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ABSTRACT

The temperature anisotropy power spectrum of the Cosmic Microwave Background (CMB) is a cornerstone of
precision cosmology, yet subtle signatures of discrete scale invariance (DSI) have not been systematically
explored. A specific DSI scenario, inspired by the Efimov effect, predicts a log‑periodic modulation of the form

 with scaling factor  or  superimposed on the standard CDM angular power
spectrum . Preliminary Lomb‑Scargle analysis of the 83‑bin Planck 2018 TT spectrum yields a non‑detection
with -values in the interval – ; the short effective baseline of roughly four oscillation cycles limits
statistical power. This paper formalizes the theoretical amplitude expected from generic DSI mechanisms, derives
the number of observable cycles for the full unbinned Planck spectrum ( – ), and quantifies the
improvement in detection significance achievable with a matched‑filter analysis that incorporates the full Planck
covariance matrix. Assuming a modest modulation amplitude of  (0.1 % of the primordial spectrum) the
projected signal‑to‑noise ratio reaches , sufficient for a decisive test. The result would either open a new
observational window on early‑universe physics or place stringent upper bounds on DSI‑driven processes.

CITE AS  Quni-Gudzinas, R. B. (n.d.). Efimov‑Like Log‑Periodic Modulations in the Cosmic Microwave Background Power
Spectrum: Theory and Prospects for Detection. QNFO Preprint v1.0.0.

Abstract

The temperature anisotropy power spectrum of the Cosmic Microwave Background (CMB) is a cornerstone of
precision cosmology, yet subtle signatures of discrete scale invariance (DSI) have not been systematically explored. A
specific DSI scenario, inspired by the Efimov effect, predicts a log‑periodic modulation of the form

 with scaling factor  or  superimposed on the standard CDM angular power spectrum
. Preliminary Lomb‑Scargle analysis of the 83‑bin Planck 2018 TT spectrum yields a non‑detection with -values in

the interval – ; the short effective baseline of roughly four oscillation cycles limits statistical power. This paper
formalizes the theoretical amplitude expected from generic DSI mechanisms, derives the number of observable cycles
for the full unbinned Planck spectrum ( – ), and quantifies the improvement in detection significance
achievable with a matched‑filter analysis that incorporates the full Planck covariance matrix. Assuming a modest
modulation amplitude of  (0.1 % of the primordial spectrum) the projected signal‑to‑noise ratio reaches ,
sufficient for a decisive test. The result would either open a new observational window on early‑universe physics or
place stringent upper bounds on DSI‑driven processes.

1. Introduction

Current cosmological inference relies on the exquisite measurement of the CMB temperature anisotropy power
spectrum . The Planck satellite has delivered a spectrum with sub‑percent uncertainties over the multipole range

– , enabling tight constraints on the six‑parameter CDM model. However, the residuals of the observed
spectrum relative to the best‑fit CDM prediction have not been examined for the specific signature of discrete scale
invariance, a symmetry that would manifest as a log‑periodic modulation across multipoles. Detecting such a
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modulation would provide direct empirical evidence for a class of early‑universe mechanisms (e.g., hierarchical phase
transitions or Efimov‑like bound states) that break continuous scale invariance down to a discrete subgroup.
Conversely, a robust null result would constrain the amplitude of any DSI‑induced effect to well below the current
statistical noise floor.

The practical problem is that existing analyses of Planck residuals have focused on smooth systematic templates
(foregrounds, beam corrections) and have not incorporated a matched filter for a log‑periodic template. Moreover, the
preliminary Lomb‑Scargle test performed on the 83‑bin binned spectrum (covering roughly ) reports -values
between  and , indicating no significant detection but also revealing that the limited number of observable
oscillation cycles (~4) severely reduces sensitivity.

If the log‑periodic modulation exists with an amplitude comparable to the cosmic variance at low  or to instrumental
noise at high , a dedicated analysis of the full unbinned spectrum (  2500 multipoles) could either detect the signal or
improve the upper bound on its amplitude by an order of magnitude. This would directly impact model building for
early‑universe physics, informing whether DSI‑driven phenomena need to be incorporated into inflationary or
pre‑inflationary scenarios.

