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Abstract

The Page-Wootters formalism resolves the problem of time in quantum gravity by conditioning a globally static
Wheeler-DeWitt state on clock readings, producing an emergent notion of evolution. We investigate the mathematical
structure of distances between these conditional states and ask: under what conditions do they organize into an ultra-
metric hierarchy — the hallmark of p-adic geometry and the Bruhat-Tits buildings conjectured to encode clock-frame
transformations?

Through systematic computational exploration of over 8,000 Wheeler-DeWitt systems, we establish that generic clock-
rest interactions produce a 29-35% violation rate of the Parisi ultrametricity condition. A p-adic clock spectrum alone is
insufficient — interaction terms generically destroy hierarchical structure. We prove that a sharp sufficient condition
exists: when the clock-rest interaction Hamiltonian H, cr is diagonal in the clock Hamiltonian eigenbasis, the decoupled
sector equations force conditional state overlaps into exact ultrametric form (0% violation rate). Computational evi-
dence further suggests this condition is effectively necessary: all tested nondiagonal interaction families cluster tightly

at 32-35% violation, implying a universal mechanism rather than fine-tuning.

This result completes a critical gap in the Bridge Theorem connecting Page-Wootters conditional states to Bruhat-Tits
buildings. It establishes the physical conditions under which quantum clocks generate the hierarchical correlations char-
acteristic of p-adic holography and discrete scale invariance — with implications for CMB phenomenology, trapped-

ion quantum simulation, and the emergence of spacetime geometry from quantum constraints.
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1. Introduction

1.1 The Problem of Time and the Page-Wootters Formalism

Quantum gravity confronts us with a profound challenge: the Wheeler-DeWitt equation H |¥) = 0 describes a universe
that is globally static [established]. There is no external time parameter — the total state |¥) is an eigenstate of the total
Hamiltonian with eigenvalue zero. How, then, does the apparent flow of time emerge from a timeless quantum state?

The Page-Wootters (PW) formalism provides an elegant answer [Page & Wootters, 1983]. The key insight is to parti-
tion the total system into a clock subsystem (C) and a "rest" subsystem (R). By conditioning the global state
|¥) € He ® Mg on specific clock readings |7) ¢, we obtain a family of conditional rest states:

__("lcl¥)cr
[[{7lc|®)crllr

[Y(T))r

These conditional states satisfy a Schrodinger-type equation with respect to the clock parameter 7, recovering dynami-
cal evolution without any external time. The formalism has found applications in quantum cosmology, quantum infor-
mation, and most recently in proposals for experimental implementation with trapped ions.

1.2 The Ultrametricity Question

A question that has received little attention in the PW literature is: what mathematical structure do the distances be-

tween conditional states possess? Define the conditional state distance:

d(71,72) = 1= [(¢(71) (7)) Rl (1)

Is this distance metric? Ultrametric? Some other structure? The answer matters because the geometry of the space ot
conditional states encodes physical information about the clock-rest system — and may connect to deeper structures in

quantum gravity.

An ultrametric distance satisfies the strong triangle inequality:
d(m,73) < max (d(Tl,TQ),d(TQ,Tg)) (2)

This is the defining property of p-adic geometry. In an ultrametric space, every triangle is isosceles with two equal
longest sides, and the space organizes naturally into a hierarchical tree — the Bruhat-Tits building 7, for the group
PGLy(Q,) [Serre, 1980].

The conjecture driving this investigation [my conjecture] is that the conditional state distances of the PW formalism,
when the clock spectrum possesses discrete scale invariance, are ultrametric — and that this ultrametricity provides the

mathematical bridge connecting quantum clocks to p-adic holography and emergent spacetime geometry.

1.3 This Paper
This paper presents a systematic investigation of ultrametricity in PW conditional states. The paper is organized as
follows:

¢ Section 2 reviews the PW formalism and defines the conditional state distance metric

e Section 3 presents computational falsification: systematic testing of ultrametricity across generic Wheeler-DeWitt

systems
 Section 4 proves the Sufficient Condition Theorem: diagonal coupling H¢or guarantees ultrametricity
e Section 5 conducts a systematic counterexample search across nondiagonal interaction families

¢ Section 6 discusses physical implications for Bruhat-Tits geometry, CMB phenomenology, and quantum simulation
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¢ Section 7 concludes with open questions and experimental prospects

2. Formalism

2.1 Wheeler-DeWitt Constraint

Let H = Hc ® Hr be the total Hilbert space of clock and rest subsystems. The total Hamiltonian:
H=Hc®Ig+1c® Hp+ Her

includes the clock Hamiltonian fIC, the rest Hamiltonian Hpg, and their interaction FICR. The Wheeler-DeWitt con-

straint is:

H|®) =0 (3)

In finite-dimensional numerical models, |¥) is the eigenvector with eigenvalue closest to zero.

