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Abstract

The prevailing view that spacetime and quantum randomness are fundamental continuous entities conflicts with
persistent conceptual and technical problems in quantum gravity and cosmology. A static, discrete, non-Archimedean
relational network offers a unified ontological alternative, but quantitative bridges to observable physics are missing.
We define a p-adic relational graph, derive an emergent ultrametric distance by coarse-graining its adjacency structure,
Using the p-adic Potts model on a Cayley tree we prove that a phase transition occurs if and only if the prime p = 3,
providing a concrete signature of the underlying p-adic substrate. From the p-adic light-cone construction we compute
the length of a cylinder at depth £ = 2 for p = 5 as 20 (in p-adic units). An inequality for p-adic equiangular lines
yields a bound on the number of admissible lines in a d-dimensional p-adic Hilbert space. Vertex-counting on the
(p+ 1)-regular tree gives the exact growth law N, = (p+1)p" ! and the cumulative count
V(n) =1+ (p+1)(p" —1)/(p — 1). These results furnish testable ultrametric imprints in entanglement clustering
and cosmic microwave background fluctuations, thereby converting the static relational hypothesis into a falsifiable

scientific program.

1. Introduction

Modern cosmology and quantum foundations rely on a continuous spacetime manifold and on stochastic quantum
dynamics. This reliance incurs concrete costs: (i) the cosmological constant problem remains unsolved because vacuum
energy is computed in a continuum field theory; (ii) the measurement problem persists because the Born rule is
postulated rather than derived; (iii) numerical simulations of quantum many-body systems scale exponentially with the
assumed continuum degrees of freedom, limiting predictive power for large-scale structure formation. If the universe is

instead a static, discrete p-adic relational network, then (a) the cosmological constant emerges as a topological invariant
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of the network, (b) quantum probabilities arise as epistemic frequencies of observer-side subgraph traversals, and (c)
computational complexity collapses to polynomial scaling on the underlying graph. Demonstrating these benefits
requires a concrete derivation of emergent spacetime and a quantitative prediction that can be falsified.

Contributions.

Formal definition of a static p-adic relational graph and its adjacency operator (Section 3).

Derivation of an emergent ultrametric distance (Section4).

1.
2.
3. Proof that a phase transition in the three-state p-adic Potts model on a Cayley tree occurs iff p = 3 (Section4).
4. Computation of the p-adic light-cone cylinder length for p = 5, k = 2 as 20 (Section4).

5.

Application of the p-adic equiangular-line bound to a concrete d = 2, v = 0.5 example; the bound constrains only

the p-adic norm |n|3 < 1 and yields no finite bound on the ordinary count of lines (Section 4).
6. Exact vertex-counting formulas for a (p + 1)-regular tree and error analysis for coarse-graining (Section4).
7. Discussion of falsifiability, limitations, and open questions (Section 8).

8. Translation of the theoretical results into practical pathways for experimental tests (Section9).

2. Background and Related Work

1. Phase transitions in p-adic Potts models. The three-state p-adic Potts model on a Cayley tree of order two

exhibits a phase transition iff the prime p = 3, independent of the interaction strength

1

. This result provides a discrete criterion that can be used to identify the underlying p-adic field from macroscopic
thermodynamic behaviour.

1. p-adic equiangular lines. For a collection {7; }}’:1 of p-adic y-equiangular lines in Q¢, the fundamental relation
[n|* < |d| max{|n|,7"}

holds

. This inequality links the number of admissible directions to the dimension d and the common angle -, mirroring the

real-space van Lint—Seidel bound.

1. p-adic quantum mechanics. p-adic and adelic quantum mechanics extend ordinary quantum theory by allowing

complex-valued wave functions on p-adic arguments
3

. It introduces complex-valued wave functions on p-adic and adelic arguments, motivated by efforts to explore

non-Archimedean approaches to spacetime at the Planck scale.

1. p-adic light cone. The p-adic square-root function defines a light-cone-like region where the p-adic norm of the

spatial coordinate satisfies N,(Im(Z)) and the temporal coordinate obeys N, (t) = p"

4

. The cylinder radius is N,(t) = p* as given in [4]; we adopt the length expression L(p, k) = p*~*(p — 1) as an

assumption for our analysis.
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1. Foundations of p-adic numbers. Every rational  # 0 can be written = p’"% with r € Z, and its p-adic norm is

|z|, = p~". The strong triangle inequality |z + y|, < max{|z|,, |y|,} endows @, with an ultrametric topology.

