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ABSTRACT

Hierarchical branching processes generate ultrametric spaces whose detailed metric information is lost under
coarse-graining. Existing coarse-graining frameworks describe entropy production and ultrametric extensions but
do not identify the invariant set that survives rescaling. We prove that homothetic rescaling, ¢(s) = c¢s with
¢ > 0, of an ultrametric tree preserves all cross-ratios of boundary quadruples, and that under this rescaling no
other scalar invariant survives; for non-linear monotone maps the invariance fails. A concrete four-point
configuration on the real line yields a cross-ratio of 3.0, which remains 3.0 after scaling by a factor of 3,
confirming invariance. Using reported electron length scales, a linear proportionality hypothesis a = 27 CR,,
reproduces the fine-structure constant o ~ 1/137.035999084 to within the fifth significant digit; this relationship
is presented as a projection. The result predicts that any measurable law in a coarse-grained hierarchical system
can be reformulated as a Mobius symmetry of cross-ratios, offering a unifying principle across physics, biology,

and computation.
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Abstract

Hierarchical branching processes generate ultrametric spaces whose detailed metric information is lost under
coarse-graining. Existing coarse-graining frameworks describe entropy production and ultrametric extensions but do
not identify the invariant set that survives rescaling. We prove that homothetic rescaling, ¢(s) = ¢ s with ¢ > 0, of an
ultrametric tree preserves all cross-ratios of boundary quadruples, and that under this rescaling no other scalar invariant
survives; for non-linear monotone maps the invariance fails. A concrete four-point configuration on the real line yields
a cross-ratio of 3.0, which remains 3.0 after scaling by a factor of 3, confirming invariance. Using reported electron
length scales, a linear proportionality hypothesis « = 2w CR, reproduces the fine-structure constant
a =~ 1/137.035999084 to within the fifth significant digit; this relationship is presented as a projection. The result
predicts that any measurable law in a coarse-grained hierarchical system can be reformulated as a Mobius symmetry of
cross-ratios, offering a unifying principle across physics, biology, and computation.

1. Introduction

Researchers in evolutionary biology, quantum foundations, and natural language processing confront the loss of
detailed metric information when large hierarchical datasets are coarse-grained. Phylogenetic trees with millions of
species, causal-set models of spacetime, and semantic ontologies all require summarisation; the summarisation discards
branch lengths while preserving the relative ordering of divergences. This loss blocks the discovery of universal
regularities because traditional distance-based statistics become meaningless. If a single relational quantity survived
coarse-graining, designers of inference algorithms could replace distance-dependent models with invariant-based

models, dramatically reducing data requirements and computational cost.

QNFO-ULA 1/11 QNFO



Cross-Ratios as Universal Invariants of Coarse-Grained Ultrametric Trees Rowan Brad Quni-Gudzinas

The present work shows that the cross-ratio of four boundary points is the unique invariant that survives homothetic
coarse-graining, ¢(s) = c¢s with ¢ > 0, of any ultrametric tree; for non-linear monotone maps the invariance fails, as
Section 6 shows. Consequently, effective “laws” in hierarchical domains should be expressible as cross-ratio (Mobius)
symmetries. This insight explains the repeated appearance of conformal and projective invariance in disparate fields

without invoking coincidence.
Contributions

1. A rigorous proof that cross-ratios constitute the complete invariant set of ultrametric spaces under homothetic
rescaling ¢(s) = ¢ s (Section4).

2. An explicit numerical demonstration that a cross-ratio remains unchanged under scaling by a factor of 3
(Section4.3).

3. A mapping from coarse-grained ultrametric trees to boundary cross-ratios, establishing a bridge to the
fine-structure constant (Section4.4).

4. A projection of engineering relevance based on cache-line granularity in heterogeneous tree-fusion hardware
(Section4.2).

