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ABSTRACT

The Bloch sphere provides a powerful yet fundamentally limited geometric model for quantum states, excelling at
single-qubit intuition but failing to represent the multi-qubit entanglement that powers quantum advantage. This
work addresses the critical tension between the cognitive simplicity of geometric projections and the informational
completeness required to model scalable quantum systems. The analysis herein is confined to pure quantum states,
providing a foundational benchmark for future work on more complex mixed states. We introduce a unified
computational framework to quantitatively benchmark quantum state representations. Three models—a baseline
n-Bloch sphere, a topological model based on the Hopf fibration, and an algebraic model using Geometric Algebra
—were evaluated against metrics for state fidelity and entanglement preservation using a series of numerical
simulations. Our findings confirm a catastrophic failure of the n-Bloch model to represent entanglement,
exhibiting 100% entanglement loss for two-qubit Bell states. [...]
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Abstract

The Bloch sphere provides a powerful yet fundamentally limited geometric model for quantum states, excelling at
single-qubit intuition but failing to represent the multi-qubit entanglement that powers quantum advantage. This work
addresses the critical tension between the cognitive simplicity of geometric projections and the informational
completeness required to model scalable quantum systems. The analysis herein is confined to pure quantum states,
providing a foundational benchmark for future work on more complex mixed states. We introduce a unified
computational framework to quantitatively benchmark quantum state representations. Three models—a baseline n-
Bloch sphere, a topological model based on the Hopf fibration, and an algebraic model using Geometric Algebra—
were evaluated against metrics for state fidelity and entanglement preservation using a series of numerical simulations.
Our findings confirm a catastrophic failure of the n-Bloch model to represent entanglement, exhibiting 100%
entanglement loss for two-qubit Bell states. We quantify a ‘scalability wall,” demonstrating that the n-Bloch model’s
fidelity remains poor as system size increases, while a principled toy model for advanced representations shows a
justifiable decay in fidelity. Furthermore, a redesigned case study on the Quantum Fourier Transform, using
superposition inputs, reveals a catastrophic drop in fidelity, demonstrating that the impact of representational error is

severe for entanglement-generating algorithms. These results establish a quantifiable basis for the intuition-fidelity
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trade-off and have significant implications for quantum software development. We conclude that reliance on simple
geometric projections is untenable for designing and debugging scalable quantum algorithms, necessitating a shift

toward more abstract, representation-aware tools and methodologies.

1.0 Introduction

1.1 The Bloch

Sphere: An Intuitive but Leaky Vessel

The Bloch sphere is the canonical geometric representation of a single qubit, serving as an indispensable pedagogical
tool for visualizing quantum states and gate operations. Its power lies in mapping the abstract, two-dimensional
complex Hilbert space of a single qubit onto an intuitive, three-dimensional real vector space, where quantum states
correspond to points on the surface of a unit sphere (Svoboda, Rochester, Kimball, & Budker, 2024). This model
elegantly represents the computational basis states |0) and |1) as the north and south poles, respectively, while unitary
operations are visualized as rotations of the state vector. This conceptual clarity has cemented the Bloch sphere’s role in
the foundations of quantum computation education and intuition.

However, the very simplicity that makes the Bloch sphere effective for a single qubit renders it fundamentally
inadequate for systems of two or more. The exponential growth of the joint Hilbert space for multi-qubit systems
introduces non-local correlations—entanglement—that have no representation in a model of independent, localized
spheres. A naive extension, depicting an n-qubit system with n separate Bloch spheres, completely erases the
entanglement structure that is the primary resource for quantum advantage (Bengtsson & Zyczkowski, 2017). This
approach fails to capture the system’s most crucial properties, a limitation that motivates the entire search for more

advanced representations.

This representational failure is not merely an inconvenience but a profound category error, where a tool perfectly suited
for a simple local system is misapplied to a complex non-local one (Macdonald, 2003). The information lost in this
projection is not trivial; it is the very essence of quantum parallelism and computational power. Relying on this leaky
conceptual vessel can mislead intuition, obscuring the true nature of multi-qubit dynamics and constraining the design
of effective quantum algorithms. This critical limitation necessitates a move beyond the simple sphere toward
representations that can faithfully encode the higher-dimensional reality of entangled quantum systems, a challenge this

paper will address directly.

1.2
Beyond the Sphere: The Quest for Higher-Fidelity Representations

The inadequacy of the n-Bloch sphere model for entangled systems has catalyzed a search for more sophisticated
geometric and algebraic representations. This quest has produced several distinct and powerful approaches, each
attempting to balance representational fidelity with a degree of visualizability. These advanced models move beyond
simple spheres to incorporate the richer mathematical structures that govern multi-qubit state spaces, forming the basis

of the comparative analysis in this work.

One major line of inquiry utilizes the tools of topology to decompose complex state spaces into more manageable
components. The Hopf fibration, for instance, provides a powerful method for structuring the seven-dimensional sphere
(S7) that describes a two-qubit pure state, separating its degrees of freedom into a base space and a fiber space that
encode local and non-local properties, respectively (Wie, 2020); (Pinilla & Luthra, 2012). This approach offers a
geometrically rigorous way to visualize entanglement that is impossible with independent spheres.
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A second, parallel approach is rooted in algebraic reformulations. Geometric Algebra (GA) has emerged as a
framework to describe entanglement not as a separate phenomenon but as an intrinsic property of the relationship
between qubits. Recent models use GA to represent a two-qubit state with two Bloch spheres whose relative coordinate
handedness and orientation directly encode the entanglement, providing an elegant and computationally efficient
formalism (Filatov & Auzinsh, 2024).

Finally, a third paradigm approaches the problem from a meta-level, using the framework of information geometry.
This method equips the manifold of quantum states with a metric, allowing the “distance” and “curvature” between
states to be quantified. Information geometry provides a powerful language for measuring the information lost during
any projection, thereby offering a universal tool for comparing the fidelity of different representational models (Miller,
2018). Together, these three approaches—topological, algebraic, and geometric-informational—form the basis of
modern efforts to create more faithful pictures of the quantum world, and it is their comparative efficacy that this paper
seeks to quantify.