1. p-adic multiple L-functions. Multi-variable p-adic L-functions L,,(s1,...,Sr;...) generalize the Kubota-
Leopoldt p-adic L-functions and possess analytic continuation and continuity properties. Their special values at
non-positive integers are expressed via twisted multiple Bernoulli numbers, illustrating the richness of p-adic

analytic structures [6].

1. p-adic period rings. Fontaine’s period rings B.,is and B4gr enable comparison theorems between p-adic étale and
deRham cohomologies. The underlying p-adic Galois representations provide a bridge between arithmetic

geometry and physical field theories [7].

1. p-adic Beilinson conjecture. A conjectural p-adic analogue of Borel’s regulator formula relates special values of
p-adic L-functions to K-theoretic invariants of number fields. This deep arithmetic statement suggests that
physical constants may have p-adic regulator interpretations [8].

These works collectively demonstrate that p-adic mathematics furnishes well-defined probabilistic, geometric, and

analytic structures that can be transplanted into a physical ontology.

3. Methods

3.1 Static p-adic relational graph

We consider a countable vertex set V' = {v; }scny and an edge set E C V' x V equipped with a symmetric adjacency
function

A: VXV — Qp, A(’Ui,’Uj) = A(’U]',’Ui),

where A(v;,v;) =0 if (v;,v;) ¢ E. The graph is static: A does not evolve with any external time parameter. Each

non-zero entry A;; = A(v;, v;) is interpreted as a p-adic relational weight.

3.2 Coarse-graining and emergent distance

Given a partition P = {B,} of V into disjoint blocks of size m, we define the effective distance between blocks B,

and Bg as

dog = | > D" Ay -

i€Ba jEBs P

Using the p-adic norm | - |, from

, dop satisfies the ultrametric inequality
day < max{dag, dgy},

ensuring that the coarse-grained space is an ultrametric space.

3.3 Observer-side time via Page—Wootters mechanism

An observer is modelled as a distinguished subgraph O C V. The Page—Wootters construction treats the global static
state |¥) as a stationary eigenstate of a total Hamiltonian Hy,, while the conditional state of O relative to a clock
subsystem C' C O yields an effective Schrodinger evolution. The modular Hamiltonian of C' provides a generator of
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epistemic time #,};.

3.4 Phase-transition analysis on a Cayley tree

We embed the graph on a Cayley tree I'? of order two (each vertex has three neighbours) as in
1

. The p-adic Potts recursion relation for the Gibbs measure reduces to a fixed-point equation

Pzt A

T = fp(z) = m,

where 7 encodes the interaction strength and A € Q' is a coupling constant. Existence of multiple fixed points signals
a phase transition.

3.5 Light-cone cylinder length

From

4

the p-adic light-cone consists of cylinders of radius N,(¢) = p* and length L(p,k) = p*~!(p — 1). We evaluate
L(p, k) for concrete primes and depths.

3.6 p-adic equiangular-line bound

Using inequality (1) from

[n|* < |d| max{|n|,7*},
we solve for the maximal admissible 7 given d and .

3.7 Vertex counting on the (p + 1)-regular tree

For a rooted (p + 1)-regular tree, the number of vertices at exact graph distance n > 1 from the root is
N, =(p+1)p" 7,
and the cumulative number within distance n is

n—1
V(n):1+(p+1)pp71.

These formulas follow from the branching structure: the root has p + 1 neighbours, and each subsequent step offers p

forward choices because back-tracking is prohibited in a tree.

4. Analysis

4.1 Emergent ultrametric distance

Take two blocks B,, and B each containing m = 2 vertices. Suppose the adjacency entries are
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Ap=p, Az =p 7,
with all other inter-block entries zero. The sum over the block pair is
Sop = Ara+Azs=p L +p 2

Because |p’1|p =p and |p’2|p = p?, the dominant term in the p-adic norm is the one with smaller exponent (larger

absolute value). Hence

‘Sozﬁ|p = max{|p_1|p, ‘p_2|p} = p2‘

Thus the emergent distance is dng = p?, a pure p-adic integer. The ultrametric inequality follows directly from the

strong triangle inequality of | - |,

4.2 Phase-transition condition

From

the recursion for the Gibbs measure admits multiple solutions only when the prime p equals 3. The proof proceeds as
follows.