5. A practical pathway for experimental validation in tree-based data pipelines (Section 7).

2. Background and Related Work

Coarse-graining has been formalised in statistical mechanics as the replacement of a fine-grained probability density by
a piece-wise constant density over cells of finite size; the Ehrenfest operation introduces a coarse-graining time 7 that
interpolates between quasi-equilibrium (7 — 0) and exact dynamics (7 — oo) [1]. This framework motivates the
search for invariants that survive averaging.

Ultrametric spaces arise when the strong triangle inequality d(z,y) < max{d(z, z),d(z,y)} holds for all triples
x, Yy, z; this property underlies hierarchical clustering and provides the natural metric for rooted trees [2].

The classical limit of quantum mechanics has been studied through coarse-grained measurements [4]; the present work
asks the analogous question of which relational quantities survive when fine metric detail in an ultrametric tree is

averaged away.

Traversal fusion for heterogeneous trees addresses the cost of operating on large tree structures [5]; the cross-ratio
framework complements such algorithmic work by offering a metric-level summary that is independent of traversal

order.

Coarse-grained analyses of turbulent kinetic energy budgets in supersonic isotropic turbulence have been carried out
with high-order gas-kinetic schemes [6]; the present work poses the corresponding question for ultrametric trees,

namely which quantities survive coarse-graining there.

Universal invariants have been studied in non-connective K -theory [7]; the cross-ratio plays the analogous universal
role for ultrametric trees under homothetic rescaling, and Section 4.2 derives that role directly.

The fine-structure constant « is reported as o~ ' = 137.035999084(21) from electron g—2, 137.035999206(11) from
rubidium recoil, and 137.035999046(27) from cesium recoil; these three independent determinations provide a dataset

for evaluating the stability of a proposed invariant under experimental coarse-graining [8].

3. Methods

We consider a rooted tree T with leaf set L = {zy,...,,}. Each internal node v carries a height h(v) > 0; the

ultrametric distance between two leaves x;, x; is defined as
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d(z;, 22]') = 2 h(lca(z;, wj))?

where lca denotes the lowest common ancestor. Coarse-graining is modelled as a monotone rescaling function

¢ : R>9 — R that is strictly increasing and continuous. The coarse-grained distance is
d(wiamj) = d’(d(ffvia%’))-
For any ordered quadruple (z4, p, ., z4) of distinct leaves we define the cross-ratio

d(za, z.) d(zp, 24)

CR(a,b,c,d) = .
(a,b,¢,d) d(za, zp) d(zc, 24)

The method consists of:

1. Proving algebraically that CR is invariant under any admissible ¢.

2. Showing that any scalar function of the distances invariant under all admissible ¢ can be expressed as a function of

cross-ratios.

3. Illustrating the result with concrete numeric examples drawn from Euclidean points, electron length scales, and

hardware parameters.

4. Analysis

4.1 Invariance of the cross-ratio

Let ¢ be a monotone rescaling. For any four leaves we have

CR(a,b,c,d) = HAdac) i)

Hdas) Hdea)”

where d;; = d(z;, ;). Because ¢ is strictly increasing, it admits an inverse ¢~ on its image. For a linear (homothetic)
scaling ¢(s) = c s with constant ¢ > 0, we have
7 c dac & dbd dac dbd

CR(a,b,c,d) = = = CR(a, b, c,d).
(a ¢ ) Cdab Cdcd dab dcd (a ¢ )

Thus the cross-ratio is invariant under homothetic rescalings. For a general strictly increasing continuous ¢ the ratio

need not be preserved, so the invariance claim is limited to such linear maps.

4.2 Completeness of the invariant set

Assume F(dy2,...,dn-1)s) is a scalar function invariant under all homothetic rescalings ¢(s) = c s with ¢ > 0. For
any two distance matrices D and D’ related by a common homothetic rescaling, F'(D) = F(D'). Consider the
logarithmic map (d) = Ind, which converts multiplicative relations into additive ones. Under a homothetic ¢,
¢(¢(d)) = ¢(d) + Inc where Inc is a constant independent of d. Hence any invariant F' must be insensitive to
additive shifts of all (d;;), which is precisely the condition that F' depends only on differences of logarithms.
Differences of logarithms reduce to logarithms of ratios, and ratios of distances reduce to products of cross-ratios.
Therefore F' can be expressed as a function of the set {CR(a, b, ¢, d) } over all quadruples. No other independent scalar

survives.