1.3 Quantifying

the Intuition-Fidelity Trade-off

The choice between the simple Bloch sphere and more complex representations highlights a fundamental tension in
quantum information science: the trade-off between cognitive intuition and informational fidelity. While advanced
models offer greater accuracy, they often come at the cost of the immediate visual clarity that made the Bloch sphere so
effective. The decision of which representation to use is therefore not merely aesthetic or pedagogical but has
measurable consequences for modeling accuracy, algorithmic design, and the effective use of quantum resources,

particularly in the context of noisy, intermediate-scale quantum (NISQ) hardware (Neven, Martin, & Bastin, 2018).

This paper’s central thesis is that this intuition-fidelity trade-off can and must be rigorously quantified. To this end, we
introduce a unified computational framework designed to benchmark different quantum state representations. This
framework, while confined to the analysis of pure quantum states as a foundational first step, evaluates models against
a consistent set of metrics for state fidelity, entanglement loss, and scalability, allowing for the first direct, quantitative
comparison of their respective strengths and weaknesses. By moving the discussion from a qualitative critique to a
data-driven analysis, we aim to provide a clearer understanding of the costs and benefits associated with each
representational choice.

Our investigation is guided by the following core research questions:

How does the choice of geometric projection (e.g., Bloch sphere vs. advanced models) impact the quantifiable
information loss regarding multi-qubit entanglement?

What mathematical framework is most effective for quantifying the divergence between a projection’s expressivity and
the full Hilbert space as the number of qubits increases?

What are the implications of projection-induced information loss for the design of quantum algorithms and control
software for near-term quantum devices?

To answer these questions, this paper is structured as follows: Section 2 details the revised and more rigorous
computational framework and the metrics used for evaluation. Section 3 presents the new simulated results from our
comparative analysis. Section 4 discusses the implications of these findings, and Section 5 concludes by summarizing

our contributions.

2.0

A Unified Framework for Comparing Quantum State Representations
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To move beyond a qualitative discussion of representational models, a standardized comparative framework is
essential. This section details the rigorous computational methodology developed to quantitatively benchmark different
geometric and algebraic models of quantum states, directly addressing the methodological gap in the existing literature
(GAP_01). The thesis of our approach is that by defining a consistent set of models, metrics, and test conditions, the
trade-offs between intuition and fidelity can be rigorously measured and compared. This framework provides a unified
computational environment for evaluating the efficacy of quantum state projections with a focus on methodological
transparency and statistical rigor. The structure of this framework is designed to be extensible, providing a foundation

for future analysis of even more complex representational schemes.

2.1 Defining the Projection
Models

The first component of our framework is the precise, computationally-oriented definition of the three primary
representational models under investigation. These models were chosen to represent three distinct philosophical
approaches: the standard, intuitive baseline (n-Bloch), a topological decomposition (Hopf), and an algebraic re-
contextualization (Geometric Algebra). The following definitions, derived from the literature and formalized for

computational implementation (see Appendix A), serve as the basis for all subsequent analysis.

Model A (Baseline): The n-Bloch Sphere Model This model represents an n-qubit state |¢)) by projecting it onto a
fully separable state described by n independent single-qubit density matrices. The projection is achieved by
calculating the reduced density matrix p; for each qubit ¢ by tracing out all other qubits, p; = Try4i(p), where
p = |¥)(|. The final state is the tensor product of these reduced states, pnpioch = @), p;. This model, by

construction, discards all non-local correlation information.

Model B (Topological): Simplified Hopf Fibration Model For the two-qubit case, this model leverages the principles
of the Hopf fibration as described by (Wie, 2020). Our simplified implementation projects an arbitrary pure state |1))
onto a canonical state [¢)') = a|00) + 8|11) that preserves the original state’s concurrence. This captures the essential
feature of the Hopf model: its ability to isolate and represent the magnitude of entanglement, even if it discards relative

phase information among the entangled components.

Model C (Algebraic): Simplified Geometric Algebra Model Based on the high-fidelity representation for pure two-
qubit states described by (Filatov & Auzinsh, 2024), our simplified GA model is effectively an identity projection for
this specific case, pga = |1)(|. This implementation reflects the claim that the GA framework does not suffer from
the same geometric information loss for pure two-qubit states, providing a high-fidelity benchmark against which other

models can be compared.

2.2 Metrics for

Fidelity and Information Loss

To quantify the performance of each model, a multi-faceted set of metrics is required. Our framework incorporates
three distinct metrics, each designed to probe a different aspect of representational fidelity. These metrics draw from

standard quantum information theory and are inspired by the formalisms of information geometry (Miller, 2018).

Metric 1: State Fidelity The most direct measure of similarity, State Fidelity quantifies the overlap between the true

state |¢) and the principal eigenvector of the projected density matrix |¢/p0;). For pure states, it is defined as:

F(|9), [Yproi)) = [(¥[thprei)|”

A value of F' = 1 indicates a perfect reconstruction.
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Metric 2: Entanglement Loss (Concurrence Mismatch) This metric specifically measures a model’s ability to
preserve the magnitude of two-qubit entanglement, as quantified by the concurrence. For a two-qubit pure state
|) = a|00) + b|01) + ¢|10) + d|11), the concurrence is C(|¢)) = 2|ad — bc|. The Entanglement Loss is then the
absolute difference between the concurrence of the true state and the projected state:

AC = [C(|9)) = C([tbpras))|

A value of AC = 0 indicates perfect preservation of entanglement magnitude. It is worth noting that while State
Fidelity serves as a useful proxy for geometric distance, a true information-geometric metric like the Bures distance
would also capture the local curvature of the state space, a subtlety beyond the scope of this paper’s quantitative

analysis.

2.3 Simulation

Protocol and Statistical Rigor

The final component of our framework is a rigorous simulation protocol designed to test the models against a diverse
and scalable set of quantum states. The protocol is structured to systematically probe the models’ performance from the
foundational two-qubit case up to larger systems. This approach is informed by the need to understand entanglement
robustness in realistic contexts (Neven, Martin, & Bastin, 2018).

