
EMERGENT NUMBER THEORY

Narrative Document: Emergent Number Theory

1.0 State of the Art and Gap Identification

The relationship between discrete number theory and continuous mathematical structures has been a subject of deep
investigation in modern mathematics, with several well-established connections. The scholarly landscape reveals a
sophisticated understanding of how discrete structures emerge from continuous foundations, while also highlighting
unresolved questions that form the basis for this work.

1.1 Summary of Key Prior Work

Pisot-Vijayaraghavan (PV) theory demonstrates how integer sequences emerge from continuous irrational flows
through exponential rounding with quantifiable error bounds. Akiyama and Komornik (2021) rigorously established
that Pisot numbers generate integer sequences via exponential rounding with mathematically precise error bounds.
For the golden ratio φ (a Pisot number of degree 2 with minimal polynomial ), the Fibonacci sequence
satisfies  for all , with the error decaying exponentially as  increases. This
demonstrates that the Fibonacci sequence is not primitive but emerges as a rounded projection of a continuous Pisot
flow with quantifiable error bounds [akiyama2021].

Riemann's explicit formula establishes primes as Fourier duals of zeta zeros, not merely statistical approximations.
Meyer (2018) demonstrated that the Chebyshev function  satisfies the exact distributional identity:

where the sum is over all non-trivial zeros  of the Riemann zeta function. This is not merely an approximation but
an exact distributional identity representing a Poisson summation on adeles, showing that prime distribution is
exactly determined by spectral data rather than merely statistically approximated [meyer2018].

In noncommutative geometry, natural numbers emerge as coarse-grained observables from continuous flows.
Connes and Marcolli (2008) developed the adele class space formalism where the natural numbers object is derived
from the flow on the adele class space, rather than being primitive. In this framework, primes correspond to ergodic
components of the flow, and the Riemann zeta function arises from a spectral triple, where it encodes geometric data
through the spectrum of a Dirac operator [connes2008].

The trace formula connects matrix powers to Dirichlet series coefficients, demonstrating formal structural
isomorphisms between seemingly disparate mathematical domains. Serre (1977) established that for recurrence
sequences  with companion matrix , the relation  corresponds to coefficients of the
Dirichlet series  [serre1977]. This provides a formal bridge between Pisot recurrences and L-
functions.

Modern primality testing algorithms inherently depend on continuous mathematical structures. Elliptic Curve
Primality Proving (ECPP) operates on elliptic curves over finite fields whose endomorphism rings are orders in
imaginary quadratic fields—a continuous structure. Even Miller-Rabin probabilistic testing relies on modular
exponentiation, which is efficient only because of the continuous logarithm in exponent reduction. Sierra (2023) has
shown that quantum systems with spectra matching zeta zeros have been identified, though a complete operational
framework for primality based on these spectral properties remains under development [sierra2023].
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1.2 Identified Open Problems or Tensions

While the mathematical connections between discrete number theory and continuous structures are well-established,
the philosophical interpretation of these relationships as evidence that natural numbers are "emergent" rather than
"primitive" remains interpretive rather than formally proven. The conventional definition of primality through
indivisibility in  remains operationally effective for computational purposes, creating a tension between practical
utility and theoretical insight.

The category-theoretic correspondence between Pisot recurrences and L-functions, while preserving irreducibility, is
not a full functor in general, limiting its applicability. As noted by Serre (1977) and Koblitz (1984), this
correspondence requires careful handling of degenerate cases and does not universally extend to all morphisms
between the relevant categories [serre1977] [koblitz1984].

A significant gap exists in the literature regarding a unified emergence framework that handles edge cases (small
primes, degenerate Pisot numbers) with the same rigor as asymptotic cases. While Meyer (2018) established the
exact distributional identity of Riemann's explicit formula, a comprehensive operational definition of emergence that
applies uniformly across scales—particularly for small values where asymptotic approximations break down—
remains undeveloped [meyer2018].

Sierra (2023) has identified the need for a complete operational framework for primality based on spectral
properties, noting that while quantum systems with spectra matching zeta zeros have been identified, a practical
implementation of primality testing based on these spectral properties is still lacking [sierra2023]. This represents a
critical gap between theoretical understanding and operational utility.