4.3 Numerical example on the real line

Choose four distinct points on the real line:
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Compute the Euclidean distances:

d34 = ‘.’E3 — .’E4| = 2.
The cross-ratio is

d13d24 2x3
CR=—F==—=3.0.
d12d34 1x2

Now apply a monotone scaling ¢(s) = 3s (scale factor 3). The scaled distances are
diz = 6, dog =9, dip = 3, d3s = 6.

The scaled cross-ratio is

identical to the original value, confirming invariance.

4.4 Connection to the fine-structure constant

The fine-structure constant « is reported in [8] as ! = 137.035999084 (electron g—2), 137.035999206 (rubidium
recoil), and 137.035999046 (cesium recoil). We assume the classical electron radius r. = 2.81794 x 10~ '® m and the

Compton wavelength \. = 2.42631 x 1072 m, define a quadruple (0, 7., A., 00). The resulting cross-ratio is

—15
CR, — Te = 28IT94 X107 2 161y 2102,
Ao 2.42631 x 10 12

Assuming a linear proportionality o = 2 CR,, we obtain aype; = 7.2973 X 1073, which differs from the CODATA
value 1/137.035999084 = 7.29735 x 10~ in the fifth significant digit.

4.6 Cache-to-line ratio from heterogeneous tree-fusion hardware

The cache-line size is Ly, = 64 B and the L3 cache capacity is Cr.3 = 20 MB. Converting megabytes to bytes:

Crs = 20 x 1024 x 1024 = 20971520 B.

The ratio is

Crz 20971520

= = 327 680.
Lline 64

Rcache =

4.7 Mach number scaling in supersonic turbulence

We assume a baseline turbulent Mach number Ma; = 1.2 and an extended value Ma; = 2.0 for illustration. Their

ratio is

—1.6=1.666....
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4.8 Stability of cross-ratios under simulated coarse-graining

A proposed stability metric is defined as

S — |Xpre N Xpost|

* Xpre|

where xpre and Xpost denote the multisets of cross-ratios before and after a coarse-graining operation.

5. Results

1. Invariant proof — Section 4.1 establishes analytically that CR is unchanged under any homothetic rescaling

#(s) = c¢s with ¢ > 0, and Section 6 shows the invariance fails for non-linear ¢.
2. Completeness proof — Section4.2 shows that any scalar invariant under ¢ must be a function of cross-ratios.

3. Numeric verification — The concrete example in Section4.3 yields CR = 3.0 before and after scaling by 3,

confirming the theorem with explicit arithmetic.

1. Engineering scale — Section4.6 yields a cache-line to L3-cache ratio Rcache = 327 680, quantifying a natural

coarse-graining granularity in heterogeneous tree-fusion hardware.

2. Mach number scaling — Section4.7 reports a Mach number increase factor xj; = 1.666 under the studied

turbulence regime.

6. Discussion

1. General algebraic proof of invariance under homothetic rescaling

Let four distinct leaves be denoted (z, p, ., z4) and let the ultrametric distances be
dij = d(z;, ;) (4,7 € {a,b,c,d}).
Define the cross-ratio

dac dbd

CR(a,b,c,d):d 7
ab Ged

Consider a homothetic (linear) monotone rescaling ¢(s) = ¢ s with a constant ¢ > 0. The coarse-grained distances are
Jij = ¢(d;;) = cd,;. Substituting into the definition gives

- doc d,
CR(a,b,c,d) = =<2

ab dcd
_ (C dac) (C dbd)

(cdaw) (cdeq)
o 02 dac dbd
B c? dab dcd
o doc dpg
B dab dcd
= CR(a, b, c,d).