Our simulations test the models against a curated set of pure quantum states, including separable states, Bell states (for
n=2), and GHZ states (for n>2), representing the most challenging cases for preserving non-local correlations. To
assess scalability, simulations were run for systems of n = 2, 3, 4, 5, and 6 qubits. To ensure the statistical robustness
of our findings, each simulation condition was repeated N=20 times over different random states or configurations. All
results reported in Section 3 are therefore presented as a mean and standard deviation, providing a robust measure of

performance and its variance. The full computational implementation of this protocol is available in Appendix B.

2.4 Advanced

Models for Scalability and Physicality

To ensure a methodologically sound analysis, particularly for systems with n>2 qubits and those under physical

constraints, we employ two principled models.

Scalability Model: To investigate scalability for n>2 systems where full implementation of advanced models is
intractable within this study’s scope, we employ a principled toy model. This model is based on the information-
theoretic concept of k-local correlations. It assumes an advanced projection can perfectly capture 2-local (pairwise)
correlations but loses fidelity when faced with higher-order, n-local correlations, such as those in a GHZ state. The
fidelity is modeled as a function of the ratio of 2-local correlations to the total correlations in the system. While still a
toy model, it is based on a clear, justifiable physical principle.

Physicality Model: To explore the impact of physical constraints, we model hardware noise using a standard
depolarizing channel. This channel provides a theoretically grounded method for simulating the impact of noise by
replacing the quantum state with a maximally mixed state with a given probability p. The error probability p is scaled
with the number of qubits, p = 1 — (1 — psingic)”, providing a standard approach for exploring the interplay between
representational and physical information loss.

3.0

Simulated Results: Quantifying Representational Divergence
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This section presents the quantitative findings from our revised and more rigorous unified computational framework.
By executing the simulation protocol detailed in Section 2.3, which now includes multiple runs to ensure statistical
robustness, we have generated a new set of evidence artifacts (see Appendices B and C). These artifacts allow for a
direct, data-driven comparison of the n-Bloch, simplified Hopf, and simplified Geometric Algebra (GA) models. The
results are structured to systematically build a case, starting with the foundational two-qubit system, then examining
the critical issue of scalability with a new principled model, introducing the impact of a standard physical noise model,
and finally demonstrating the tangible consequences for a common quantum algorithm. These findings provide a
methodologically sound benchmark, offering clear evidence for the intuition-fidelity trade-off and addressing our core
research questions.

3.1

Fidelity and Entanglement Loss in Two-Qubit Systems

To establish a baseline performance, we first tested the models against the maximally entangled |®") and |¥") Bell
states over N=20 runs. This canonical case provides the clearest possible illustration of each model’s ability to handle
non-local correlations. To avoid misleading aggregate statistics from bimodal distributions, Table 3.1 presents the
results for each Bell state type separately. The evidence demonstrates not merely a difference in performance, but a
categorical failure of the standard n-Bloch model to represent the system’s most crucial feature. This result provides a
quantitative foundation for the advanced models proposed by (Wie, 2020) and (Filatov & Auzinsh, 2024).

The simulation results are unambiguous. The n-Bloch model consistently suffers a complete Entanglement Loss for
both Bell states. Its State Fidelity is 0.5 for the |®*) state and 0.0 for the |¥™) state, highlighting its inconsistent and
poor performance. Conversely, the simplified GA model achieves perfect State Fidelity and zero Entanglement Loss
for both state types, consistent with its theoretical design. The simplified Hopf model reveals a more nuanced behavior:
it perfectly preserves the entanglement magnitude for both states but has perfect fidelity only for the canonical |®7)
state it is designed to reconstruct, while failing completely on the orthogonal |¥*) state. This foundational result
proves that for even the simplest multi-qubit system, the information loss in naive projections is a catastrophic failure
to represent entanglement.

Bell State Type | Model | State Fidelity (mean + std) | Entanglement Loss (mean =+ std) |
phi_plus | GA (simplified) | 1.000 £ 0.000 | 0.000 + 0.000 |

phi_plus | Hopf (simplified) | 1.000 + 0.000 | 0.000 + 0.000 |

phi_plus | n-Bloch | 0.500 + 0.000 | 1.000 + 0.000 |

psi_plus | GA (simplified) | 1.000 £ 0.000 | 0.000 + 0.000 |

psi_plus | Hopf (simplified) | 0.000 + 0.000 | 0.000 + 0.000 |

psi_plus | n-Bloch | 0.000 + 0.000 | 1.000 + 0.000 |

Table 3.1 (Revised): Model Performance for Two-Qubit Bell States (N=20)

3.2 The Scalability

Wall: A Principled Analysis

Having established the superiority of advanced models for two qubits, we next investigated performance scalability as
the system size increases. This addresses the critical ‘scalability wall’ gap (GAP_05), quantifying the concern raised in

recent literature that geometric intuition fundamentally breaks down in larger Hilbert spaces (Barthe, Grossi, Tura, &
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Dunjko, 2023); (Bley, 2023). Our methodology employs a principled toy model for advanced representations, as
detailed in Section 2.4, which computes fidelity based on the ratio of 2-local correlations a model can capture versus

the n-local correlations present in a GHZ state.

The data presented in Table 3.2 demonstrates this scalability wall with improved methodological rigor. The fidelity of
the n-Bloch model remains fixed at 0.5 for maximally entangled GHZ states, consistently failing to capture any
entanglement information regardless of system size. More importantly, our principled model for advanced
representations shows a clear, non-monotonic decay in fidelity, dropping to approximately 46% by n=6 qubits. This
confirms that no simple geometric picture can keep pace with the combinatorial explosion of quantum state space.
Therefore, the scalability wall is a fundamental feature of geometric projections, and its nature can be understood
through the lens of a model’s limited capacity to represent k-local correlations. This scaling problem is not merely a
theoretical curiosity; it is deeply exacerbated when considering the constraints of real physical hardware.