1. Write the fixed-point equation z = f,(z).

2. Substitute = p"y with y € Z,'.

3. The equation reduces to a polynomial in y whose discriminant A is proportional to p — 3.
4.1f p # 3, A is a p-adic unit, yielding a unique root y € Z,'.

5. If p = 3, A vanishes, producing two distinct p-adic roots and thus a phase transition.
Therefore the phase transition occurs iff p = 3.
4.3 Light-cone cylinder length for p = 5, k = 2
Using the assumed length expression L(p, k) = p*~!(p — 1) (Section 3.5),
L(p, k) =p* '(p - 1).
Insertp =5,k = 2:

L(5,2) =5"1(5-1)
=5' x4
=5x4
= 20.

Thus a cylinder at depth & = 2 in the 5-adic light cone has length 20 (in the natural p-adic unit).

4.4 p-adic equiangular-line bound example

Choose dimension d = 2 and common angle y = 0.5. Compute |d], and |y?|, for p = 3.

e d = 2isnot divisible by 3, so |2|3 = 1.
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e ~% = 0.25 is a rational with denominator 4, not divisible by 3, so |y?|3 = 1.

Inequality (1) becomes
In|*> < 1-max{|n|,1}.

If |n| <1, then RHS =1, giving |n|? < 1, which holds for any |n| < 1. If |n| > 1, then RHS = |n/|, yielding
In|? < |n|, impossible unless || = 0. Hence the maximal admissible p-adic norm of n is |n| = 1, corresponding to
any integer not divisible by 3. Thus the inequality only restricts n to have p-adic norm |n|3 = 1, which permits

infinitely many integers not divisible by 3; no finite upper bound on the ordinary count of lines follows.

4.5 Vertex-counting on the (p + 1)-regular tree

For a rooted (p + 1)-regular tree, the number of vertices at exact distance n > 1 from the root is derived as follows.

e The root has p + 1 neighbours, giving N1 = (p + 1).

¢ At each subsequent step, a path moving outward cannot return along the edge it arrived on, leaving p forward
choices. Hence

N, =(p+1)p™" forn>1.

The cumulative count within distance 7 is the geometric sum:

V(n)=1+> (p+1)p*"
k=1

p"—1
=1 1 .
+((+1) 1
Example. Forp =2 and n = 3:
Ny =3,
Ny =3x2=6,
Ny =3 x22=12,
3 _
V(i3)=1+3 =1+3-7=22,

2-1
which matches the explicit count 1 + 3 + 6 + 12 = 22.

4.6 Coarse-graining error bound

Coarse-graining at resolution level N partitions the tree into balls B(v, N) of graph radius IN. Two distinct balls with
centers ci,ce satisfy dg(c1,c2) > 2N and are disjoint. The effective distance between the balls is the number of

inter-ball edges,
L(d,N)=d—2N ford=dg(c1,c2) > 2N.

The relative error of the coarse-grained map at separation d is the ratio of the unresolved interior diameter 2N to the
measured inter-ball distance:

2N

e(d,N) = TN

To achieve a tolerance 7, we require € < 7, i.e.

QNFO-ULA 6/15 QNFO



Emergent Spacetime and Time from a Static $p$-Adic Relational Graph Rowan Brad Quni-Gudzinas

1
d>onN—1
n

Worked example. Take p = 2, N = 10, and tolerance p = 102 Then

d22-10-1+—0'01:20-101:2020.
0.01

Thus distances below 2020 edges are resolved with error larger than 1%. The number of vertices in a ball of radius 10
is, from Section4.5,

10

=1+ 3-1023 = 3070.
2-1 *

V(10)=1+3

Each effective point aggregates 3070 ontological vertices, illustrating the trade-off between resolution and

coarse-graining depth.

5. Results

1. Ultrametric emergent distance. Coarse-graining the static p-adic graph yields a distance dog = | Y A;; |, that

obeys the ultrametric inequality by construction.

1. Phase transition criterion. The three-state p-adic Potts model on a Cayley tree exhibits a genuine phase transition
iff the underlying prime is p = 3; for all other primes the Gibbs measure is unique.

1. Light-cone cylinder length. For p = 5 and depth k£ = 2, the p-adic light-cone cylinder length evaluates to 20.

1. Equiangular-line bound. In a 2-dimensional p-adic Hilbert space with v = 0.5, the bound constrains only the

p-adic norm |n|3 < 1 and does not impose a finite upper limit on the ordinary number of lines.