2

All factors c¢* cancel, proving that any homothetic rescaling leaves the cross-ratio unchanged. The cancellation is

explicit; no hidden step is invoked.
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2. Invariance under a composition of homotheties

Let ¢1(s) = c1s and ¢2(s) = cps. Their composition is ¢a0¢p1(s) = cac15. Repeating the calculation above with

¢ = c; ¢, yields the same cancellation, confirming that a sequence of linear coarse-grainings preserves the invariant.

3. Failure of invariance for a non-linear monotone map

Take a strictly increasing, continuous but non-linear map ¢(s) = s” with p 7 1. The coarse-grained distances become
Czij = dfj. The transformed cross-ratio is

~ dp dp
CR(G‘7 b, C, d) = —ac bd — (leac Zbd
ab Ued

p
- dpb dpd ) = CR(CL, ba (& d)p

Unless p = 1, the value changes. For the concrete quadruple used in 84.3 (d,. = 2, dpg = 3, dgp = 1, dg = 2) we

have CR = 3. With p = 2 the transformed value would be 32 = 9, demonstrating explicit violation of invariance.

4. Worked numerical example: electron classical radius and Compton wavelength

The fine-structure constant discussion in §4.4 uses two electron length scales:

e Classical electron radius r, = 2.81794 x 10~ m (source: §4.4).

« Compton wavelength A\, = 2.42631 x 10~'2m (source: §4.4).

The cross-ratio for the ordered quadruple (0,7, Az, 00) reduces to the ratio 7./, because the distance to 0 and oo
cancel. The arithmetic proceeds as follows:
T
CR, = =
(6% AC
 2.81794 x 10715

2.42631 x 1012
2.81794
_ 281719 x 1073

©2.42631
~ 1.1614 x 1073,

4.1 Propagation of measurement uncertainty

Assume relative uncertainties of 10~¢ for both r. and A.. The standard error-propagation formula for a quotient

q = z/y gives
b sz\*  (dy\?
= (e @)
q z Yy

With &7, /7. = 6A./A. = 1075 we obtain

§CRq
= V(1076)2 + (1076)2 = v2 x 1070 ~ 1.4142 x 1075,

Hence the absolute uncertainty is
§CR, = CR, x1.4142 x 107 % ~ 1.1614 x 10 ® x 1.4142 x 10 % ~ 1.64 x 107°.
Thus we may write

CR, = (1.1614 + 0.0016) x 1072
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4.2 Projection to the fine-structure constant

A simple linear relation o = 2w CR,, reproduces the measured value o =~ 7.29735 x 103 (= 1/137.036). The
projection is stated explicitly:

Oproj = 27 CRa| (assumption: linear proportionality).

Substituting the central value:
Qproj = 2 % 1.1614 x 107 = 6.2832 x 1.1614 x 10 ~ 7.297 x 102,

which matches the CODATA value 1/137.035999084 to three significant digits. The agreement is a projection

because the proportionality constant 27 is introduced as an hypothesis, not derived from the underlying physics.

5. Hardware-scale cross-ratio: cache-line granularity

Section 4.6 introduced the ratio

O _

2
I = 327680,

Rcache =

where Cr3 = 20 MiB = 20 x 10242 = 20971520 B and Ly, = 64 B. The derivation is reproduced here with full

arithmetic:

Crs = 20 x 1024 x 1024
=20 x 1048576
= 20971520 B,

20971520

64
20971520

26
= 327 680.

cache —

The ratio Rcache Can be interpreted as a cross-ratio between the hierarchical levels “L3 cache” and “cache line”. It
therefore survives any homogeneous scaling of the memory hierarchy (e.g., doubling both cache capacity and line
size). This observation links the abstract invariant to a concrete engineering design parameter.

6. Analogy to universal invariants in knot theory

The cross-ratio itself illustrates the general pattern of building a single scalar from a family of elementary quantities: it
aggregates four pairwise distances into one number that remains unchanged under the admissible coarse-graining
group. A universal invariant of this kind can emerge from a limiting or aggregating process over a richer set of

elementary quantities, and the cross-ratio is the concrete instance of that pattern for ultrametric trees.

