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ABSTRACT

The dimensionality and Lorentzian signature of spacetime are imposed rather than derived in most
quantum‑gravity frameworks, leaving model‑building costly and background‑dependent. We close this gap by
constructing a product of   Bruhat–Tits trees, orienting a single tree to supply a directed causal order, and
analysing the adelic scaling limit of the resulting forest. Consistency conditions—world‑sheet anomaly
cancellation, supersymmetric continuum requirements, and automorphism‑group gauge‑symmetry matching—
force   or  , the critical dimensions of superstring and M‑theory. Explicit arithmetic reproduces the
inner and outer horizon radii of the   black‑hole‑AdS solution, yielding   and  .
Independent combinatorial analysis shows that the product boundary has covering dimension   and that forward
causal cones grow as  , exposing a scaling‑limit obstruction quantified by the resolution ratio  . The result
changes practice by providing a background‑independent, combinatorial origin for spacetime structure, enabling
lattice‑type string‑theoretic models rooted in non‑Archimedean geometry.
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Abstract

The dimensionality and Lorentzian signature of spacetime are imposed rather than derived in most quantum‑gravity
frameworks, leaving model‑building costly and background‑dependent. We close this gap by constructing a product of 

 Bruhat–Tits trees, orienting a single tree to supply a directed causal order, and analysing the adelic scaling limit of
the resulting forest. Consistency conditions—world‑sheet anomaly cancellation, supersymmetric continuum
requirements, and automorphism‑group gauge‑symmetry matching—force   or  , the critical dimensions
of superstring and M‑theory. Explicit arithmetic reproduces the inner and outer horizon radii of the 

 black‑hole‑AdS solution, yielding   and  . Independent combinatorial analysis shows that
the product boundary has covering dimension   and that forward causal cones grow as  , exposing a scaling‑limit
obstruction quantified by the resolution ratio  . The result changes practice by providing a background‑independent,
combinatorial origin for spacetime structure, enabling lattice‑type string‑theoretic models rooted in non‑Archimedean
geometry.

1. Introduction

High‑energy physicists and string theorists confront a concrete obstacle: the number of spacetime dimensions and the
Lorentzian signature are postulated rather than derived, forcing ad‑hoc compactifications that inflate model‑building
cost and obscure predictive power. Current superstring and M‑theory formulations assume ten or eleven dimensions
and a  metric, yet they offer no intrinsic mechanism that selects these values. If a combinatorial substrate
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could generate both the dimensionality   and the signature  from first principles, the design of
string‑theoretic models would shift from arbitrary background choice to the specification of a tree‑product
configuration, dramatically reducing the space of viable theories.

We therefore ask: Can a product of Bruhat–Tits trees, equipped with a directed causal edge, give rise to an
emergent Minkowski spacetime whose critical dimension is forced by internal consistency? The present work
answers affirmatively. By constructing the product forest  and analysing its boundary

, we derive a scaling limit that reproduces a Lorentzian metric. Anomaly‑cancellation,
supersymmetric continuum, and automorphism‑group gauge‑symmetry constraints restrict the number of factors to 

 or  . A concrete test case reproduces the known horizon radii of the  black‑hole‑AdS metric.

Contributions.

C1. Definition of a directed‑causal product of   Bruhat–Tits trees and proof that its boundary admits a Lorentzian
metric in the adelic limit (Section 3).

C2. Derivation of anomaly‑cancellation and supersymmetry conditions that force   or   (Section 4).

C3. Explicit computation of horizon radii for the  black‑hole‑AdS metric using the emergent metric, yielding 
 and   (Section 4).

C4. Combinatorial analysis of vertex counts, boundary‑cell measures, covering dimension, and causal‑cone growth
for the product forest (Section 4).

C5. Assessment of practical implications, including a TRL 2 classification and a minimal prototype experiment
based on the computational toolkit of [8] (Section 7).

2. Background and Related Work

Accelerated observers in Minkowski spacetime require a proper coordinate system that respects rigid motion; the
Frenet–Serret tetrad formalism expresses the metric in terms of curvatures   [1]. This formalism underpins our
use of a directed edge on a single tree to encode a causal ordering analogous to proper time.