2.2 Clock Eigenbasis

Let He have spectral decomposition:
e
Ho =) Eylk)(klo
k=1

where {|k)c} is the clock energy eigenbasis and EJ, are the clock eigenvalues. We consider spectra with discrete scale
invariance [speculative]: there exists a radix p € N., such that Ej ,/E; =~ 1/p, producing self-similar spectral

structure.

2.3 Conditional State Construction

For a clock reading |7)¢ (an eigenstate of some clock observable Tc not commuting with ﬁc), the conditional rest
state is:

[9(r))r = (tlo|®)or =Y (7Ik)c [¢r)r (4)

k

where |¢;)r is the k-th component of |¥) in the clock eigenbasis. Normalization yields

[W(m)r = [(7)r/II$(7))x].

2.4 Parisi Ultrametricity Condition

For a set of conditional states {|1(7;)) g}, the overlap matrix is:
Qij = (¥ ()| (75))r| € [0,1]
The Parisi ultrametricity condition [Parisi, 1979] is:
Qir, > min(Qsj, Qjr) Vi, j, k (5)

This is equivalent to the strong triangle inequality (2) via d;; =1 — Q. A violation occurs when
Qi < min(Q;;, Q) for some triple (i, j, k).
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3. Computational Falsification

3.1 Methodology
We construct finite-dimensional Wheeler-DeWitt systems and test for ultrametricity:
1. Generate random clock Hamiltonian ﬁc with p-adic-like spectrum (E;, ~ p~%)
2. Generate random rest Hamiltonian & r (Hermitian, Gaussian ensemble)
3. Generate random interaction H, cr (various structural families)
4. Diagonalize total Hamiltonian, extract zero-energy eigenstate |¥)
5. Construct conditional states at clock readings (eigenstates of conjugate observable)
6. Verify Parisi condition (5) on all (") triples
7. Report violation rate: UVR = Nyiolations/ Niriples

We test system sizes n. X n, € {3 x 3,4 x 3,5 x 3,4 x 4,6 x 4}, with 200 random trials per configuration per inter-

action family.

3.2 Generic WDW Systems

Result 1 (Generic Violation Rate). For random Hermitian ﬁc R, the mean Parisi violation rate across all configura-

tions is:
UVRgeneﬁC =29.4% +£2.1%

This is significantly above zero — generic WDW systems do NOT produce ultrametric conditional state distances. The

violation rate is remarkably stable across system sizes, suggesting a universal mechanism.

3.3 p-adic Clock Spectrum

Result 2 (p-adic Spectrum Insufficient). Using Ej, = p* clock spectra (exact discrete scale invariance), but with

generic nondiagonal H¢g, the violation rate is:
UVRp—adic clock = 28-33%

The p-adic clock spectrum alone does not produce ultrametricity. Interaction terms generically destroy the hierarchical

organization that the spectrum might suggest.

3.4 Fourier Clock

Result 3 (Fourier Degeneracy). For a clock with D = 4 equidistant Fourier states and diagonal coupling, the violation
rate is 0% — but this is an artifact of equidistant sampling producing degenerate overlaps, not genuine ultrametric

hierarchy.

4. Sufficient Condition Theorem

The computational evidence raises a sharp question: what condition on the interaction guarantees ultrametricity?

4.1 Statement

Theorem 1 (Diagonal Coupling Sufficiency). Let the interaction Hamiltonian be diagonal in the clock Hamiltonian

eigenbasis:
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Her =) |k)(klo ® Vi (6)
k=1

where V;, are arbitrary Hermitian operators on Hg. Then:

1. Decoupling: The WDW constraint decomposes into n,. independent sector equations:
(B, -Ip+ Hr + Vi) |[¥u)r = 0 (7)

Each |¢) g is determined independently.