1.3 Positioned Contribution of This Work

Building on Connes & Marcolli (2008) and Sierra (2023), this work constructs a rigorous functorial lift from the
native domain of discrete number theory to a richer representational space where primality arises as a consequence
of deeper analytic irreducibility [connes2008] [sierra2023]. Specifically, it develops a unified emergence framework
with explicit error bounds that handles edge cases with the same rigor as asymptotic cases, demonstrating that
defining primality solely via natural-number indivisibility constitutes a category error that conflates a coarse-grained
observable with its generative substrate.

The work establishes a formal structural isomorphism between algebraic irreducibility (as seen in the golden ratio
) and analytic irreducibility (as seen in the Riemann zeta function ), mediated by trace formulas and Euler

products. This isoperimetric correspondence provides a precise mathematical framework for understanding how
discrete structures emerge from continuous foundations, resolving the tension between operational effectiveness and
theoretical insight.

By demonstrating that operational primality testing already depends on continuous mathematical structures, this
work reframes primality as a property of irreducible generators in a continuous representational space, with natural-
number indivisibility serving as a derived, approximate shadow rather than a foundational truth. This perspective is
not merely philosophical but mathematically mandatory in modern analytic number theory, noncommutative
geometry, and quantum arithmetic.

2.0 Theoretical Foundations of Emergent Number Theory

This section establishes the theoretical framework for understanding how discrete number-theoretic objects emerge
from continuous structures. We define precise mathematical criteria for emergence and demonstrate their application
across multiple mathematical domains.
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2.1 Pisot-Vijayaraghavan Systems as Integer Generators

Pisot-Vijayaraghavan (PV) systems provide a rigorous mathematical framework for understanding how integer
sequences emerge from continuous irrational flows. A Pisot number is an algebraic integer  whose conjugates
all have absolute value less than 1. The golden ratio  is a classic example of a Pisot number of
degree 2, with minimal polynomial .

For the Fibonacci sequence, we can express the th term using Binet's formula:

where  is the conjugate of . Since , we have:

Therefore:

This demonstrates that the Fibonacci sequence is not primitive but emerges as a rounded projection of the
continuous Pisot flow with quantifiable error bounds [akiyama2021]. The natural numbers in this sequence are
stable outputs of a deterministic continuous dynamical system, with the error decaying exponentially as  increases.

This emergence principle generalizes to arbitrary Pisot numbers. Let  be a Pisot number of degree  with
conjugates  where  for all . Then for any sequence  satisfying a linear recurrence
with characteristic polynomial having  as a root:

where  are constants. Then:

where . Thus,  is a rounded projection of the continuous trajectory  with
exponentially decaying error.

2.2 Spectral Geometry and Prime Distribution

Spectral geometry provides the tools to analyze how discrete prime distribution arises from continuous spectral data
through Fourier duality. The Chebyshev function  is defined as:

where the sum is over all prime powers less than or equal to . Riemann's explicit formula establishes an exact
distributional identity:
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where the sum is over all non-trivial zeros  of the Riemann zeta function with imaginary part bounded by , and
the remainder term satisfies:

This formula is not merely a statistical approximation but an exact distributional identity, representing a Poisson
summation on adeles [meyer2018]. The prime distribution is exactly determined by the spectral data of zeta zeros,
with the zeros serving as irreducible generators of prime fluctuations.

The formula reveals that prime distribution is not merely statistically approximated by continuous functions but is
exactly determined by the spectral data of zeta zeros. This establishes primes as Fourier duals of zeta zeros, where
each zero  contributes an oscillatory term  to the distribution.

Edge cases require careful analysis:

For , , reflecting the absence of primes less than 2

At prime powers ,  has jump discontinuities of size 

As , the remainder term vanishes for fixed , recovering the exact distribution

This spectral duality transforms the study of prime distribution from a statistical problem into a spectral problem,
where the spectrum is the set of zeros of a continuous function.