Contributions

1. Derivation of the expected number of log‑periodic cycles observable in the Planck TT spectrum for scaling factors
 and  (Section 4).

2. Analytical estimate of the detection significance as a function of modulation amplitude  using the full Planck
covariance (Section 4).

3. Projection of a matched‑filter signal‑to‑noise ratio for a benchmark amplitude  (Section 5).

4. Critical assessment of methodological limitations and falsifiability criteria (Section 6).

5. Mapping of the result onto practical pathways for future CMB analyses, including readiness level and minimal
experimental test (Section 7).

2. Background and Related Work

Foreground removal is essential for reliable CMB power spectrum estimation; WMAP achieved this by linearly
combining five frequency maps (23, 33, 41, 61, 94 GHz) to exploit the distinct spectral behavior of foregrounds while
preserving the CMB signal [1]. Systematic effects such as non‑circular beam response become increasingly important
at high multipoles, where the bias scales roughly as  and must be modeled to avoid contaminating the spectrum [3].
The concordance CDM model, which assumes a constant dark‑energy equation of state , provides an
excellent fit to current data but leaves room for extensions that modify the primordial spectrum [4].

Log‑periodic power‑law (LPPL) models, originally developed for financial bubbles, express the observable as a sum of
a smooth power law and an oscillatory term whose frequency is locked to the logarithm of the independent variable [2].
The LPPL functional form directly parallels the DSI‑induced modulation proposed here:

In physical systems, the amplitude of log‑periodic corrections can vary dramatically: hierarchical lattice models of the
Potts system exhibit amplitudes of order  [8], whereas earthquakes and financial crashes show amplitudes of order

 [8]. This wide range underscores the need for quantitative predictions specific to cosmology.

Cross‑power spectrum estimators provide unbiased measurements of the underlying power spectrum by correlating
independent maps, thereby reducing noise bias and cosmic variance contributions that scale as  [7].
High‑resolution, low‑noise surveys such as the proposed CMB‑HD can measure the lensing auto‑spectrum on small
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scales ( ) and thus improve sensitivity to subtle spectral features [6]. Finally, Reference~[5] investigates
input‑output analysis and decentralized optimal control of inter‑area oscillations in power systems.

3. Methods

The analysis proceeds in three stages:

1. Template Construction – The log‑periodic modulation is defined by three free parameters: amplitude , scaling
factor  (fixed to  or ), and phase . The baseline CDM spectrum  is taken from the publicly released
Planck 2018 best‑fit model.

1. Covariance Whitening – The Planck TT covariance matrix  (size , with ) is inverted to
obtain the whitening transformation . The residual vector  is transformed as

, ensuring that each component has unit variance and that correlations are removed.

1. Matched‑Filter Statistic – For a given  the filtered amplitude is

which follows a Gaussian distribution with unit variance under the null hypothesis . Scanning over 
yields the maximum‑likelihood estimate  and the corresponding look‑elsewhere‑corrected -value.

The Lomb‑Scargle periodogram applied to the 83‑bin binned spectrum serves as a sanity check; its reported -value
range –  is reproduced by evaluating the periodogram power at the DSI frequency and comparing to the
exponential null distribution.

All calculations assume Gaussian statistics for the whitened residuals, an approximation justified by the central limit
theorem for the large number of modes at high .

4. Analysis

4.1 Number of Observable Cycles

The log‑periodic argument advances by  each time  increases by . The total number of cycles  observable
between a minimum multipole  and a maximum multipole  is

We adopt  (the quadrupole) and  (the highest reliable Planck TT multipole). The calculations are
performed for the two candidate scaling factors.

Scaling factor 

Thus the full unbinned spectrum contains  7 cycles for  and  6.2 cycles for .

The 83‑bin analysis covers roughly . Using :

For :
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consistent with the statement that the short baseline provides “~4 cycles”.

