Q_p, Levi-Civita, R((t)) no

Spherical nested closed balls intersect Q_p, R((t)), Hahn fields no

The reals are unique for Dedekind completeness and for no other sense. Every claim that the reals are "the" complete
number system therefore depends on which sense is meant, and the default reading — the Cauchy one — is the sense
in which the reals are not unique.

3. The Levi-Civita field

The Levi-Civita field consists of formal series with real coefficients, rational exponents, and left-finite support: each
series has only finitely many terms below any given exponent [2]. It is an ordered field, with the sign of a series
determined by its lowest-order coefficient; it is real-closed; it is non-Archimedean, since the element  with unit
coefficient at exponent one is positive yet smaller than  for every natural number ; and it is Cauchy-complete in
its natural valuation topology.

The Levi-Civita field is therefore a genuine counterexample to the unqualified claim that the reals are the unique
complete ordered field. The reals are the unique Dedekind-complete ordered field. They are not the unique Cauchy-
complete ordered field. The Levi-Civita field keeps everything the reals have — order, field structure, real-closedness,
metric completeness — and adds what the reals cannot have: infinitesimal resolution.

4. The decimal identity and nonstandard indices

The identity  holds in the reals, and it survives by transfer in every ordered field containing the reals as
an ordered subfield [3]: the partial sums  converge to  in the order topology of each. The apparent
counterexample appears only when the decimal is given nonstandard indices. The extension of the sequence 
to an infinite hypernatural  equals , which differs from  by a positive infinitesimal [4, 5].

The identity is pinned to the Archimedean place value in a precise sense. The geometric series  equals
, and  if and only if . Replace the place value by an infinitesimal and the same-

looking decimal is infinitesimal rather than equal to one. The identity  is a property of the Archimedean
decimal place, not of decimals as such.
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5. Higher-rank valuations

Number fields admit only rank-one valuations: Ostrowski's classification applies to them without remainder. Higher-
rank (Krull) valuations occur only in function fields of transcendence degree at least two — for example  or

 — and are constrained by Abhyankar's inequality, which bounds the rank of a valuation by the transcendence
degree of the field [6, 7]. The field  admits no higher-rank valuations at all: because  is algebraically closed,
every valuation on  trivial on  is a discrete rank-one place of the projective line.

6. Computational verification

The claims above were verified computationally with exact rational arithmetic; no floating-point approximation was
used. The geometric-series identity was confirmed: , and  if and only if

, for exact rational values of  across ten orders of magnitude. The non-orderability of  was confirmed by
Hensel lifting a square root of  to  precision: the lift is , and  is divisible by . Since an
ordered field cannot contain a square root of ,  admits no order; the same argument applies to every  with

, and the general case follows because  is a sum of squares in every . The claim that the adele
ring is not a field was confirmed by exhibiting two nonzero adeles whose product is zero.

Check Result

; equals 1 iff exact, all tested t

Hensel lift of  in ,  precision , 

 admits no order confirmed (contains )

Adele ring has zero divisors confirmed ( , )

The verification script and its exact output are included with this record. Reproducibility: Python 3.13, standard library
only; the computation is deterministic and seed-free.

7. Relation to prior work

The completeness decomposition given here refines the three-axis framework of the Continuum Trilogy, which
distinguishes depth (Archimedean completeness), breadth (set-theoretic uncountability), and valuation (ultrametric
completions of the rationals) [8, 9]. The present trichotomy — Dedekind, Cauchy, spherical — is a refinement of the
depth axis and adds the Levi-Civita field as a concrete ordered non-Archimedean completion, a candidate the Trilogy
does not name. The treatment of positional notation as an ultrametric tree and the adelic program's use of Ostrowski's
theorem provide the surrounding structure in which this refinement sits [10, 11]. The relation to those records is
refinement and precision, not replacement: the reals remain the unique Dedekind-complete ordered field, and the
completeness question remains open in exactly the senses where a single answer would have been convenient.

8. Conclusion

"More perfect" is a fitness function, not an absolute. On the axis of Dedekind completeness the reals are uniquely
perfect. On the axis of Cauchy completeness they are not: the Levi-Civita field is ordered, complete, real-closed, and
non-Archimedean, carrying infinitesimals the reals cannot admit. On the axis of maximality the surreals are the largest
ordered field, at the price of being a proper class rather than a set [12, 13]. On the axis of spherical completeness the p-
adic fields and Hahn fields win, at the price of order. The useful output of the completeness trichotomy is not a single
winner but a map: each number system is perfect for a precisely named job, and the word complete no longer smuggles
a conclusion.
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