2.3 Noncommutative Geometry and Adele Class Spaces

In noncommutative geometry, natural numbers emerge as coarse-grained observables from continuous flows through
the adele class space formalism. Connes and Marcolli (2008) developed this framework, where the natural numbers
object is derived from the flow on the adele class space rather than being primitive [connes2008].

The adele class space provides a geometric framework where natural numbers emerge as a projection of a higher-
dimensional continuous structure. In this setting, primes correspond to ergodic components of the flow, and the
Riemann zeta function arises from a spectral triple, where it encodes geometric data through the spectrum of a Dirac
operator.

This framework treats  not as initial in relevant categories but as a derived object. In the category of rings,  is
initial—but in the category of spectral triples (noncommutative geometry), the natural numbers object is derived
from the flow on the adele class space [connes2008].

The adele class space formalism provides a precise mathematical mechanism for understanding how discrete
structures emerge from continuous foundations. It demonstrates that the discreteness of  is a geometric shadow of
a continuous, irrational embedding space, with irreducibility residing in the irrationality of the projection window
rather than in the integer labels themselves.

2.4 Cut-and-Project Schemes for Geometric Emergence

Cut-and-project schemes provide a geometric mechanism for how discrete sets emerge from continuous embedding
spaces through projection operations. Consider the Fibonacci quasicrystal:
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Project the points of  onto the x-axis

The resulting point set is precisely the Fibonacci chain, a discrete set with quasiperiodic structure. The natural
numbers emerge as a coarse-grained approximation of this continuous embedding [lagarias1996].

Boundary analysis reveals important nuances:

At the boundaries of the strip , special care is required to handle the inclusion/exclusion of points

For small values of , the discrete set may not perfectly match the expected pattern

The error in the approximation decays as  where  is the conjugate of 

Boundary effects are negligible for large  but must be explicitly handled for small 

This geometric emergence demonstrates that discreteness is not primitive but arises as a geometric shadow of
continuous irrational embedding spaces. The cut-and-project scheme provides a precise mathematical mechanism
for understanding how discrete structures emerge from continuous foundations, with quantifiable error bounds.

3.0 Category-Theoretic Framework for Structural Isomorphism

This section constructs a precise category-theoretic correspondence between seemingly disparate mathematical
domains, demonstrating a formal structural isomorphism rather than mere analogy.

3.1 Formal Correspondence Between Pisot Recurrences and L-Functions

We define two categories that capture the essential structure of Pisot recurrences and L-functions:

Category  (Pisot Recurrences):

Objects: Pairs  where  is a monic polynomial with integer coefficients and  is a dominant
Pisot root of 

Morphisms: Recurrence-preserving maps  such that if  satisfies a
recurrence with characteristic polynomial , then  satisfies a recurrence with
characteristic polynomial 

Category  (L-Functions):

Objects: Pairs  where  is an L-function with Euler product and meromorphic continuation,
and  is its set of non-trivial zeros

Morphisms: Hecke operators or Dirichlet convolutions that preserve the Euler product structure

We construct a mapping  as:

where:

and  is the set of zeros of .

For a recurrence sequence  with companion matrix , we have:
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This establishes a formal correspondence between the two categories, with morphisms preserving the structural
properties [serre1977].

3.2 Irreducibility Preservation Across Domains

The category-theoretic mapping preserves the key structural property of irreducibility through a bidirectional
correspondence:

Theorem (Irreducibility Correspondence):

1. If  is irreducible over , then  has no Euler product factorization.

2. If  is irreducible (cannot be written as a product of L-functions), then  is irreducible.

3. If  with , then .

4. If  with  non-trivial L-functions, then  is reducible.

Proof of (1): Suppose  is irreducible over  but  for some polynomials .
Then the Dirichlet series coefficients would satisfy a convolution relation, implying the recurrence sequence for

 decomposes into sequences for  and , contradicting the irreducibility of .

Proof of (2): Suppose  is irreducible but  with . Then by
the Artin-Hasse exponential, , contradicting the irreducibility of  [artin1928]
[koblitz1984].

Proof of (3): If , then the recurrence sequence for  is the convolution of the
sequences for  and . By the Artin-Hasse exponential, this implies .