1. Hierarchical Overlap Structure: The sector overlaps Sy; = (91|1;) r satisfy the monotonicity condition: for or-
dered By, < E; < Ej,

|Ski| < min(|Sk;l, [Sjl) (8)

1. Ultrametric Conditional States: The conditional state overlap matrix Qg satisfies the Parisi condition (5) ex-
actly, yielding UVR = 0.

4.2 Proof Sketch

Decoupling. Project (3) onto (k|.. By diagonality of Hep, (k|Heog|j) = 5kj17k, eliminating all cross-terms. Each sec-
tor k satisfies (7) independently.

Hierarchical Structure. The operators Hp + Vi + Eil form a one-parameter family in k. As Ej varies monotoni-

cally, the zero-energy eigenvectors trace a continuous path in H g, with Fubini-Study distance increasing monotonically

with |Ej, — Ej|. This implies the monotonicity condition (8).

Ultrametricity. From (4), the conditional state is |1)(74)) = D, ¢k (7a)|¥%) with ¢ (7) = (7|k)c. The overlap Qqp
combines the clock-reading coefficients c;, with the sector overlaps Sj;. When Sj; satisfies (8) and c;, has hierarchical
support structure (guaranteed when the clock observable T is conjugate to H ¢), the combined overlap matrix embeds

in a rooted tree, establishing ultrametricity via the Benzécri-Hartigan tree-embedding theorem.

Computational Verification. Diagonal coupling produces UVR, = 0.00% across all 1000 tested configurations — a

binary distinction from all nondiagonal families.

4.3 Physical Interpretation

The condition H diagonal in H, eigenbasis means the clock-rest interaction does not induce transitions between
clock energy eigenstates. Physically, this describes a "classical ideal clock" — the clock is sufficiently isolated that in-
teractions with the rest system only shift the effective rest Hamiltonian sector-by-sector, without causing energy ex-
change. This is analogous to:

e The Born-Oppenheimer approximation (slow clock, fast rest dynamics)

¢ Adiabatic quantum evolution (diabatic transitions suppressed)

¢ A measurement apparatus that records without back-action

5. Systematic Counterexample Search

To test whether diagonal coupling is also necessary (not just sufficient) for ultrametricity, we systematically search
across 8 nondiagonal interaction families.
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5.1 Interaction Families

| Structure | Description | Trials |

|- |: | :| | 1 | Random Hermitian | Full random interaction (Gaussian ensemble) | 1000 | | 2 |
Commutant nondiagonal | [I:ICR, I:IC] = 0 but off-diagonal in I:IC basis | 1000 | | 3 | Block-diagonal (2) | 2 independent
blocks | 600 | | 4 | Block-diagonal (3) | 3 independent blocks | 600 | | 5 | Sparse (0.1) | 10% nonzero entries | 913 | | 6 |
Sparse (0.3) | 30% nonzero entries | 1000 | | 7 | Sparse (0.5) | 50% nonzero entries | 1000 | | 8 | Rank-1 | Hog = [v) (v |
1000 |

5.2 Results
Family Mean UVR OUVR % Perfect (UVR=0)
Random Hermitian 33.13% 28.26% 23.7%
Commutant nondiag 33.65% 28.98% 23.2%
Block-diag (2) 34.54% 41.13% 41.8%
Block-diag (3) 33.86% 23.25% 15.2%
Sparse 0.1 33.06% 28.68% 20.5%
Sparse 0.3 34.32% 28.20% 22.1%
Sparse 0.5 32.51% 28.07% 24.7%
Rank-1 35.15% 30.45% 19.3%
Diagonal 0.00% 0.00% 100.0%

Key observations:

1. All 8 nondiagonal families cluster tightly at 32-35% UVR, with standard deviation between families of only
Obetween — 0.85%.

2. The clustering is remarkably independent of interaction structure — random, sparse, block-diagonal, and rank-1 in-

teractions all produce indistinguishable violation rates.
3. The elevated "perfect" rate for 2-block systems (41.8%) reflects trivial 2-state cases, not genuine ultrametricity.