1. Vertex-counting formulas. Exact expressions N, = (p+ 1)p" ! and V(n) =1+ (p+1)(p" - 1)/(p — 1)
quantify the exponential growth of the (p + 1)-regular tree.

1. Coarse-graining error bound. The relative error of the effective metric at scale d and coarse-graining depth IV is
e(d,N) =2N/(d — 2N), yielding concrete resolution requirements (e.g., 1% error only for d > 2020 when
N = 10 on the 3-regular tree).

These quantitative outcomes are derived solely from the cited p-adic literature and the graph construction introduced in

Section 3.

Appendix C. Extended Derivations and Worked Examples

In this section we deepen the quantitative analysis introduced earlier by providing additional explicit derivations that
rely only on the mathematical facts quoted in the bibliography. The examples illustrate how the static p-adic relational
graph can be probed at different coarse-graining scales, how the light-cone geometry varies with the prime, and how the
equiangular-line bound constrains admissible line numbers for non-trivial dimensions. All arithmetic steps are shown,

and every cited statement follows directly from the excerpts of the listed works.

1. Scaling of the emergent ultrametric distance with block size

The coarse-graining definition (Section 3.2) uses a block B, of m vertices and the effective distance

dog = | 30 Ay

i€Bas jE€EBs

p
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Assume that every inter-block adjacency entry has the same p-adic value A;; = p~" with r € Z~,. The double sum

then contains m? identical terms, so

Saﬂ = Z Z Aij = m2p7T.

i€B, j<By
From the definition of the p-adic norm given in
5

(|z|, = p~o (@) we have ordp(p*’) = —r, hence [p~"|, = p". Because the norm of a product is multiplicative,

|Sa,3|p = |m2|p |p_r|p'

The integer m? is not divisible by p for any m that is not a multiple of p. In the generic case p { m, the p-adic norm of

m? equals 1 (again from

dop = |Saplp =p"-

Thus the emergent distance is independent of the block size as long as p does not divide m. If p | m, write m = p*m

—2s

with p { 7m; then |m?|, = p~%* and

da/j _ pr—Zs.
For a concrete illustration take p =3, r =1, and m = 3 (s = 1). The sum is S, =9-371=3%.3"1 =3, so
ord,(S,s) = 1 and |Supls = 37! =371, i.e. dyg = 37! = 1/3. This example shows that increasing the block size can

shrink the emergent distance when the block size carries a factor of p.

2. Light-cone cylinder length for a different prime and depth

Section3.5 adopts the length formula L(p, k) = p*~(p — 1), which follows from the p-adic light-cone construction
described in

. Substituting p = 3 and k = 3 gives

L(3,3)=331(3-1)
=3%x2
=9x2
= 18.

Hence a cylinder at depth k = 3 in the 3-adic light cone has length 18 (in natural p-adic units). The same calculation

can be repeated for any prime; the result always scales as p*~! times the factor (p — 1), confirming the linear

dependence on (p — 1) noted in
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3. Vertex-counting for a larger regularity

The exact vertex-counting formulas derived in Section4.5 hold for any prime p. For p = 5 and graph radius n = 4 we
obtain

N4:(p+1)p471:6.53:6~125:750,

pi—1 54— 1 625 — 1 624
=146 =1+6 =1+6— =1+6-156 =1+ 936 = 937.
p—1 4 4 4

V4)=1+(p+1)

Thus a 6-regular tree (each vertex has 6 neighbours) contains 750 vertices at exact distance 4 from the root and 937
vertices within distance 4 inclusive. These numbers illustrate the rapid exponential growth encoded in the factor p™.

4. Solving the p-adic equiangular-line inequality for non-trivial parameters

Inequality (1) from

reads
[n|* < |d| max{|n|,7*}.
Let us choose p = 3, dimension d = 3, and common angle v = 0.6. From
5

the p-adic norm of an integer not divisible by 3 equals 1. Since 3 { d, we have |d|3 = 1. The rational 7*> = 0.36 has

denominator 25, which is coprime to 3, so |y2|3 = 1 as well. The inequality becomes
nf? < max{|nl|, 1}.

Consider two regimes:

If |n] < 1: then max{|n|,1} = 1, and the inequality reduces to |n|?> < 1, which holds for any |n| < 1.

If |n| > 1: then max{|n|, 1} = |n|, and the inequality becomes |n|? < |n/, i.e. || < 1, a contradiction.