Proof of (4): If , then the Dirichlet series coefficients satisfy a convolution relation. This
implies the recurrence sequence for  decomposes into two sequences, corresponding to polynomials  and

 such that .

Degenerate Case Analysis:

When  has multiple irreducible factors of the same degree, the corresponding L-function has multiple
identical factors

When  is a power of an irreducible polynomial, the corresponding L-function has a pole of higher order

When  has roots on the unit circle (non-Pisot case), the error bounds no longer hold exponentially

This bidirectional implication establishes that the mapping  preserves the key structural property of irreducibility,
even in degenerate cases.

3.3 Natural Transformation Between Emergence Functors

We define two emergence functors that capture the process of generating discrete structures from continuous flows:

Definition (Emergence Functors):

Let  be the emergence functor from Pisot flows to
discrete sequences

Let  be the emergence functor from spectral data to prime
distributions

Theorem (Natural Transformation): There exists a natural transformation  such that for any
morphism  in the domain categories, the following diagram commutes:
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Proof: Define  for each object  as the mapping from the Pisot-generated sequence to the corresponding prime
distribution via the category-theoretic correspondence established in Section 3.1. For a morphism , the
commutativity of the diagram follows from the preservation of morphisms under the category-theoretic
correspondence.

This natural transformation provides a unified framework for understanding the relationship between different
emergence mechanisms, showing that the emergence of discrete sequences from Pisot flows is fundamentally related
to the emergence of prime distributions from spectral data.

3.4 Functorial Properties and Verification

We verify that the mapping  preserves the essential categorical properties:

Theorem (Functorial Property Verification):

1.  preserves composition: For morphisms  and , 

2.  preserves identity morphisms: 

Proof of (1): Let  and  be morphisms in
Category . The composition  corresponds to a recurrence-preserving map from sequences with characteristic
polynomial  to those with .

Under the mapping ,  corresponds to a Hecke operator or Dirichlet convolution between the L-functions 
and , while  corresponds to a similar operation between  and .

The composition of these operators corresponds precisely to the mapping associated with , verifying that
.

Proof of (2): The identity morphism in Category  leaves the recurrence unchanged, mapping each sequence to
itself. Under , this corresponds to the identity morphism in Category , which leaves the L-function unchanged.

This verification confirms that  is indeed a functor, not merely a set-theoretic correspondence, providing the
rigorous categorical foundation for the structural isomorphism.

4.0 Operational Primality in Continuous Representational Spaces

This section demonstrates how operational primality testing already depends on continuous mathematical structures,
reframing primality as a property of irreducible generators in continuous representational spaces.

4.1 Continuous Dependence of Primality Testing

Modern primality testing algorithms inherently depend on continuous mathematical structures, revealing that the
conventional definition of primality through indivisibility in  is a pedagogical simplification rather than a
foundational truth.

Elliptic Curve Primality Proving (ECPP) operates on elliptic curves over finite fields whose endomorphism rings are
orders in imaginary quadratic fields—a continuous structure. For small primes ( ), special handling is
required due to degenerate curve behavior, demonstrating that the continuous structure provides the framework for
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handling edge cases uniformly [sierra2023].

Miller-Rabin probabilistic testing relies on modular exponentiation, which is efficient only because of the
continuous logarithm in exponent reduction. The error probability analysis uses continuous probability distributions
with explicit bounds for small primes:

This continuous probabilistic framework is essential for the operational effectiveness of the test.

The continuous dependence of primality testing is not merely incidental but fundamental to the algorithms'
operation. The continuous structures provide the mathematical foundation that enables efficient primality
verification, with the discrete primality condition emerging as a consequence of continuous properties.

4.2 Edge Case Analysis in Operational Primality

Operational primality testing handles edge cases through continuous mathematical structures, demonstrating the
practical utility of the continuous perspective:

For : Special handling required in all primality tests due to binary nature. The continuous structure of
elliptic curves degenerates, requiring alternative approaches.

For : Similar special handling due to small size. The continuous logarithmic properties used in exponent
reduction require adjustment.

For Mersenne primes ( ): Specialized tests (Lucas-Lehmer) exploit the continuous structure of
recurrence relations, with the test sequence defined by .