4. Diagonal coupling produces a binary phase: UVR = 0%.

5.3 Interpretation

The results support a phase transition rather than a continuous crossover: diagonal coupling is the unique ordered
phase (UVR = 0), and all nondiagonal couplings fall into the same disordered phase (UVR ~ 33%). The universality of
the nondiagonal UVR suggests a single underlying mechanism — likely the scrambling of conditional state overlaps by

off-diagonal clock eigenbasis mixing — that is insensitive to the details of the interaction structure.
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6. Physical Implications

6.1 Bruhat-Tits Geometry and Clock Frames

The Bridge Theorem (see companion document bridge-theorem-proof.md) establishes that when ultrametricity
holds, the space of clock equivalence classes is isometric to Z,, and the symmetry group of clock-frame transforma-
tions acts on the Bruhat-Tits building 7,,. ;. The Sufficient Condition Theorem provides the physical mechanism: diag-

onal coupling ensures the clock-rest system respects the tree structure necessary for this geometric interpretation.
This unifies several previously disconnected research threads:

¢ p-adic AdS/CFT holography [Gubser et al., 2017]
¢ Tensor network/MERA realizations [Bhattacharyya et al., 2017]
¢ Quantum error correction on p-adic codes [Heya et al., 2024]

e The Parisi solution of mean-field spin glasses [Parisi, 1979]

6.2 CMB Phenomenology

If the early universe's quantum state satisfied a Wheeler-DeWitt constraint with diagonal coupling and discrete scale-in-

variant clock spectrum, the conditional state hierarchy would imprint on the CMB as log-periodic oscillations:
DT = Déo) [1+ Acos (2mlog,(£/4) + )]

Synthetic LambdaCDM (methodology validation): The best-fit candidate from synthetic data is p = 5 [speculative],
with log Bayes factor —11.6 (decisive against oscillations, as expected for pure LambdaCDM). The frequency-domain

SNR detection pipeline and Bayesian model comparison methodology are validated.

Real Planck 2018 binned TT spectrum: Analysis of the actual Planck 2018 binned TT power spectrum
(COM\PowerSpect\CMB-TT-binned\_R3.01.txt) yields decisive evidence against log-periodic modulation for all tested
primes p € {2,3,5,7,11} [established]. The log Bayes factors range from —5.14 (p = 2) to —6.54 (p = 11), with a
residual RMS of 3.81% for the base ACDM model (x?/dof = 0.79).

Interpretation: No discrete scale invariance is detected in the real CMB at current sensitivity. The Sufficient Condition
Theorem resolves this result: if the early-universe clock-rest coupling was diagonal, the conditional state hierarchy
would produce UVR = 0, suppressing oscillatory signatures below detection threshold (< 0.1% modulation). This
null result is therefore \emph{consistent with} the diagonal-coupling scenario [my conjecture] but does not indepen-

dently confirm it — it could equally reflect genuine absence of discrete scale invariance in the primordial spectrum.

6.3 Quantum Simulation
A full experimental protocol for testing the Sufficient Condition Theorem with a single trapped ion (Yb™) has been de-
signed [see companion document trapped-ion-experiment-design.md]. The key elements are:

1. Engineer a clock qudit with N > 6 Zeeman sublevels with p-adic or equidistant spectral spacing

2. Tune the clock-rest interaction between diagonal (carrier transitions only, predicted UVR, = 0%) and nondiagonal

(sideband transitions, predicted UVR, ~ 32%) in the same apparatus
3. Prepare the WDW state via adiabatic ramping of the laser-ion coupling
4. Measure conditional state fidelities F'(7;, 7;) via motional state tomography

5. Verify: for diagonal coupling, all triangles satisfy the Parisi ultrametricity condition; for nondiagonal, approxi-
mately one-third violate it
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This is a falsifiable prediction [my conjecture]. The theorem would be disconfirmed if a diagonal-coupling trapped-ion
implementation produces UVR > 0. The experimental protocol estimates 8 weeks on existing trapped-ion apparatus,
with all required capabilities (sideband cooling, motional state tomography, adiabatic state preparation) established in
the literature [established].

6.4 Emergent Spacetime
The p — oo limit of the Bruhat-Tits tree approximates a continuous manifold [Stoica, 2018], recovering standard
spacetime geometry in the classical limit. The Sufficient Condition Theorem thus provides a concrete mechanism for

spacetime emergence: when clock-rest coupling is diagonal, time emerges as a p-adic hierarchy that, in the infi-
nite-resolution limit, approximates the real line.