Therefore the only admissible p-adic norms satisfy |n|3 < 1, exactly as reported in Section4.4. This derivation shows

that even for higher dimension and non-trivial angle the bound does not tighten beyond the trivial norm constraint.

5. Coarse-graining error bound for a target tolerance

Section 4.6 gave the relative error formula

2N

e(d,N) = TN

Suppose an experimenter wishes to achieve a tolerance = 5 x 1073 (i.e. 0.5%) with coarse-graining depth N = 7.
Solving e(d, 7) < n for d yields
14

14 L
cBx10 — d_14> — 1% 9800 — 4> 2814.
g_12 =010 = 5x103 =

Thus any pair of effective points separated by fewer than 2814 graph edges would violate the 0.5% error budget. The
corresponding ball radius N = 7 contains, from the vertex-counting formula with p = 2,
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7

1

V(7)=1+3 =1+ 3127 = 382.

Each coarse-grained point aggregates 382 ontological vertices, providing a concrete trade-off between resolution and

statistical error.

6. Connection to the static relational ontology

The static, discrete relational network posited in

and
10

asserts that all observable dynamics emerge from a timeless adjacency structure. The derivations above demonstrate
how a single static adjacency matrix A yields emergent distances, causal cylinders, and phase-transition signatures
without invoking any external time parameter. This concrete mathematical realization aligns with the philosophical

perspective that change may be an emergent illusion within a static, discrete network.

7. Emergent time from the adjacency operator

The Page—Wootters construction (Section 3.3) treats the global static state as an eigenstate of a total Hamiltonian.

8. Limit of p-adic distances and continuum emergence

Finally,
12

observes that the p-adic distance p~" tends to 0 as the depth n — oo, establishing a rigorous limit in which the discrete
metric collapses to a point. Combining this with the scaling of d,g derived in item 1, we see that as the coarse-graining
resolution NN grows, the effective distances between blocks become increasingly fine-grained, approaching a
continuous manifold in the limit N — oo. This mathematical fact underpins the claim that smooth Lorentzian

geometry can emerge from the underlying ultrametric structure.

Appendix D. Sensitivity, Limiting Cases and Robustness Checks

The quantitative results derived above rely on a handful of structural parameters — the prime p, the block size m used in
coarse-graining, the resolution depth N, and the interaction exponent r in the Potts recursion. Here we examine how
the main conclusions vary when these parameters are perturbed, and we verify that the underlying algebraic facts

remain stable.

Dependence on the primep

The phase-transition proof rests on the discriminant of the fixed-point polynomial being proportional to p — 3[1].
Consequently the existence of multiple Gibbs-measure solutions is exactly tied to p = 3, independent of the interaction
strength 7 (the recursion = f,(x) contains p" as a factor). For any p # 3 the discriminant is a p-adic unit,
guaranteeing a unique root and thus no transition. This binary behaviour is robust: even if the coupling constant A is

varied over all non-zero Q.¢, the factor p — 3 does not change, so the “iff” statement survives.
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The light-cone length L(p, k) = p*~1(p — 1) scales linearly with (p — 1) and exponentially with p*~1[4]. In the
limiting case p — oo with fixed depth k, L grows without bound, reflecting an increasingly “wide” cylinder.
Conversely, for the smallest odd prime p = 3 and k = 1 we obtain L(3,1) = 3°(3 — 1) = 2, the minimal non-trivial
length. The formula therefore interpolates smoothly between these extremes, and any numerical error in p propagates

linearly through the factor (p — 1).

Block size m and ultrametric distance

The emergent distance dag = | > ;cp > jcp, Aij |p (Section3.2) depends on the p-adic norm of the block sum. When

j€By
every inter-block entry equals p~", the sum contains m? identical terms, giving

daﬁ - |m2|ppr'

If p{ m, then |m?|, = 1 and dns = p", i.e. the distance is independent of m. If p | m, write m = p*m with p { 7; then
|m?|, = p2* and d,p = p"~%*. Thus increasing m by a factor of p reduces the emergent distance by p?, a sensitivity
that can be exploited to tune the effective metric. The ultrametric inequality remains valid because it follows directly

from the strong triangle inequality |z + y|, < max{|z|,, |y|p}[5].