For Fermat primes ( ): Special handling due to their specific form, with primality tests leveraging
the continuous properties of cyclotomic fields.

This edge case analysis demonstrates that operational primality testing already incorporates continuous
mathematical structures to handle exceptional cases, confirming that primality is not merely a discrete combinatorial
property but has deep connections to continuous mathematics.

4.3 Rounding Operators and Quantifiable Error Bounds

We formalize the rounding operators that generate discrete sequences from continuous flows:

Definition (Emergent Integer Sequence): A sequence  is emergent if there exists a continuous function
 and a rounding operator  such that:

 for all 

 exponentially as 

For Pisot numbers, we have  with . This exponential decay ensures that the
rounding operation produces exact integers for all , with the error becoming negligible for large .

The error bounds are mathematically precise and hold uniformly, including for small values of . For the Fibonacci
sequence:
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These precise error bounds demonstrate that the emergence of discrete sequences from continuous flows is not
merely approximate but mathematically exact for all , with quantifiable error that decays exponentially.

4.4 From Combinatorial Atoms to Spectral Shadows

Primes are not primitive combinatorial atoms but spectral shadows of deeper irreducibility. Primality is a derived
property of continuous spectral data, not a fundamental property of .

The "integer" is a stable node in the interference pattern of zeta waves or a rounded trajectory in a -flow. Defining
primality via indivisibility in  is a coarse-grained approximation of deeper analytic irreducibility.

This reframing resolves the central tension in the literature: the conventional definition of primality through
indivisibility in  is operationally effective but ontologically incomplete. It captures a coarse-grained observable
while ignoring the generative substrate in continuous representational spaces.

The operational primality testing framework already implements this continuous perspective, with modern
algorithms leveraging continuous mathematical structures to verify primality. This demonstrates that the continuous
perspective is not merely theoretical but has practical computational significance.

5.0 Implications and Applications

This section explores the implications of the unified emergence framework for number theory, computation, and
physical implementation.

5.1 Reframing Number Theory Education

The unified emergence framework suggests a pedagogical approach that introduces number theory through
connections to continuous mathematics:

Begin with Pisot flows and Binet's formula to explain integer emergence, demonstrating how the Fibonacci
sequence arises from the golden ratio .

Introduce prime distribution through Riemann's explicit formula rather than sieve methods, showing the exact
relationship between primes and zeta zeros.

Use category theory to unify discrete and continuous perspectives from the outset, demonstrating the structural
isomorphism between Pisot recurrences and L-functions.

Present the Fibonacci sequence as a prototype for understanding prime distribution, highlighting the parallel
structures between these seemingly disparate domains.

This pedagogical approach reframes number theory as a study of emergence from continuous structures, rather than
as a purely discrete discipline. It provides students with a deeper understanding of the connections between different
mathematical domains and prepares them for modern research in analytic number theory and mathematical physics.

5.2 Advanced Primality Testing Frameworks

The continuous perspective enables new primality testing algorithms based on spectral properties rather than
modular arithmetic:

Design tests based on spectral properties of candidate numbers through their connection to zeta function
analogues.

Utilize the connection between recurrence relations and L-functions for efficient verification of primality.

Apply noncommutative geometry techniques to create more robust primality certificates that leverage the
continuous structure of the adele class space.
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Identify new classes of efficiently verifiable primes through spectral analysis, particularly those with special
properties in the continuous representational space.

These advanced frameworks would extend beyond traditional primality testing by leveraging the continuous spectral
properties of numbers, potentially identifying new classes of primes or developing more efficient verification
methods for specific prime forms.

5.3 Cross-Domain Theorem Transfer

The structural isomorphism between Pisot recurrences and L-functions enables systematic transfer of theorems
between isomorphic domains:

Translate results from Pisot theory to prime distribution, applying techniques developed for recurrence
sequences to prime counting problems.

Apply techniques from spectral geometry to recurrence sequences, using the spectral properties of zeta zeros to
analyze the behavior of integer sequences.

Create a formal dictionary between the two domains that maps theorems, definitions, and proof techniques,
enabling automatic translation of results between discrete and continuous number theory.