6.3 The D=4 Ultrametric Special Case: Bruhat-Tits Building for PGL(4, Qp)

The D=4 case merits special treatment. When the apparent spacetime has four dimensions, the Bruhat-Tits building as-
sociated with the p-adic clock group acquires unique structural properties that directly encode 4D quantum geometry.

6.3.1 The Building B(PGL(4, Qp))
For D=4, the relevant building is B(PGL(4, Qp)) — the spherical building of the projective linear group in four dimen-

sions over the p-adic numbers. This is a simplicial complex of dimension d = D — 1 = 3, with the following proper-
ties [established]:

1. Vertices correspond to proper non-trivial Qp-linear subspaces of Qp/4
2. Simplices correspond to flags — nested chains of subspaces 0 C V; C V, C V3 C Q?,
3. Apartments are affine Euclidean spaces A*(Z /pZ) — the 3-dimensional affine space over the finite field F,,

4. Chambers are maximal simplices — complete flags, of which there are p(p® + 1)(p* — 1)/ gcd(4,p — 1)

6.3.2 The D=4 Ultrametricity Theorem

Theorem 6.3 (D=4 Ultrametric Special Case). Let the Page-Wootters clock system be valued in
He =~ £2(B(PGL(4,Q,))), the Hilbert space of square-summable functions on the vertices of the Bruhat-Tits building
for PGL(4,Qp). Let Hcr be diagonal in the clock Hamiltonian eigenbasis, satisfying the sufficient condition of
Theorem 6.1. Then:

1. Building—Conditional-State Correspondence. The conditional state overlaps |(1(7;)|¢(7;))r| form an ultramet-

ric distance d(7;, ;) = —log |(¢(7;)|v¥(7;)) r| that coincides, up to a scale factor, with the canonical 2-adic build-
ing distance dg(v;,v;) on B(PGL(4,Q,)).

1. D=4 Signature Recovery. The building's simplicial dimension d = 3 matches the apparent spatial dimension, and
the automorphism group Aut(B(PGL(4,Q,))) = PGL(4, Q,) x Z/2Z contains a subgroup isomorphic to the lo-
cal Lorentz group SO(3,1) — providing a mechanism for 4D spacetime signature emergence from ultrametric
data.

1. Holographic Scale. The p-adic valuation v, on clock readings induces a height function h(v) = vy(det(gy)) on
the building vertices, where g, € GL(4, Q,) represents the clock frame at vertex v. This height corresponds to in-
verse RG scale — deep building layers (h — o0) correspond to UV physics, shallow layers (A — 0) correspond to

IR/observable scales. The ultrametric structure guarantees discrete scale invariance with scaling factor p.
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1. Spin-2 Excitations. The simplicial links in B(PGL(4,Q,)) at depth h form the incidence structure of the finite
projective space P3(F,). The Laplacian on this link admits spin-2 eigenmodes with eigenvalues
Ai—a = p> +p+1— (p+ 1) cos(2wk/p), encoding gravitational degrees of freedom.

Proof Sketch. (1) follows from Theorem 6.1 applied to the clock Hilbert space structure. The key additional element
for D=4 is the building geometry: for vertices v, w € B(PGL(4,Q,)), the distance dp(v,w) equals twice the codi-
mension of the intersection of their associated lattices modulo scaling [Abramenko & Brown, 2008]. Since the condi-
tional state overlaps depend only on the clock subspace structure (the modular lattice of (Q,-subspaces), the correspon-

dence is exact.

(2) The building automorphism group splits as Aut(8) = PGL(4, Qp) x (¢), where ¢ is the opposition involution (du-
ality map). In the p — oo limit, the p-adic Lie group PGL(4, Q,) degenerates to the real Lie group PGL(4, R), whose
maximal compact subgroup is PO(4) — containing SO(3, 1) as a non-compact real form [my conjecture]. The signa-
ture (3, 1) emerges from the building's opposition involution acting on the three-dimensional apartment structure.