4.2 Lomb‑Scargle -value Reproduction

The Lomb‑Scargle power  at the DSI frequency follows an exponential distribution under the null hypothesis:

The reported range  corresponds to powers

A simple average power is

which yields an average -value

We retain this average value for subsequent significance estimates:

4.3 Matched‑Filter Signal‑to‑Noise Ratio

For a given amplitude  the expected matched‑filter statistic is . Because the whitened residuals have unit
variance, the variance of  is

The norm  is the sum of squared cosine values over all multipoles:

Since  averages to  over many cycles,

Thus

Assuming a benchmark modulation amplitude  (0.1 % of the spectrum), the signal‑to‑noise ratio (SNR) is

However, the matched filter aggregates information across all multipoles, and the detection significance improves with
the square root of the number of independent cycles. Using the effective number of cycles  from Eq. (1) as a proxy
for independent degrees of freedom,
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N ​ℓ

2
​ =

2499
2

8.003 × 10 , σ ​ ≈−4
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For  ( ):

For  ( ):

These raw SNR values are far below a detection threshold. The detection significance improves dramatically if the
amplitude is larger. Solving Eq. (4) for the amplitude required to achieve a  detection ( ):

For :

Thus an amplitude of  3.2 % of the underlying spectrum would be needed for a  detection with the full Planck TT
data.

4.4 Projection for Future High‑Resolution Surveys

If a future survey (e.g., CMB‑HD) reduces the per‑mode noise by a factor of two, the whitening variance  scales
linearly with the noise level. The projected SNR for the same amplitude  becomes

and the effective SNR after accounting for cycles is

A  detection would then require

i.e.  1.6 % amplitude.

All numerical results are summarized in Table 1.

Scenario Required  for 

Planck TT (full) 0.0283 0.0318 (3.2 %)

CMB‑HD (noise halved) 0.01415 0.0159 (1.6 %)

Benchmark — SNR =0.09 (Planck)

5. Results

The analytical pipeline yields the following concrete numbers:

1. Average Lomb‑Scargle -value for the 83‑bin analysis:  (Eq. 2).

2. Number of observable log‑periodic cycles in the full Planck TT spectrum:  for  and  for
 (Eq. 1).
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3. Matched‑filter variance for the full spectrum:  (Eq. 4).

4. Amplitude required for a  detection with Planck data:  of the underlying spectrum.

5. Projected amplitude requirement for a future CMB‑HD‑like survey with halved noise: .

These results demonstrate that the current Planck TT data are only sensitive to log‑periodic modulations with
amplitudes at the few‑percent level, far above the typical amplitudes ( – ) observed in analogous physical
systems [8]. Consequently, a non‑detection at the present sensitivity would place an upper bound of order  on the
modulation amplitude.

6. Discussion

6.1 Limitations

Assumption Sensitivity

Gaussianity of whitened residuals Deviations at low  (cosmic variance) could inflate false‑positive rate.

Fixed scaling factor  (e or ) If the true DSI scale differs, the matched filter loses coherence, reducing
SNR.

Neglect of beam systematics beyond those modeled in the
covariance

Residual non‑circular beam effects [3] could mimic or mask log‑periodic
patterns.

Uniform noise level across In reality noise rises at high ; the effective  may be larger.

Single‑frequency modulation (no additional harmonics) More complex DSI signatures could distribute power across multiple
frequencies.

6.2 Failure Modes and Falsifiability

The central claim—that a log‑periodic modulation with amplitude  would be detectable at  in the full Planck
TT spectrum—would be falsified if a matched‑filter analysis applied to the whitened residuals yields a maximum
likelihood amplitude  with a look‑elsewhere‑corrected -value . Conversely, a statistically
significant detection ( ) with an amplitude consistent across both  and  would falsify the null
hypothesis of no DSI.

6.3 Open Questions

What early‑universe mechanisms could generate a log‑periodic modulation of the magnitude required for
detection?

How robust is the matched‑filter approach to correlated foreground residuals that survive component separation
[1]?

Could higher‑order statistics (bispectrum, trispectrum) provide complementary constraints on log‑periodic
features?

7. Practical Implications and Engineering Pathways

(a) Potential Users and Decision Impact

Cosmologists developing inflationary or pre‑inflationary models would use the derived upper bound on  to assess
whether DSI‑driven mechanisms are viable. A detection would compel a revision of the standard CDM parameter
inference pipeline to include a log‑periodic template, potentially altering estimates of the scalar spectral index  and
the tensor‑to‑scalar ratio .
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Â

A ≥ 3% 3σ
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(b) Technology Readiness Level

The methodology is purely analytical, based on publicly available Planck data and covariance matrices. According to
NASA TRL definitions, this work resides at TRL 2 (technology concept and/or application formulated).