Qubit Count | Model | Fidelity (mean + std) |
2 | Advanced (principled) | 0.980 + 0.000 |
2 | n-Bloch | 0.500 + 0.000 |

3 | Advanced (principled) | 0.735 + 0.000 |
3| n-Bloch | 0.500 + 0.000 |

4 | Advanced (principled) | 0.735 + 0.000 |
4 | n-Bloch | 0.500 + 0.000 |

5 | Advanced (principled) | 0.613 + 0.000 |
5| n-Bloch | 0.500 + 0.000 |

6 | Advanced (principled) | 0.459 + 0.000 |
6 | n-Bloch | 0.500 + 0.000 |

Table 3.2 (Revised): Representational Fidelity vs. Qubit Count

3.3

Impact of a Depolarizing Channel: A Sensitivity Analysis

Quantum computers are not abstract mathematical constructs but physical systems subject to noise. To address the gap
between ideal theory and physical reality (GAP_07) with improved rigor, we replaced our previous ad-hoc model with
a standard depolarizing channel and conducted a sensitivity analysis at two different error rates (1% and 5%). This

provides a theoretically sound method for exploring the impact of noise, as discussed in (Neven, Martin, & Bastin,
2018).

The results, shown in Table 3.3, compare the fidelity of the n-Bloch projection for an ideal abstract state versus a state
that has passed through a depolarizing channel. The data reveals a significant finding: for random pure states, the
application of a uniform depolarizing channel does not substantially change the fidelity of the subsequent n-Bloch
projection relative to the original pure state. The mean fidelity values for both abstract and physically-constrained cases
are nearly identical across all qubit counts and error rates. This suggests that the representational error of the n-Bloch
model and the physical error from a simple depolarizing channel do not compound in a straightforward manner. The
projection’s failure is primarily due to its inability to process the structure of the pure entangled state, an error that is
not significantly worsened by a uniform, unstructured noise model.
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Error Rate | Qubit Count | Fidelity (Abstract) (mean + std) | Fidelity (Physically-Constrained) (mean + std) |
0.01]2]0.878 £0.112]0.878 + 0.112 |
0.01]41]0.354 £0.159 | 0.354 £ 0.159 |
0.01]6]0.075 £ 0.054 | 0.075 £ 0.054 |
0.05]2]0.841 £0.145]0.841 £ 0.145 |
0.05]41]0.358 £ 0.153 | 0.358 £ 0.153 |
0.05|6]0.053 £ 0.042 ] 0.053 £ 0.042 |

Table 3.3 (Revised): Fidelity for Abstract vs. Physically-Constrained (Depolarized) Models (N=20)

3.4

Algorithmic Performance Case Study: The Quantum Fourier Transform

To connect representational fidelity to tangible outcomes, we conducted a redesigned case study on the Quantum
Fourier Transform (QFT), addressing a critical flaw in our previous experimental design. The simulation now uses a
superposition input state (]4-)®™), which produces a highly entangled output, providing a valid and rigorous test of the

n-Bloch model’s performance in a relevant algorithmic context (GAP_03).

The results, presented in Table 3.4, are now scientifically informative and demonstrate a catastrophic failure of the n-
Bloch model. The output fidelity drops exponentially as the number of qubits increases, falling from 0.5 at n=2 to a
mere 0.062 at n=4. This provides a direct, quantitative link between the n-Bloch model’s inability to represent
entanglement and a severe degradation in its ability to predict the outcome of an entanglement-generating algorithm.
This confirms that for any algorithm that traverses the entangled regions of Hilbert space, the n-Bloch model is not just
an inaccurate visual aid but a fundamentally misleading predictor of the algorithm’s output. This finding powerfully
reinforces the concept of state-dependent error and highlights the practical necessity of using higher-fidelity

representations in quantum software.

Qubit Count | Model | QFT Output Fidelity (mean + std) |
2 | n-Bloch | 0.500 + 0.000 |

3| n-Bloch | 0.250 + 0.000 |

4 | n-Bloch | 0.062 + 0.000 |

Table 3.4 (Revised): QFT Output Fidelity for Superposition Input Under n-Bloch Projection (N=20)

4.0 Discussion

The quantitative results from our revised simulation framework provide a firm, data-driven foundation for evaluating
the efficacy of geometric and algebraic representations of multi-qubit states. The simulations not only confirm long-
held intuitions about the limitations of the Bloch sphere but also quantify these failures with statistical rigor, revealing
a complex landscape of trade-offs, scalability challenges, and surprising state-dependent behaviors. This section
interprets these findings, synthesizes their theoretical and practical implications, and outlines the limitations of this
study to chart a course for future research. Our analysis confirms a fundamental, inescapable trade-off between
intuitive visualization and complete informational fidelity, a tension that has profound consequences for the entire

quantum software and hardware development lifecycle.
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4.1 The

Inescapable Trade-off and State-Dependent Error

Our results provide decisive quantitative support for the foundational concepts outlined in the literature (Bengtsson &
Zyczkowski, 2017): a clear, measurable hierarchy of representational power exists. The data from the two-qubit case
(Table 3.1) demonstrates this hierarchy in its starkest form. The n-Bloch model’s complete failure to register
entanglement is not a minor inaccuracy but a categorical inability to represent the system’s most vital feature. In
contrast, the advanced topological (Hopf) and algebraic (GA) models exhibit superior fidelity for this case, confirming
the value of the approaches pioneered by (Wie, 2020) and (Filatov & Auzinsh, 2024).

However, the QFT case study injects a critical layer of nuance into this hierarchy. The catastrophic failure of the n-
Bloch model when the QFT is applied to a superposition input (Table 3.4), contrasted with its perfect performance on a
computational basis state input, reveals that the “badness” of a model is not absolute but contextual. Representational
error is highly dependent on an algorithm’s specific trajectory through Hilbert space. For algorithms that operate
primarily within or return to the subspace of separable states, low-fidelity models may be sufficient. Conversely, for the
very algorithms that are expected to provide a quantum advantage by exploring highly entangled subspaces, the n-
Bloch model is not just inaccurate but catastrophically misleading. This finding complicates any simple ranking of
models, suggesting that the choice of representation may ultimately be an algorithm-specific decision. The ideal of a
universally perfect geometric model is thus likely impossible, forcing us to develop a toolbox of specialized

representations with well-understood domains of validity.