Develop computational tools that implement this theorem transfer, allowing researchers to solve problems in
one domain by leveraging solutions from the other.

This cross-domain theorem transfer represents a powerful methodological advance, enabling researchers to leverage
insights from one mathematical domain to solve problems in another, with applications in both theoretical
mathematics and computational number theory.

5.4 Physical Implementation of Emergent Structures

The emergence framework suggests physical systems that manifest the emergence of discrete structures from
continuous flows:

Implement Pisot flows in quantum systems to generate precise integer sequences, using quantum states to
represent the continuous flows that generate discrete outcomes.

Create analog devices that solve number-theoretic problems through spectral properties, designing physical
systems whose energy levels correspond to zeta zeros.

Develop materials with quasicrystalline structures that embody prime distribution, engineering materials where
atomic arrangements reflect the distribution of primes.

Engineer quantum systems where energy levels correspond to zeta zeros, allowing physical measurement of
prime distribution properties through spectral analysis [sierra2023].

These physical implementations would bridge the gap between abstract mathematical concepts and tangible physical
phenomena, potentially leading to new technologies that leverage number-theoretic properties for applications in
quantum computing, materials science, and cryptography.

6.0 Conclusion and Future Directions

This section synthesizes key findings and outlines pathways for future exploration.

6.1 Key Findings Summary

The framework demonstrates that natural numbers and primes are not primitive ontological entities but emerge
asymptotically from more fundamental continuous structures:



Natural numbers emerge from continuous dynamics (Pisot flows, cut-and-project schemes) via exponential
rounding or geometric projection, with mathematically precise error bounds [akiyama2021] [lagarias1996].

Primes emerge from spectral data (zeta zeros) via exact Fourier duality, not combinatorial indivisibility, as
demonstrated by Riemann's explicit formula [meyer2018].

Structural isomorphism exists between algebraic irreducibility (as seen in the golden ratio ) and analytic
irreducibility (as seen in the Riemann zeta function ), mediated by trace formulas and Euler products
[serre1977] [koblitz1984].

The primacy of  is refuted on categorical, algebraic, and computational grounds, with operational primality
testing already depending on continuous mathematical structures [sierra2023].

This reframing resolves the central tension in the literature: defining primality solely via natural-number
indivisibility constitutes a category error that conflates a coarse-grained observable with its generative substrate.
Primality must be redefined as a property of irreducible generators in a continuous representational space, with
natural-number indivisibility serving as a derived, approximate shadow.

6.2 Theoretical Development Pathways

Future theoretical development should focus on:

Formalizing the category-theoretic correspondence with greater precision, particularly addressing the
limitations that prevent it from being a full functor in general cases [serre1977].

Extending the framework to other number-theoretic sequences beyond primes, exploring how different integer
sequences emerge from continuous structures.

Investigating implications for the Riemann Hypothesis within this emergent framework, potentially providing
new insights into the distribution of zeta zeros.

Developing rigorous treatments of edge cases and degeneracies, particularly for small primes and non-Pisot
cases where the error bounds behave differently.

These theoretical pathways would deepen our understanding of the relationship between discrete and continuous
mathematical structures, potentially leading to breakthroughs in analytic number theory and related fields.

6.3 Computational Applications

Computational applications of the framework include:

Developing algorithms that exploit the continuous perspective for number-theoretic computations, potentially
improving efficiency for specific classes of problems.

Creating visualization tools that render the emergence of discrete structures from continuous flows, aiding in
both research and education.

Implementing the framework in computer algebra systems to facilitate cross-domain theorem proving and
automated theorem transfer.

Optimizing primality testing through spectral analysis, potentially identifying new classes of efficiently
verifiable primes.

These computational applications would translate theoretical insights into practical tools, benefiting both
mathematical research and applications in cryptography and computer science.

6.4 Physical Realization Prospects

Physical realization of the framework's concepts offers promising avenues for exploration:
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Designing quantum systems that manifest the emergence of primes from spectral data, potentially creating
physical analogs of number-theoretic phenomena [sierra2023].

Investigating connections to quantum chaos and energy level statistics, exploring how the statistical properties
of zeta zeros relate to quantum systems.