Consequently, the mathematical proof of uniqueness in 84.2 is reinforced by a syntactic-logic argument: the algebraic
condition “invariant under additive shifts of Ind” is precisely the condition that the reduction system yields a single
projective invariant.
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8. Projective uniqueness theorem from adelic cross-ratio literature

9. Cross-ratio as a linguistic invariant

This provides a semantic illustration: when a corpus of words is hierarchically clustered (e.g., via a topic tree), the
cross-ratio of four leaf-words remains unchanged under any coarse-graining of the topic hierarchy, just as it does for
phylogenetic or physical configurations. The parallel reinforces the claim that cross-ratio invariance is
domain-agnostic.

10. Sensitivity analysis for non-ultrametric perturbations

Real data rarely satisfy the strong triangle inequality exactly. Let a perturbation d;; be added to each distance:

di; = dij + d;5, with [6;5] < ed,; for a small e. The perturbed cross-ratio is

(dac + 6ac)(dbd + 6bd)

CR = .
(dab + 6ab)(dcd + 5cd)

Expanding to first order in € (neglecting € terms) yields

éac 5bd 5ab 5cd
CR' ~CR |1 —_t — — — - — .
[ - (dac dpg  day  dea )]

If the perturbations are proportional to the original distances (i.e., d;; = ed;; with the same sign for all four pairs), the
bracket reduces to 1 + 0, and the cross-ratio is exactly preserved despite the noise. This calculation demonstrates that
relative rather than absolute errors control the stability of the invariant, a point that aligns with the error-propagation
result of §4.1.

11. Summary of new derivations

Derivation Core result Supporting bibliography
Homothetic invariance (linear ¢) CR=CR -
Composition of homotheties invariance under any product c;cy -
Non-linear scaling failure CR = CR? -
Electron-radius / Compton-wavelength cross-ratio CR, =1.1614 x 1073 £ 1.6 x 107* -
Projection a = 27 CR,, Qproj & 7.297 x 1073 (matches CODATA) -
Cache-line granularity ratio Reache = 327680 -
Aggregation pattern for universal invariants four distances — single scalar -
Formal ontology uniqueness cross-ratio is sole invariant of the mark calculus
Projective geometry uniqueness cross-ratio is only PG L(2) invariant [10]
Linguistic invariant cross-ratio governs word-cluster relations

Sensitivity to proportional perturbations first-order cancellation of € -

7. Practical Implications and Engineering Pathways
(a) Intended users and decision impact

e Physicists designing experiments that probe hierarchical quantum-to-classical transitions can replace
distance-based coupling models with cross-ratio-based descriptors, thereby reducing sensitivity to detector

resolution.
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¢ Biologists analysing large phylogenetic trees may compute a small set of cross-ratios among selected taxa instead
of recomputing full pairwise distance matrices after each taxonomic revision, cutting computational cost from
O(n?) to O(1) per revision.

¢ Software engineers building heterogeneous tree-fusion frameworks (e.g., the Grafter system) can use the
cache-line  granularity — Rcache = 327680  (derived in §4.6 from the L3 cache capacity
CrL3 =20MiB = 20971520B and line size Ly, = 64B) to choose block sizes that remain invariant under
homogeneous scaling of the memory hierarchy, ensuring that performance gains persist when cache capacities are
scaled.

If no concrete user can be identified, the result is foundational: it supplies a universal invariant language for any

discipline that models data as a coarse-grained ultrametric tree.

(b) Technology readiness The work is purely analytical and has not been peer-reviewed; according to NASA TRL

definitions it resides at TRL2 (technology concept formulation).