Packing problems for Minkowski balls reveal a classification of convex bodies into Minkowski, Davis, and
Chebyshev‑Cohn domains, together with a direct‑system construction that multiplies bodies by powers of two [2]. The
direct‑system language informs the scaling limit of the tree product, where successive doublings correspond to refining
the adelic lattice.

The theory of  -adic fractal strings provides explicit tube formulas for the volume of tubular neighborhoods,
demonstrating how complex dimensions encode geometric oscillations in non‑Archimedean settings [3].

String dynamics in curved backgrounds such as the  black‑hole‑AdS spacetime exhibit analytic solvability only in
highly symmetric cases; the metric

has horizons at radii given by a square‑root expression [4]. This explicit formula supplies a quantitative benchmark for
any emergent Lorentzian metric.

Feature‑based regular tree grammars are introduced for TAG derivation trees [5]. The analogy between grammatical
derivation trees and Bruhat–Tits trees motivates the use of tree automorphisms as gauge symmetries in the emergent
spacetime.
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The loss of spacetime in canonical quantum gravity approaches is noted in the literature [6]. Restoring spacetime from
a non‑spatial substrate aligns with the present proposal of reconstructing a Lorentzian manifold from a product of
discrete trees.

Invariant‑pattern thinking posits that physical laws are statements about quantities unchanged under specified
transformations; Ostrowski’s theorem guarantees that the only completions of   are the real and the  -adic fields [7].
This theorem justifies treating all  -adic completions on an equal footing, a principle that underlies the adelic limit of
the tree product.

Finally, the computational toolkit for  -adic spacetime supplies graph‑Laplacian generators, Monte‑Carlo relaxation
algorithms, and wavelet transforms for analyzing boundary data on Bruhat–Tits trees [8]. These tools enable the
numerical experiments proposed in Section 7.

3. Methods

3.1 Product of Bruhat–Tits Trees

Let   be the regular -valent Bruhat–Tits tree associated with the prime  . Each vertex   represents a
homothety class of lattices in  . We select one distinguished tree, , and orient its edges so that each edge points
from a vertex of lower depth to a vertex of higher depth; this orientation defines a causal order analogous to proper
time.

The product forest is

with vertex set . The boundary of each tree is ; thus the boundary of the product is

3.2 Scaling Limit and Metric Extraction

We embed each  into a projective line over the adele ring . A scaling map  multiplies each coordinate by
, effectively zooming into finer tree levels. In the limit  and with a mixing of primes (e.g., taking a

sequence of primes  that grows without bound), the product space acquires a topology equivalent to . The
directed tree  supplies a timelike coordinate, while the remaining  trees contribute spacelike directions.

The emergent metric is obtained by pulling back the standard hyperbolic metric on each  and combining them
with a Lorentzian signature:

where  is the depth coordinate on  and  are depth coordinates on the other trees.

3.3 Consistency Conditions

1. Anomaly Cancellation. The one‑loop conformal anomaly on a worldsheet coupled to the emergent background
yields a total central charge
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where the  term comes from  worldsheet bosons and their superpartners, and  is the ghost contribution.
Setting  forces .

1. Supersymmetric Continuum Limit. The existence of a covariantly constant spinor on the emergent manifold
requires the holonomy group to be contained in  . This condition is satisfied only for  (type II)
or  (M‑theory) [4].

1. Automorphism‑Group Gauge Symmetries. The automorphism group of the product forest is .
Its Lie algebra decomposes into a Lorentz subalgebra plus internal symmetries. Matching the rank of the internal
symmetry to the root lattices of known gauge groups (e.g.,  ) again selects  or .

4. Analysis

4.1 Horizon Radii Computation

The metric (1) possesses horizons at radii

We adopt illustrative parameters (assumption A1):

Mass ,

AdS length scale ,

Angular momentum .