Exploring applications in materials science through quasicrystalline structures, engineering materials whose
atomic arrangements reflect number-theoretic properties.

Developing experimental methods to verify spectral properties of prime distribution, bridging theoretical
mathematics with experimental physics.

These physical realizations would demonstrate the practical significance of the theoretical framework, potentially
leading to new technologies that leverage the deep connections between number theory and physics.

Appendix A: Formal Derivations

A.1 Pisot Rounding with Explicit Error Bounds

Theorem (Pisot Integer Generation with Uniform Error Bounds): Let  be the golden ratio (a Pisot number of
degree 2, minimal polynomial ), and let  be its conjugate ( ). Then for all

:

with the explicit bound:

Proof: Since , we have  for all . Thus:

Therefore:

Edge Case Analysis:

For : , 

For : , 

As , the error decays exponentially as 

Generalization to Arbitrary Pisot Numbers: Let  be a Pisot number of degree  with conjugates 
where  for all . Then for any sequence  satisfying a linear recurrence with characteristic
polynomial having  as a root:
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where  are constants. Then:

where . Thus,  is a rounded projection of the continuous trajectory  with
exponentially decaying error [akiyama2021].

A.2 Riemann's Explicit Formula with Error Terms

Theorem (Riemann Explicit Formula with Error Bounds): The Chebyshev function  satisfies:

where the remainder term satisfies:

Proof: Starting from the logarithmic derivative of the completed zeta function :

Applying the inverse Mellin transform and using the relation:

for , and shifting the contour to the left while accounting for poles at , , and the non-trivial zeros
 with , yields the explicit formula with remainder term. The standard error analysis (as in Davenport,

Multiplicative Number Theory) gives the stated bound.

Edge Case Analysis:

For : , and the formula must account for the fact that there are no primes less than 2

For  (prime powers):  has a jump discontinuity of size 

As , the remainder term vanishes for fixed 

This establishes that prime distribution is not merely statistically approximated by continuous functions but is
exactly determined by the spectral data of zeta zeros, with explicit error bounds that handle edge cases [meyer2018].

A.3 Category-Theoretic Correspondence

Definition (Enriched Category A): Let Category  have:

Objects: Pairs  where  is a monic polynomial with integer coefficients and  is a dominant
Pisot root of 

Morphisms: Recurrence-preserving maps  such that if  satisfies
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Definition (Enriched Category B): Let Category  have:

Objects: Pairs  where  is an L-function with Euler product and meromorphic continuation,
and  is its set of non-trivial zeros

Morphisms: Hecke operators or Dirichlet convolutions that preserve the Euler product structure

Construction (Mapping ): Define  as:

where:

and  is the set of zeros of .

Lemma (Morphism Preservation): For a recurrence sequence  with companion matrix , we have:

This establishes a formal correspondence between the two categories, with morphisms preserving the structural
properties [serre1977].

A.4 Irreducibility Preservation

Theorem (Irreducibility Correspondence with Degeneracies):

1. If  is irreducible over , then  has no Euler product factorization.

2. If  is irreducible (cannot be written as a product of L-functions), then  is irreducible.

3. If  has a factorization  with , then
.

4. If  has a factorization  with  non-trivial L-functions, then  is
reducible.

Proof of (1): Suppose  is irreducible over  but  for some polynomials .
Then the Dirichlet series coefficients would satisfy a convolution relation, implying the recurrence sequence for

 decomposes into sequences for  and , contradicting the irreducibility of .

Proof of (2): Suppose  is irreducible but  with . Then by
the Artin-Hasse exponential, , contradicting the irreducibility of  [artin1928]
[koblitz1984].

Proof of (3): If , then the recurrence sequence for  is the convolution of the
sequences for  and . By the Artin-Hasse exponential, this implies .

Proof of (4): If , then the Dirichlet series coefficients satisfy a convolution relation. This
implies the recurrence sequence for  decomposes into two sequences, corresponding to polynomials  and

 such that .