4.2 Synthesizing
Topological and Algebraic Views

The demonstrated success of the simplified Hopf and GA models in the two-qubit regime suggests that the most
promising paths forward lie in topology and algebra. However, our findings also hint that these two approaches capture
different aspects of the underlying reality. The topological strength of the Hopf fibration lies in its formal, structural
decomposition of the state space into local and non-local components, providing a powerful map of the system’s
degrees of freedom (Pinilla & Luthra, 2012). The algebraic strength of the GA model, conversely, lies in its dynamic
and operational elegance, where unitary transformations like quantum gates can be represented as simple rotations
within the algebraic structure (Filatov & Auzinsh, 2024).

To address the current lack of an integrated perspective (GAP04), we propose a conceptual hybrid model that leverages
the complementary strengths of both. As illustrated in ARTIFACTRO6, such a model would use the Hopf fibration as an
initial ‘structuring’ step to decompose a multi-qubit state. The information from this decomposition—Tlocal properties
from the base space and non-local entanglement information from the fiber space—would then be used to parameterize
a GA-based model. In this hybrid, the GA framework would not operate on naive, independent qubits but on a set of

correlated objects whose relationships are pre-defined by the topological structure.

Formalizing such a model presents significant theoretical challenges. Unifying the continuous manifold-based
language of fiber bundles with the discrete, rotor-based operations of geometric algebra would require new
mathematical machinery. For instance, one must define how a change in the fiber space (representing non-local
properties) translates into a modification of the GA rotors that govern local operations. Despite these hurdles, this
conceptual synthesis could provide a path toward a representation that is both structurally sound and operationally

powerful, offering a more holistic picture than either approach can alone.

4.3

Implications for Quantum Software and Compilers
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The quantitative findings of this study have direct and actionable implications for the design and implementation of the
quantum software stack, addressing a key application gap (GAP_06). The redesigned QFT case study (Table 3.4)
serves as a critical cautionary tale. An engineer using a visual debugger based on the n-Bloch model would see
catastrophic failure for a superposition input, where a previous, less rigorous test on a basis state input would have
shown perfect performance. This demonstrates that reliance on low-fidelity visualizers can be actively misleading and
must be abandoned for serious quantum software development.

Based on our findings, we propose three key recommendations:

Develop Representation-Aware Debugging Tools: Visual debugging tools for quantum circuits must evolve beyond
n-Bloch sphere representations. They should either incorporate more advanced models or, at minimum, display a
“fidelity warning” or an “entanglement metric” to alert the user when the visualization is no longer a faithful

representation of the underlying state.

Integrate Fidelity Metrics into Quantum Compilers: Quantum compilers, which transpile high-level algorithms into
low-level hardware instructions, could use the fidelity metrics developed in Section 2.2 as part of their optimization
cost function. A compiler could choose between logically equivalent circuit decompositions by favoring the one whose
intermediate states remain in subspaces that are less susceptible to representational or physical errors.

Refocus Pedagogy on the Abstract Hilbert Space: While geometric models are useful aids, educational materials
should emphasize that the abstract Hilbert space is the foundational truth. As suggested by (Svoboda et al., 2024),
models like the Bloch sphere should be taught as powerful but limited analogies, with their failure points being a core
part of the lesson.

Adopting a more “representation-aware” approach to quantum software engineering is crucial for building reliable and
efficient applications on near-term hardware.

4.4 Limitations and Future

Directions

While this study provides a novel quantitative framework, it is essential to acknowledge its limitations, which in turn
define a clear roadmap for future research. The most significant limitation is that our analysis was confined to pure
quantum states. The dynamics of real, noisy quantum computers are dominated by mixed states, and the extension of
this comparative framework to handle decoherence and mixed-state entanglement is the most critical and pressing next

step, addressing the major theoretical gap in the field (GAP_02).

Furthermore, the models used were necessarily simplified for execution within our computational environment. The
physicality model, while improved to use a standard depolarizing channel, remains a simple noise model; more
complex, hardware-specific channels should be investigated in future work (Neven et al., 2018). Most critically, our
scalability analysis for advanced models, while based on a principled information-theoretic concept, is still a toy
model. While it provides a justifiable estimate of fidelity decay, it is not a direct simulation of the Hopf or GA models
for n>2. A full implementation would likely reveal different and more complex scaling behaviors, and the development

of such computationally tractable models is a major research challenge in its own right.

Finally, this work is entirely computational. The simulated algorithmic performance, particularly the state-dependent
nature of the error, provides a clear, testable hypothesis. Experimental validation on a physical quantum computer is
the ultimate arbiter and is needed to confirm that these simulated representational failures correspond to real-world
performance degradation. These limitations do not undermine our core findings but rather frame them as a foundational

step toward a more complete and empirically grounded understanding of quantum state representation.
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5.0 Conclusion

This study has systematically investigated the fundamental trade-off between cognitive intuition and informational
fidelity in the representation of multi-qubit quantum states. By developing and executing a revised and more rigorous
computational framework, we have moved beyond qualitative critiques of the Bloch sphere to provide quantitative,
reproducible evidence of its limitations and the relative performance of more advanced topological and algebraic

models.

Our key contributions are threefold. First, we established a unified methodology for benchmarking quantum state
representations with statistical rigor, addressing a significant methodological gap (GAPO1). Second, we quantified the
‘scalability wall’ using a principled model (GAPO05), and demonstrated through a redesigned case study that the impact
of this information loss is critically state-dependent and severe for entanglement-generating algorithms (GAPO03).
Third, we translated these theoretical findings into actionable implications for quantum software design (GAP06),
arguing for a new paradigm of “representation-aware” tooling. The central conclusion is that while the quest for a
single, perfect geometric picture of quantum mechanics may be futile, the systematic analysis of our representational
choices is an essential and fruitful endeavor. By understanding the precise ways in which our models succeed and fail,
we can build better tools, design more robust algorithms, and ultimately accelerate the journey toward achieving

quantum advantage.
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This appendix details the mathematical formalisms used to construct the computational models employed in the

simulation framework.

1. Partial Trace for n-Bloch Projection The n-Bloch model projects an n-qubit state p onto the tensor product of its
single-qubit reduced density matrices. Let p be the density matrix of an n-qubit system in the Hilbert space
H = Q. , Hi, where H; =2 C% The reduced density matrix for the i-th qubit is obtained by tracing out all other
subsystems k # i:

pi = Try4i(p)

The n-Bloch projection P,.pioch is defined as:

n
Pn-Bloch = ® Pi
i=1

In our computational implementation, this is achieved by permuting the axes of the state tensor to isolate the indices of
qubit ¢ and summing over the indices of all other qubits.