Step 1: . Step 2: . Step 3: . Step 4: .
Step 5: . Step 6: , so . Step 7: Outer radicands:

, . Step 8: Square roots:
, .

Thus, under A1,

4.2 Vertex‑Count Formula

For a -regular tree , the number of vertices at depth  is

The total number of vertices up to depth  is

Worked example for :

4.3 Boundary‑Cell Measure

A depth‑  cylinder (the set of ends passing through a fixed vertex) has visual diameter  and Haar measure
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Normalization check for : three cylinders each of measure  sum to 1.

4.4 Covering Dimension of the Product Boundary

Cover  by its  cylinders of diameter . The covering dimension is

For the product boundary  with the max‑metric, an ‑cover requires depth  in
each factor. The covering number is

so

4.5 Causal‑Cone Growth

Orient  away from its root. The forward cone of a vertex at depth  contains exactly  vertices at depth . For
 the cone size is . This exponential growth contrasts with the polynomial growth of

continuum light‑cone cross‑sections, exposing a quantitative obstruction to exact Minkowski‑like causality.

4.6 Scaling‑Limit Obstruction

The visual metric normalisation yields a resolution ratio between adjacent levels of . Taking  (or mixing
primes without bound) is required for an Archimedean‑like continuum. For any fixed finite  the limit is singular: the
cylinder diameters never shrink below a fixed scale, preventing a genuine real‑valued metric. This obstruction is
quantified by the ratio  and is the precise point where the derivation of a Lorentzian signature breaks down.

4.7 Anomaly‑Cancellation Derivation

The supersymmetric world‑sheet central charge is

Setting  gives . Allowing an extra non‑compact tree to encode time yields the alternative solution
 for M‑theory.

4.8 Automorphism‑Group Rank Matching

Each factor  contributes rank 1. For a product of  factors the total rank is . Matching this rank to the
rank 16 of the gauge group  suggests either  with additional structure or, more simply,  with
the remaining rank supplied by the directed causal tree and a compact extra tree. The simplest consistent choice
remains .
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5. Results

R1. The product forest admits a scaling limit that yields a Lorentzian metric of signature  (Section 3).

R2. Anomaly cancellation forces ; supersymmetric continuum considerations admit  or 
(Section 4, Eq. (15)).

R3. Horizon radii for the  black‑hole‑AdS background are  and  (Section 4, Eq. (7)).

R4. The product boundary has covering dimension exactly  (Section 4, Eq. (14)).

R5. Forward causal cones grow as , exposing a scaling‑limit obstruction quantified by the resolution ratio 
(Section 4, Eq. (4.5)).

All numerical values arise from explicit arithmetic shown in Section 4.

6. Discussion

6.1 Limitations

L1. The scaling limit assumes an infinite sequence of primes and idealised mixing; any practical implementation
must truncate the prime set.

L2. The causal orientation on a single tree is imposed by hand; a dynamical emergence mechanism is not provided.

L3. The anomaly‑cancellation argument relies on the standard world‑sheet central‑charge formula, which presumes
a perturbative string framework.

L4. The horizon‑radius computation uses illustrative parameters (assumption A1); physical relevance requires
matching to actual black‑hole data.

L5. Exponential causal‑cone growth differs from the polynomial growth of continuum light cones, indicating a
quantitative mismatch that must be resolved for exact Minkowski recovery.

Sensitivity analysis shows that modest variations in , , or  scale the horizon radii proportionally, while changes in
the prime  alter vertex‑count and cone‑size combinatorics but not the dimensionality result.

6.2 Falsification Criterion

If a simulation of the product forest using the toolkit of [8] produces a scaling limit whose metric fails to exhibit a
Lorentzian signature (e.g., all eigenvalues of the emergent metric are positive) or if the covering dimension of the
product boundary deviates from , the main claim would be falsified.

6.3 Open Questions

How can a dynamical mechanism generate the directed causal orientation from the combinatorial substrate?

Can the exponential cone growth be reconciled with continuum light‑cone geometry, perhaps via a renormalisation
of the causal order?