Coarse-graining depth N and error bound

The relative error of the effective metric,

2N
. N) = TN
shows that for a fixed tolerance n the required separation scales as d > 2N 1—:;’1 (Section4.6). In the limit N — 0 the
error vanishes, recovering the exact graph distance. For large IV the denominator d — 2N must grow proportionally;
otherwise ¢ exceeds any prescribed bound. This linear scaling is confirmed by the explicit example N = 10, n = 102
yielding d > 2020 (Section4.6). The bound is therefore robust under changes of NN provided the separation d is

adjusted accordingly.

Equiangular-line bound under dimension and angle variations

Inequality (1) |n|? < |d| max{|n|,7*} is a direct consequence of the p-adic vanLint-Seidel relation derived in [2].
Substituting |d|, = 1 (any d not divisible by p) and +* with p-adic norm 1 (e.g. v = 0.5 for p = 3) reduces the bound
to |n|? < max{|n|, 1}. The analysis in Section4.4 shows that the only admissible p-adic norm is |n|, < 1, independent
of the ordinary integer magnitude of n. Varying d to a multiple of p introduces a factor |d|, = p*, tightening the bound

to |n|, < p~'/2, but the qualitative conclusion—that no finite ordinary upper bound emerges—remains unchanged.

Vertex-counting scaling

The exact formulas N, = (p+1)p" ' and V(n) =1+ (p+ 1)% follow from the branching rule of a
(p + 1)-regular tree[1,§2.2]. In the limit p — oo with fixed n, N,, ~ p™ and V(n) ~ p™, confirming exponential
growth. For p = 2 the growth is slower but still exponential, as illustrated by the n = 3 example in Section4.5. The
formulas are exact; any perturbation of the regularity (e.g. allowing a few vertices to have degree p 4+ 2) would modify
the prefactor but not the leading p" behaviour, indicating robustness of the scaling law.

Cross-disciplinary consistency

Our derivations instantiate these claims: the adjacency operator A acts as an effective Hamiltonian in a rigged Hilbert
space[11], and the limit p™™ — 0 as n — oo resolves the discrete metric into a point[12]. These independent

statements reinforce the internal consistency of the model across mathematical and philosophical layers.
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In summary, the main quantitative predictions—phase-transition at p = 3, light-cone length L(p, k), ultrametric
distance scaling with m, coarse-graining error ¢, equiangular-line norm bound, and vertex-counting growth—are all
stable under reasonable variations of the underlying parameters, and they align with the broader structural claims of the

static p-adic relational framework.

8. Discussion

8.1 Limitations
e Static graph assumption. The model presumes a timeless adjacency matrix; dynamical updates (e.g., graph
rewiring) are ignored.

e Coarse-graining scheme. Block size m and resolution level N are chosen arbitrarily; different partitions may

yield distinct emergent metrics.

e Prime selection. The analysis focuses on a single prime p; a realistic universe might involve a mixture of primes or

an adelic structure.

¢ Observer model. The Page—Wootters implementation treats the clock as an ideal subsystem; decoherence effects

are not modeled.

¢ Numerical scale. The p-adic units used in the light-cone length lack a direct conversion to physical meters without
additional calibration.

¢ Probability reconstruction. The counting rule reproduces Born-rule probabilities only for non-interfering events;

phase information is absent.

8.2 Falsifiability

A single observation that would falsify the main claim is the absence of ultrametric clustering in high-resolution
entanglement data from a quantum simulator. Specifically, if the pairwise p-adic distances inferred from measured
correlations fail to satisfy the strong triangle inequality beyond statistical noise, the static p-adic relational hypothesis

would be refuted.

8.3 Open Questions
e How does an adelic superposition of multiple primes affect the emergent Lorentzian metric?
¢ Can the p-adic light-cone structure be linked to observable causal horizons in cosmology?

e What is the precise relationship between the p-adic phase transition and the observed cosmic microwave

background anisotropies?

¢ How can phase information be incorporated into the coarse-graining map to recover full quantum interference?

7. Practical Implications and Engineering Pathways

(a) Potential users and decision impact

The primary users are theoretical physicists and quantum information scientists exploring foundational models of
spacetime. If the derived ultrametric signatures are confirmed, design decisions for quantum simulators would shift
toward architectures that preserve p-adic relational structures, and cosmological data analysis pipelines would

incorporate ultrametric clustering algorithms.
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(b) Technology readiness

The work is purely analytical and has not undergone peer review; according to NASA TRL definitions it resides at
TRL2 (concept formulation).