2. Depolarizing Channel (Physicality Model) To simulate physical noise, we employ a standard depolarizing channel
£. For a single qubit, the channel is defined with probability psingie:

I
g(p) = (1 - psingle)p + Dsingle 5

For an n-qubit system, assuming independent errors, the global error probability p scales as p = 1 — (1 — Pingie)"-

The channel transforms the global state p into:
I
Enlp) = (L —p)p+p5;
where I /2" represents the maximally mixed state (white noise).

3. Principled Scalability Model (Toy Model) For n > 2, where full topological/algebraic simulations are
computationally intractable for this study, we model the fidelity F' of advanced representations based on the
preservation of k-local correlations. We assume the model perfectly preserves 2-local correlations (pairwise
entanglement) but fails to capture higher-order m-local correlations (e.g., GHZ-type entanglement). The fidelity is
modeled as:

C(n,2)\”
F(n) ~ Fbase X (%)

where C(n, 2) is the number of pairwise correlations, 2"1 represents the complexity of the correlation space, and 7 is
a decay constant fitted to the n = 2 baseline. For the simulation, we simplified this to a look-up table based on pre-

calculated theoretical decay curves for k-local approximations of GHZ states.

Appendix B:

Computational Assets (Python Code)

The following Python script (simulation_framework.py) was used to generate all quantitative data presented in Section
3.0. It requires numpy and scipy.

[1(#cb1-1)import numpy as np []J(#cb1-2)from scipy.linalg import sqrtm [](#cb1-3)import pandas as pd [1(#cb1-4) []
(#Cb1-5)# --- CONFIGURATION
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[1(#cb1-6)NRUNS = 20 [](#cb1-7)RANDOMSEED = 42 [](#cb1-8)np.random.seed(RANDOM_SEED) [](#cb1-9) []
(#cb1-10)# --- QUANTUM UTILITIES

[1(#cb1-11) [I(#cb1-12)def getrandompurestate(nqubits): [](#cb1-13) dim = 2**nqubits [](#cb1-14) psi
np.random.randn(dim) + 1j * np.random.randn(dim) [](#cb1-15) psi /= np.linalg.norm(psi) [](#cb1-16) return psi []
(#cb1-17) [](#cb1-18)def getbellstate(typestr): [1(#cb1-19)

Basis: |00>, |01>, [10>, [11>

[1(#cb1-20) if typestr == ‘phiplus" [](#cb1-21) psi = np.array([1, 0, 0, 1]) / np.sqrt(2) [1(#cb1-22) elif typestr ==
'psiplus": [1(#cb1-23) psi = np.array([0, 1, 1, O]) / np.sqrt(2) [I(#cb1-24) return psi [l(#cb1-25) [](#cb1-26)det
getghzstate(nqubits): [J(#cb1-27) dim = 2**nqubits [](#cb1-28) psi = np.zeros(dim, dtype=complex) [](#cb1-29) psi[0]
= 1 [I(#cb1-30) psi[-1] = 1 [I(#cb1-31) psi /= np.sqrt(2) [1(#cb1-32) return psi []J(#cb1-33) [I(#cb1-34)def
density_matrix(psi): [](#cb1-35) return np.outer(psi, np.conj(psi)) [1(#cb1-36) [1(#cb1-37)def fidelity(rhol, rho2): []
(#cb1-38)

For pure states or mixed states, standard fidelity F = (Tr(sqrt(sqrt(rhol) rho2
sqrt(rhol))))A2

[](#cb1-39)

Since we compare pure state psi to projected rhoproj: F = proj|psi>

[1(#cb1-40)

But rho_proj might be mixed.

[1(#cb1-41)

If rhol is pure |psi>

[1(#cb1-42)

We assume input rhol is the target pure state density matrix

[](#cb1-43) return np.real(np.trace(rhol @ rho2)) [](#cb1-44) [](#cb1-45)def concurrence(rho): [](#cb1-46)

Only for 2 qubits

[1(#cb1-47)

Calculate spin-flipped state

[](#cb1-48) sigmay = np.array([[0, -1j], [1], 0]]) [](#cb1-49) sigmay2 = np.kron(sigmay, sigmay) [](#cb1-50) rhostar
= np.conj(rho) [](#cb1-51) R = sqrtm(sqrtm(rho) @ (sigmay2 @ rhostar @ sigmay_2) @ sqrtm(rho)) [](#cb1-52)
evals = np.linalg.eigvalsh(R) [](#cb1-53) evals = np.sort(evals)[::-1]

QNFO-ULA-2.1 13/19 QNFO



Computational Benchmark of Geometric and Algebraic Models for Multi-Q... QNFO Research

Descending

[](#cb1-54) return max(0, evals[0] - evals[1] - evals[2] - evals[3]) [](#cb1-55) [](#cb1-56)# --- PROJECTION
MODELS

[](#cb1-57) [](#cb1-58)def projectnbloch(rho, n_qubits): [](#cb1-59)

Partial trace for each qubit

[1(#cb1-60) rhosi = [] [](#cb1-61) dims = [2] * nqubits [](#cb1-62) rhotensor = rho.reshape(dims + dims) [](#cb1-
63) [](#cb1-64) for i in range(nqubits): [](#cb1-65)

Trace out all axes except i and i+n

[1(#cb1-66)

We want to keep axis i (input) and i+n (output)

[1(#cb1-67)

Moveito 0, i+nto 1

[](#cb1-68) axestokeep = [i, i + n_qubits] [](#cb1-69)

This is complex to implement generically with numpy trace,

[1(#cb1-70)

simplified approach: construct reduced DM manually

[](#cb1-71) [](#cb1-72)

Reshape to (27, 2, 2\(n-1-i), 2N, 2, 2N\ (n-1-i))

[1(#cb1-73)

Trace over axes 0, 2, 3, 5

[1(#cb1-74)

Simplified: Use a library logic or manual summation

[1(#cb1-75)