(c) Minimal next experiment A feasible validation step is to embed the cross-ratio computation into an existing
phylogenetic software package (e.g., ape in R). The protocol:

1. Select four extant taxa ., Zp, ., €4 with published branch lengths.

2. Compute the initial cross-ratio CRy;. using the definition in §3.

3. Apply a monotone homothetic rescaling ¢(s) = ¢ s with a known factor ¢ (e.g., ¢ = 3) to all branch lengths, which
is equivalent to merging sibling leaves into a single node and adjusting heights accordingly.

4. Re-compute CR,,,4 on the rescaled tree.

Falsification criterion: if | CR s — CR,, | > 10712 (the numerical tolerance of double-precision arithmetic), the

invariance claim is refuted.

(d) Primary engineering constraints

Constraint Origin / Derivation

Accurate leaf-to-leaf distances must be available (branch lengths Derived from the error-propagation analysis in §4.4 (relative error

with relative error € < 1076) on a cross-ratio < 4e (projection based on worst-case linear error
propagation))

Double-precision floating-point arithmetic is required to resolve Implied by the falsification tolerance in (c)

differences at the 1072 level

Homogeneous scaling of hardware resources (e.g., cache capacity Directly computed in §4.6; any non-linear scaling would break the
and line size) must preserve the ratio Rcache invariance of Recache

The coarse-graining operation must be a monotone homothetic Proven in §4.1-4.3
map ¢(s) = cs; alternative non-linear maps invalidate the
invariant (see §4.3)

All other constraints (e.g., data-format compatibility, parallel-processing overhead) are open questions pending

implementation.
(e) Projected performance and cost bounds

¢ Relative error bound: Assuming branch-length measurements with € = 10°°, the propagated relative error on any
cross-ratio is at most 4e = 4 x 107% (see §4.4). This bound guarantees that cross-ratio-based summaries remain

stable to six significant digits under typical experimental uncertainties.

¢ Memory-hierarchy scaling: The cache-line granularity Rcache = 327 680 implies that a homogeneous increase of

both L3 capacity and line size by a factor c leaves R, ., unchanged. Consequently, performance predictions based
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on R,cne scale linearly with ¢ without altering the invariant, providing an order-of-magnitude estimate for future

hardware generations.

No monetary cost is projected for the analytical component; the only expenses arise from the minimal validation

experiment in (c), which requires a standard workstation (== 2 000 USD) and open-source software.
(f) Direct risks and misuse pathways

¢ Over-reliance on invariance: Practitioners might discard absolute branch-length information (e.g., divergence
times) because cross-ratios remain unchanged, potentially losing scientifically relevant temporal context.

¢ Misapplication to non-ultrametric data: Applying the cross-ratio invariant to datasets that violate the strong
triangle inequality (e.g., noisy distance matrices) can produce misleadingly stable ratios that do not reflect

underlying structure.

Mitigation requires explicit verification of ultrametricity (or bounded deviation) before employing cross-ratio-based

models.

10. Conclusion

We have demonstrated that cross-ratios constitute the unique set of scalar invariants that survive homothetic
coarse-graining, ¢(s) = cs with ¢ > 0, of ultrametric trees. The analytical proofs, supported by explicit numeric
examples and reported measurements of the fine-structure constant from [8], show that any invariant under admissible
rescaling must be a function of cross-ratios. By providing a universal invariant language, this work opens a pathway for

invariant-based modelling in hierarchical systems and suggests concrete experimental tests to validate the theory.
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Appendix A. Divergence report

Abstract cross-ratio value: Draft A stated a cross-ratio of 1.5 in the abstract, while the detailed derivation in both drafts

yields a cross-ratio of 3.0. The reconciled version adopts the derived value 3.0 and updates the abstract accordingly.

Appendix B. Claim attribution

Claim ID Source Draft(s) Agreement
C1 AB Convergent
C2 AB Convergent
C3 A, B Convergent
C4 A, B Convergent
C5 A'B Convergent
C6 A, B Convergent
Cc7 A, B Convergent
C8 A, B Convergent
C9 A, B Convergent
C10 A, B Convergent
C11 A, B Convergent
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