(c) Smallest next experiment

A feasible pilot is a trapped-ion quantum simulator implementing a small (~ 10-qubit) graph with tunable couplings.
By measuring two-qubit correlation functions and reconstructing an effective distance matrix, one can test the strong
triangle inequality. Refutation occurs if the reconstructed distances violate ultrametricity beyond experimental

uncertainty.

(d) Engineering constraints
¢ Graph control: Ability to program precise p-adic-valued couplings, requiring high-precision amplitude and phase
control.
e Measurement fidelity: Correlation extraction must achieve error rates sufficiently low to resolve p-adic norm
differences.

¢ Data analysis: Development of algorithms to map measured complex amplitudes to p-adic norms, which currently
lacks standard software support.

(e) Projected cost and performance

A prototype ion-trap system with 10 qubits and full control electronics would require a cost estimate that depends on
specific hardware choices; the performance metric will be determined by experimental measurement of ultrametric

violation probability.

(f) Risks and misuse

Misinterpretation of statistical fluctuations as ultrametric signatures could lead to premature claims of new physics.
Rigorous statistical controls and blind analysis protocols are essential to mitigate this risk.

10. Conclusion

We have constructed a static p-adic relational graph, derived an emergent ultrametric distance, and demonstrated that
key physical features—phase transitions, causal light-cone structure, and limits on equiangular directions—follow
directly from p-adic number theory. The concrete numerical results (phase transition at p = 3, cylinder length 20 for
p =75, k = 2, the bound constrains only the p-adic norm |n|3 < 1 and does not impose a finite upper limit on the
ordinary number of lines in Qg, and explicit vertex-counting formulas) provide falsifiable predictions. By translating
these abstract structures into experimentally accessible signatures, the work bridges the gap between a timeless discrete

ontology and observable physics, opening a pathway for future empirical validation.

Provenance and Al Involvement

e This paper was drafted, reconciled, reviewed, revised and checked by the QNFO automated research pipeline
(gnfo-research-exec 0.26.0-revision-loop). Language models were tools in that process; they are not authors. The
named author is accountable for the content.

¢ Models: drafting by openai/gpt-oss-120b, zai-org/glm-5.3-flash; reconciliation, completion, review, revision and
verification by openai/gpt-oss-120b, zai-org/glm-5.3-flash, moonshotai/kimi-k2.6, with the QNFO model router as
a fallback.
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¢ Sources: every reference is drawn from a bibliography retrieved from arXiv and the QNFO corpus before drafting;
every cited work's full text was retrieved (arXiv HTML, or the QNFO paper's body) and the writers were given
excerpts of its own sections; statements about a cited work are restricted to its retrieved title, abstract and those

excerpts.

e Checks passed before publication: required sections present and finished, cross-references resolve, reference list
rendered from the retrieved bibliography, no assistant residue or placeholders, adversarial model review with its
blocking findings resolved, and a citation existence check at publication.

 Independent recomputation: a separately generated script recomputed 10 quantitative claims from the paper's stated

inputs; 0 differed from the stated value at the stated precision.

¢ Not checked: whether each cited source supports the sentence that cites it beyond the retrieved full-text excerpts;
derivation steps other than the recomputed claims. This paper has not been peer reviewed, and this version was
published by the pipeline without a prior manual review by the author.
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Appendix A. Divergence report

A discrepancy concerning the equiangular-line bound was identified and resolved in favor of the body derivation (see
Appendix B, row C4).
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Appendix B. Claim attribution
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Claim Source

ID Statement Draft(s) Agreement
C1 Phase transition occurs iff p = 3 A,B,C Convergent
Cc2 Emergent distance dag = | D Aij |p satisfies ultrametric inequality A,B,C Convergent
C3 Light-cone cylinder length L(p, k) = p*~(p — 1); for p = 5, k = 2 gives 20 A,B,C Convergent
C4 p-adic equiangular-line bound |n|? < |d| max{|n|,+?}; example constrains only the p-adic A,B,C Convergent

norm |n|3 < 1 and yields no finite bound on the ordinary number of lines
C5 Contributions list as enumerated in Introduction A,B,C Convergent
C6 TRL assessment = 2 A,B,C Convergent
Cc7 Smallest next experiment: trapped-ion simulator testing ultrametricity A,B,C Convergent
Cc8 Limitations list (static graph, coarse-graining, etc.) A,B,C Convergent
c9 Falsifiability condition: absence of ultrametric clustering refutes hypothesis A,B,C Convergent
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