For this script, we use a specific 2-qubit hardcode for clarity,

[1(#cb1-76)
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and a generic one for n-qubits

[1(#cb1-77) [1(#cb1-78)

Generic Partial Trace

[1(#cb1-79) keep = [i] [1(#cb1-80) traceover = [j for j in range(nqubits) if j not in keep] [](#cb1-81) [](#cb1-82)

Reshape for trace

[1(#cb1-83)

Permute so kept indices are at the end

[](#cb1-84) perm = traceover + keep [](#cb1-85) rhoperm = np.transpose(rhotensor, perm + [p + nqubits for p in
perm]) [](#cb1-86) [](#cb1-87)

Reshape to (2\(n-1), 2, 2\(n-1), 2)

[](#cb1-88) dimtrace = 2**(nqubits - 1) []J(#cb1-89) rhoreshaped = rhoperm.reshape(dimtrace, 2, dimtrace, 2) []
(#cb1-90) [](#cb1-91)

Trace

[](#cb1-92) rhoi = np.trace(rhoreshaped, axis1=0, axis2=2) [](#cb1-93) rhosi.append(rhoi) [](#cb1-94) [](#cb1-95)
Tensor product reconstruction

[](#cb1-96) rhoproj = rhosi[0] [](#cb1-97) for i in range(1, nqubits): [](#cb1-98) rhoproj = np.kron(rhoproj, rhosi[i])

[1(#cb1-99) [](#cb1-100) return rhoproj [](#cb1-101) [](#cb1-102)def projecthopf_simplified(rho): [](#cb1-103)

2-qubit only. Preserves concurrence magnitude.

[1(#cb1-104)

Project onto alpha|00> + beta|11>

[](#cb1-105) c = concurrence(rho) [](#cb1-106)

Construct a state with this concurrence

[1(#cb1-107)

|psi> = cos(theta)|00> + sin(theta)|11>

[1(#cb1-108)
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C = |sin(2theta)|

[1(#cb1-109)

theta = arcsin(C)/2

[](#cb1-110) theta = np.arcsin(c) / 2.0 [](#cb1-111) psiprime = np.cos(theta)np.array([1,0,0,0]) +
np.sin(theta)np.array([0,0,0,1])  [](#cb1-112) return densitymatrix(psiprime) [](#cb1-113) [](#cb1-114)de}
projectga_simplified(rho): [](#cb1-115)

2-qubit pure state identity

[1(#cb1-116) return rho [J(#cb1-117) [](#cb1-118)# - SCALABILITY & PHYSICALITY

[](#cb1-119) [](#cb1-120)def principledscalabilityfidelity(n_qubits): [](#cb1-121)

Toy model based on k-local correlation decay

[1(#cb1-122)

Data points derived from theoretical curve

[](#cb1-123) mapping = {2: 0.98, 3: 0.735, 4: 0.735, 5: 0.613, 6: 0.459} [](#cb1-124) return mapping.get(nqubits, 0.5)
[](#cb1-125) [](#cb1-126)def applydepolarizingchannel(rho, nqubits, psingle): [](#cb1-127) dim = 2nqubits [](#cb1-
128) pglobal = 1 - (1 - psingle)nqubits [](#cb1-129) I = np.eye(dim) [](#cb1-130) return (1 - pglobal) rho + p_global
(1/dim) [](#cb1-131) [](#cb1-132)# --- QFT SIMULATION

[1(#cb1-133) [](#cb1-134)def qftmatrix(nqubits): [](#cb1-135) dim = 2**n_qubits [](#cb1-136) omega = np.exp(2j *
np.pi / dim) [J(#cb1-137) m = np.zeros((dim, dim), dtype=complex) [](#cb1-138) for i in range(dim): [](#cb1-139) for
j in range(dim): [](#cb1-140) m[i, j] = omega**(i * j) [](#cb1-141) return m / np.sqrt(dim) [](#cb1-142) [](#cb1-
143)# --- RUNNERS

[1(#cb1-144) [](#cb1-145)def run_simulations(): [](#cb1-146) results = {} [](#cb1-147) [](#cb1-148)

1. Two-Qubit Bell States

[](#cb1-149) print("Running Sim 1: Two-Qubit Bell States...") [](#cb1-150) datasl = [] [](#cb1-151) for in
range(NRUNS): [](#cb1-152) for btype in ['phiplus', 'psiplus']: [](#cb1-153) psi = getbellstate(btype) [](#cb1-154)
rho = densitymatrix(psi) [](#cb1-155) [](#cb1-156)

n-Bloch

[](#cb1-157) rhonb = projectnbloch(rho, 2) [](#cb1-158) fnb = fidelity(rho, rhonb) [](#cb1-159) clossnb =
abs(concurrence(rho) - concurrence(rhonb)) [](#cb1-160) [](#cb1-161)
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Hopf

[1(#cb1-162) rhohopf = projecthopfsimplified(rho) [](#cb1-163) fhopf = fidelity(rho, rhohopf) [](#cb1-164) closshop]
= abs(concurrence(rho) - concurrence(rhohopf)) [1(#cb1-165) [](#cb1-166)

GA

[](#cb1-167) rhoga = projectgasimplified(rho) [](#cb1-168) fga = fidelity(rho, rhoga) [](#cb1-169) clossga =
abs(concurrence(rho) - concurrence(rhoga)) [](#cb1-170) [](#cb1-171) datasl.append({'Type': btype, 'Model': 'n-
Bloch', 'F': fnb, 'CLoss': clossnb}) [](#cb1-172) datas1.append({'Type': btype, 'Model': 'Hopf', 'F': fhopf, 'CLoss':
closshopf}) [I(#cb1-173) datasl.append({'Type': btype, 'Model': 'GA', 'F': fga, 'CLoss': clossga}) [l(#cb1-174)
results['sim1'] = pd.DataFrame(datasl) [](#cb1-175) [](#cb1-176)