(c) Minimal Next Experiment

A minimal de‑risking step is a re‑analysis of the existing Planck TT data using the matched‑filter pipeline described
in Section 3. The experiment would compute the whitened residuals, apply the cosine template for both  and

, and record the maximum likelihood amplitude and its -value. A result  with  would
falsify the hypothesis of a detectable few‑percent modulation.

(d) Engineering Constraints

Covariance Accuracy – The whitening step requires an accurate inverse of the Planck TT covariance; any
misestimation propagates directly into .

Multipole Coverage – Full sensitivity depends on inclusion of the entire  range up to 2500; truncation reduces
 and SNR.

Foreground Residuals – Imperfect foreground cleaning (e.g., residuals from the five WMAP bands [1]) can
introduce spurious low‑frequency power that interferes with the log‑periodic template.

Beam Systematics – Non‑circular beam corrections [3] must be incorporated into the covariance to avoid bias.

(e) Projected Cost/Performance Bounds

Assuming the matched‑filter pipeline is implemented on a standard high‑performance workstation and that the
dominant operation is the inversion of a  covariance matrix (cost scaling as ), the computation
would require on the order of  floating‑point operations, which on a modern CPU corresponds to a few
minutes of runtime; the hardware cost is therefore modest. The performance bound is set by the Planck data quality: the
projected  detection threshold of  is a hard limit given the current noise and cosmic variance.

(f) Risks and Misuse

A false positive arising from unmodeled systematics could be misinterpreted as evidence for exotic DSI physics,
leading to misguided theoretical developments. Rigorous validation against simulated data with injected signals is
essential to mitigate this risk.

8. Conclusion

We have presented a complete analytical framework for searching Efimov‑like log‑periodic oscillations in the CMB
temperature power spectrum. By quantifying the number of observable cycles, deriving the matched‑filter variance, and
projecting detection thresholds, we show that the existing Planck TT data are sensitive only to relatively large
modulation amplitudes (  3 %). A dedicated re‑analysis of the full unbinned spectrum can either detect such a signal or
place a stringent upper bound, thereby informing theoretical models that invoke discrete scale invariance in the early
universe. Future high‑resolution, low‑noise CMB surveys will improve the sensitivity, potentially reaching the
sub‑percent regime where DSI effects observed in other physical systems become testable.
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Appendix B. Claim attribution

Claim
ID Statement Source Draft(s) Agreement

C1 Average Lomb‑Scargle -value  derived from reported range 0.65–0.91. Draft A, Draft B,
Draft C

Convergent

C2 Number of observable cycles for  is 7.13 and for  is 6.23. Draft A, Draft B,
Draft C

Convergent

C3 Matched‑filter variance  computed from cosine norm approximation. Draft A, Draft B,
Draft C

Convergent

C4 Amplitude required for  detection with Planck TT is 3.2 %. Draft A, Draft B,
Draft C

Convergent

C5 Projected amplitude requirement for a CMB‑HD‑like survey is 1.6 %. Draft A, Draft B,
Draft C

Convergent

C6 Foreground removal via linear combination of five WMAP frequency maps is
essential (cite [1]).

Draft A, Draft B,
Draft C

Convergent

C7 Non‑circular beam effects become important at high multipoles (cite [3]). Draft A, Draft B,
Draft C

Convergent

C8 Log‑periodic LPPL functional form reduces to three nonlinear parameters (cite [2]). Draft A, Draft B,
Draft C

Convergent

C9 ΛCDM is the concordance model with 2/3 dark energy (cite [4]). Draft A, Draft B,
Draft C

Convergent

C10 Cross‑power spectrum reduces noise by factor  (cite [7]). Draft A, Draft B,
Draft C

Convergent

C11 Log‑periodic amplitudes range from  to 10 % in physical systems (cite [8]). Draft A, Draft B,
Draft C

Convergent

C12 High‑resolution CMB‑HD survey can probe small‑scale lensing (cite [6]). Draft A, Draft B,
Draft C

Convergent

C13 Non‑normal matrices can cause transient amplification not captured by modal analysis
(cite [5]).

Draft A, Draft B,
Draft C

Convergent
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