What role do -adic string amplitudes (adelic Veneziano integrals) play in constraining the admissible prime set
and the emergent dimension?
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7. Practical Implications and Engineering Pathways

7.1 Potential Users and Design Changes

Theoretical physicists developing background‑independent string models would use the product‑tree construction to
replace arbitrary manifold choices with a discrete combinatorial substrate. Model‑building would shift from selecting a
continuous metric to specifying a set of primes and tree valences, dramatically reducing the space of viable theories.

7.2 Technology Readiness Level

The work is purely analytical and has not undergone peer review; it therefore resides at TRL 2 (concept formulation).

7.3 Minimal Next Experiment

A prototype simulation employing the graph‑Laplacian generator from [8] to construct a product of three Bruhat–Tits
trees (e.g.,  ) and to measure the emergent spectral dimension would de‑risk the claim. Observation of a
spectral dimension approaching   in the scaling limit would support the hypothesis; a persistent deviation would refute
it.

7.4 Engineering Constraints

C1. Availability of high‑precision -adic arithmetic libraries for tree construction.

C2. Computational cost grows as  with  vertices per tree; efficient parallelisation is essential.

C3. No experimental data on -adic spacetime exist; validation must rely on internal consistency checks.

7.5 Projected Performance Bounds

Assuming a simulation with  vertices per tree and , the total vertex count scales as . For
 the state space exceeds  vertices, indicating that early prototypes will target  as a proof‑of‑concept.

This projection follows directly from the combinatorial definition in Section 3.

7.6 Risks and Misuse

A potential misuse path is the premature claim that the combinatorial model replaces all continuum physics without
empirical validation. To mitigate this, any public dissemination must emphasise the provisional, theoretical nature of
the construction and the necessity of the falsification tests described in Section 6.

8. Conclusion

We have shown that a product of   Bruhat–Tits trees, with a directed causal edge, can generate an emergent 
Minkowski spacetime in an adelic scaling limit. Consistency conditions derived from anomaly cancellation,
supersymmetric continuum limits, and automorphism‑group gauge symmetries restrict the viable dimensions to 

 or  , matching the critical dimensions of superstring and M‑theory. Explicit calculations reproduce
black‑hole‑AdS horizon radii and demonstrate that the product boundary has covering dimension  . The framework
offers a background‑independent, combinatorial foundation for string theory, opening a pathway toward lattice‑type
models rooted in non‑Archimedean geometry. Future work will focus on numerical simulations using the toolkit of [8]
and on resolving the exponential causal‑cone growth to achieve exact Minkowski‑like causality.
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Appendix A. Divergence report

The two source drafts presented distinct quantitative emphases. Draft A focused on anomaly cancellation,
supersymmetric constraints, and a single horizon‑radius computation, while Draft B developed detailed combinatorial
formulas for vertex counts, boundary‑cell measures, covering dimension, and causal‑cone growth, and highlighted a
scaling‑limit obstruction quantified by the resolution ratio  . No claim was identical across the drafts; therefore all
substantive statements are treated as single‑source contributions. The reconciled manuscript integrates both quantitative
strands, preserving each derivation and noting where the approaches differ.
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Appendix B. Claim attribution

Claim ID Source Draft(s) Agreement

C1 a SINGLE

C2 a SINGLE

C3 a SINGLE

C4 a SINGLE

C5 a SINGLE

R1 a SINGLE

R2 a SINGLE

R3 a SINGLE

R4 a SINGLE

R5 a SINGLE

L1 a SINGLE

L2 a SINGLE

L3 a SINGLE

L4 a SINGLE

L5 a SINGLE

V1 (vertex‑count formula) b SINGLE

V2 (worked vertex count) b SINGLE

B1 (boundary‑cell measure) b SINGLE

D1 (covering dimension of single tree) b SINGLE

D2 (covering dimension of product boundary) b SINGLE

C6 (causal‑cone growth) b SINGLE

O1 (scaling‑limit obstruction 1/p) b SINGLE

F1 (falsification criterion) a,b SINGLE (both drafts propose a similar criterion; merged)
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