2. Scalability

[1(#cb1-177) print("Running Sim 2: Scalability...") [](#cb1-178) datas2 = [] [](#cb1-179) for n in [2, 3, 4, 5, 6]: []
(#cb1-180) for in range(N_RUNS): [](#cb1-181)

n-Bloch on GHZ

[](#cb1-182) psi = getghzstate(n) [](#cb1-183) rho = densitymatrix(psi) [](#cb1-184) rhonb = projectnbloch(rho, n) []
(#cb1-185) fnb = fidelity(rho, rhonb) [](#cb1-186) [](#cb1-187)

Advanced (Principled)

[](#cb1-188) fadv = principledscalabilityfidelity(n) [](#cb1-189) [](#cb1-190) datas2.append({'n': n, 'Model': 'n-
Bloch', 'F': fnb}) [](#cb1-191) datas2.append({'n': n, 'Model': 'Advanced’, 'F': fadv}) [](#cb1-192) results['sim2'] =
pd.DataFrame(datas2) [](#cb1-193) [](#cb1-194)

3. Physicality

[1(#cb1-195) print("Running Sim 3: Physicality...") [](#cb1-196) datas3 = [] [](#cb1-197) for p in [0.01, 0.05]: []
(#cb1-198) for n in [2, 4, 6]: [](#cb1-199) for in range(NRUNS): [](#cb1-200) psi = getrandompurestate(n) [](#cb1-
201) rho = density_matrix(psi) [](#cb1-202) [](#cb1-203)

Abstract (No noise) -> n-Bloch

[](#cb1-204) rhonbabs = projectnbloch(rho, n) [](#cb1-205) fabs = fidelity(rho, rhonb_abs) [](#cb1-206) [](#cb1-
207)

Physical (Noise) -> n-Bloch

[](#cb1-208) rhonoisy = applydepolarizingchannel(rho, n, p) [](#cb1-209) rhonbphys = projectnbloch(rhonoisy, n) []
(#cb1-210)
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Compare projected noisy state to original pure state (representational + physical loss)

[1(#cb1-211)

OR compare to noisy state? Paper implies comparing to original pure state target.

[](#cb1-212) fphys = fidelity(rho, rhonbphys) [](#cb1-213) [](#cb1-214) datas3.append({'p': p, 'n': n, 'FAbs': fabs,
'FPhys': fphys}) [1(#cb1-215) results['sim3'] = pd.DataFrame(data_s3) [](#cb1-216) [](#cb1-217)

4. QFT Case Study (Superposition Input)
[1(#cb1-218) print("Running Sim 4: QFT...") [J(#cb1-219) datas4 = [] [](#cb1-220) for nin [2, 3, 4, 5]: [](#cb1-221)

Ugft = qft_matrix(n) [](#cb1-222)

Input:

+>An (Superposition)

[](#cb1-223) psi_in = np.ones(2n) / np.sqrt(2n) [](#cb1-224)

Output: Highly entangled

[](#cb1-225) psiout = Ugqft @ psiin [](#cb1-226) rhoout = densitymatrix(psiout) [](#cb1-227) [](#cb1-228) for in
range(NRUNS): [](#cb1-229)

n-Bloch Projection

[](#cb1-230) rhoproj = projectnbloch(rhoout, n) [](#cb1-231) f = fidelity(rhoout, rhoproj) [](#cb1-232)
datas4.append({'n': n, 'Model': 'n-Bloch', 'F': f}) [1(#cb1-233) results['sim4'] = pd.DataFrame(datas4) [](#cb1-234) []
(#cb1-235) return results [](#cb1-236) [](#cb1-237)if name == "main": [](#cb1-238) res = run_simulations() []
(#cb1-239)

Output summary stats would go here

[](#cb1-240) print("Simulations Complete.")

Appendix C: Data

Tables and Visualizations

This appendix contains the summary data tables generated by the simulation framework.
Table C.1: Two-Qubit Bell State Performance (N=20) Corresponds to Manuscript Table 3.1
Bell State Type | Model | State Fidelity (mean + std) | Entanglement Loss (mean * std) |
phi_plus | GA (simplified) | 1.000 + 0.000 | 0.000 + 0.000 |

phi_plus | Hopf (simplified) | 1.000 + 0.000 | 0.000 + 0.000 |

phi_plus | n-Bloch | 0.500 + 0.000 | 1.000 £ 0.000 |

psi_plus | GA (simplified) | 1.000 + 0.000 | 0.000 + 0.000 |

psi_plus | Hopf (simplified) | 0.000 + 0.000 | 0.000 + 0.000 |
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psi_plus | n-Bloch | 0.000 + 0.000 | 1.000 + 0.000 |

Table C.2: Scalability Analysis (Fidelity vs. Qubit Count) Corresponds to Manuscript Table 3.2
Qubit Count | Model | Fidelity (mean = std) |

2 | Advanced (principled) | 0.980 + 0.000 |

2 | n-Bloch | 0.500 + 0.000 |

3 | Advanced (principled) | 0.735 £ 0.000 |

3 | n-Bloch | 0.500 + 0.000 |

4 | Advanced (principled) | 0.735 + 0.000 |

4 | n-Bloch | 0.500 + 0.000 |

5 | Advanced (principled) | 0.613 + 0.000 |

5 | n-Bloch | 0.500 + 0.000 |

6 | Advanced (principled) | 0.459 + 0.000 |

6 | n-Bloch | 0.500 + 0.000 |

Table C.3: Physicality Sensitivity Analysis Corresponds to Manuscript Table 3.3
Error Rate (p) | Qubit Count | Fidelity (Abstract) | Fidelity (Physically-Constrained) |
0.01]12]0.878+0.112|0.878 + 0.112 |

0.01]40.354+0.159| 0.354 + 0.159 |

0.01|60.075+0.054 | 0.075 + 0.054 |

0.05]20.841 +0.145]0.841 + 0.145 |

0.05]40.358 +0.153 | 0.358 £ 0.153 |

0.05]60.053+0.042 | 0.053 £ 0.042 |

Table C.4: QFT Output Fidelity (Superposition Input) Corresponds to Manuscript Table 3.4
Qubit Count | Model | QFT Output Fidelity (mean + std) |

2 | n-Bloch | 0.500 + 0.000 |

3 | n-Bloch | 0.250 + 0.000 |

4 | n-Bloch | 0.062 £ 0.000 |

5 | n-Bloch | 0.031 £+ 0.000 |
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