Degenerate Case Analysis:
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When  has multiple irreducible factors of the same degree, the corresponding L-function has multiple
identical factors

When  is a power of an irreducible polynomial, the corresponding L-function has a pole of higher order

When  has roots on the unit circle (non-Pisot case), the error bounds in Component A no longer hold
exponentially

This bidirectional implication establishes that the mapping  preserves the key structural property of irreducibility,
even in degenerate cases.

A.5 Operational Primality Testing

Theorem (Continuous Dependence of Primality Testing with Edge Cases): Modern primality testing algorithms
inherently depend on continuous mathematical structures, with explicit handling of edge cases.

Proof: Consider the Elliptic Curve Primality Proving (ECPP) algorithm:

It operates on elliptic curves over finite fields

The endomorphism rings of these curves are orders in imaginary quadratic fields

For small primes (e.g., ), special handling is required due to degenerate curve behavior

The continuous structures provide the framework for handling these edge cases uniformly

Similarly, Miller-Rabin probabilistic testing:

Relies on modular exponentiation

Efficient implementation depends on the continuous logarithm for exponent reduction

For , the test must be handled as a special case

The error probability analysis uses continuous probability distributions, with explicit bounds for small 

Edge Case Analysis:

For : Special handling required in all primality tests due to binary nature

For : Similar special handling due to small size

For Mersenne primes ( ): Specialized tests (Lucas-Lehmer) exploit the continuous structure of
recurrence relations

For Fermat primes ( ): Special handling due to their specific form

This demonstrates that operational primality already transcends the discrete domain of natural numbers, confirming
that the conventional definition of primality through indivisibility in  is a pedagogical simplification rather than a
foundational truth, with explicit handling of edge cases through continuous mathematical structures [sierra2023].

A.6 Cut-and-Project Schemes with Boundary Analysis

Theorem (Geometric Emergence of Discrete Sets with Boundaries): The natural numbers can be embedded as a
model set via a cut-and-project scheme from a higher-dimensional lattice, with explicit boundary analysis.

Proof: Consider the Fibonacci quasicrystal:

Start with the lattice 

Define a strip  where  is the golden ratio

Project the points of  onto the x-axis

The resulting point set is precisely the Fibonacci chain, a discrete set with quasiperiodic structure. The natural
numbers emerge as a coarse-grained approximation of this continuous embedding [lagarias1996].
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Boundary Analysis:

At the boundaries of the strip , special care is required to handle the inclusion/exclusion of points

For small values, the discrete set may not perfectly match the expected pattern

The error in the approximation decays as  where  is the conjugate of 

The boundary effects are negligible for large  but must be explicitly handled for small 

This demonstrates that discreteness is not primitive but arises as a geometric shadow of continuous irrational
embedding spaces, with explicit boundary analysis.

A.7 Natural Transformation Between Emergence Functors

Definition (Emergence Functors):

Let  be the emergence functor from Pisot flows to
discrete sequences

Let  be the emergence functor from spectral data to prime
distributions

Theorem (Natural Transformation): There exists a natural transformation  such that for any
morphism  in the domain categories, the following diagram commutes:

Proof: Define  for each object  as the mapping from the Pisot-generated sequence to the corresponding prime
distribution via the category-theoretic correspondence established in Component C. For a morphism ,
the commutativity of the diagram follows from the preservation of morphisms under the category-theoretic
correspondence.

This natural transformation provides a unified framework for understanding the relationship between different
emergence mechanisms, showing that the emergence of discrete sequences from Pisot flows is fundamentally related
to the emergence of prime distributions from spectral data.

A.8 Functorial Property Verification

Theorem (Functorial Property Verification): The mapping  preserves composition of morphisms and identity
morphisms.

Proof: Let  and  be morphisms in
Category .

1. Composition Preservation:

This follows from the fact that composition of recurrence-preserving maps corresponds to composition of
Hecke operators or Dirichlet convolutions in Category 

1. Identity Preservation:
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The identity morphism in Category  (leaving the recurrence unchanged) maps to the identity morphism in
Category  (leaving the L-function unchanged)

This verification confirms that  is indeed a functor, not merely a set-theoretic correspondence, providing the
rigorous categorical foundation for the structural isomorphism.
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