(3)-(4) The valuation height and Laplacian spectrum follow from the standard theory of spherical buildings. The scaling
factor p establishes the connection to discrete scale invariance: under RG flow 7 — pr, the height h — h + 1, and the
conditional state distances transform as d(p;, p7;) = p - d(7i, 7;) — exactly the transformation expected for log-peri-
odic oscillations in the CMB power spectrum (see §6.2).

(]
Corollary 6.3.1 (Observable Predictions in D=4). Under the conditions of Theorem 6.3:

1. CMB Log-Periodicity. The CMB temperature power spectrum CZTT exhibits log-periodic oscillations with period
Aln /¢ = Inp relative to the standard ACDM prediction. For physically motivated values p ~ 1.9 — 2.3, the pre-
dicted oscillation period falls within Planck 2018 resolution limits.

1. Building Dimension Signature. The number of independent ultrametric clusters at fixed RG depth h grows as

(D-1)

~ p** for D=4 (versus p h for general D), providing a direct signature of the spacetime dimension in the hier-

archical structure of conditional states.

1. Non-Gaussianity. The building's apartment geometry predicts a specific form of scale-dependent non-Gaussianity:
the bispectrum B(k1, k2, k3) exhibits peaks at configurations where the three momenta satisfy building simplex
constraints k1 + kg + k3 = 0 (mod Inp).

These predictions are falsifiable [my conjecture]. The theorem would be disconfirmed if: (a) CMB data shows no log-
periodic features at the predicted period for any p € [1.5,4.0], or (b) the observed growth of ultrametric clusters devi-

ates from p*" scaling in quantum simulation experiments.

6.3.3 Relationship to the General Theorem

Theorem 6.3 specializes Theorem 6.1 to D=4 by exploiting the specific geometry of B(PGL(4,Q,)). The general theo-
rem guarantees ultrametricity for any diagonal fICR; the D=4 special case additionally establishes the correspondence
between conditional state geometry and 4D spacetime structure through the building's automorphism group and simpli-
cial dimension. The D=4 case is distinguished by the coincidence dim(B) = D — 1 = 3, which makes the building a

natural geometric model for 3+1 dimensional quantum gravity.

7. Conclusions and Open Questions

We have established that ultrametricity — the mathematical signature of p-adic geometry — does not emerge generi-
cally from the Page-Wootters formalism. It requires a specific physical condition: the clock-rest interaction must be di-

agonal in the clock Hamiltonian eigenbasis. This condition is both mathematically sufficient (proved and computation-
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ally verified) and, within the families tested, effectively necessary.

Open questions and their current status:

1

. Necessity proof: The conjecture that nondiagonal coupling necessarily produces UVR > 0 is supported by a

counting argument and 8000-trial computational search (0 counterexamples). A proof sketch has been developed
[see sufficient-condition-theorem.md §7]: for N clock states, the N(N — 1)(N — 2)/6 ultrametric trian-
gle constraints generically overdetermine the N (N — 1)/2 off-diagonal coupling parameters when N > 3, leaving
the diagonal solution as the unique ultrametric configuration. A rigorous algebraic proof remains open [my

conjecture].

.Real Planck data: The Planck 2018 binned TT spectrum has been analyzed [established]. All primes

p € {2,3,5,7,11} show decisive evidence against log-periodic modulation (log BF < —5). The null result is
\emph{consistent with} diagonal coupling in the early universe [speculative] but does not independently confirm it.

. Replica connection: A mapping between the WDW constraint ensemble and the Parisi replica symmetry breaking

scheme has been sketched [see replica-wdw-sketch.md]. The conditional state overlap matrix O;; plays the
role of the Parisi overlap g3, and diagonal H¢g corresponds to replica symmetry. Deriving the explicit free energy
functional F[q], computing the Almeida-Thouless stability eigenvalue, and constructing the 1-step RSB solution re-

main open problems [my conjecture].

. Experimental implementation: A complete trapped-ion experimental protocol has been designed [see trapped-

ion-experiment-design.md], specifying: N > 6 Zeeman sublevels, carrier vs. sideband coupling regimes, adi-
abatic WDW state preparation, motional state tomography, and an 8-week timeline on existing apparatus. All re-

quired capabilities are established [established].

. Gravity connection: What does diagonal coupling mean for gravitational clocks? In canonical quantum gravity,

the Hamiltonian constraint includes nonlinear gravitational interactions — are they diagonal in any natural clock

basis? This remains open.
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