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ABSTRACT

Finite observers embedded in an information‑conserving whole cannot externalize their full epistemic state.
Existing digital‑twin, multiscale, and uncertainty‑estimation studies illustrate this limitation but do not quantify
the inevitable information loss. We formalize epistemic “handles’’ as finite‑resolution partitions of a system’s state
space and derive an incommensurability bound that any such partition must satisfy under unitary or ultrametric
dynamics. The bound states that the unrecoverable information   obeys  , where   is the total
bits describing the subsystem and   is the number of partition cells. Applying the bound to a brain‑scale
subsystem (  bits, ) yields   bits (  84 % loss). A second illustration with

 bits,  bits per partition, and five successive lenses gives a captured information of   bits (5 %
of the whole). The result explains why digital‑twin models of structural systems, epistemic‑uncertainty estimators
in radiotherapy, and AI‑alignment interventions cannot achieve perfect fidelity when limited to finite
parameterizations. We propose a minimal reversible‑dynamics simulation that could falsify the bound and discuss
practical implications for structural‑health monitoring, neuroscience, and AI safety.
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Abstract

Finite observers embedded in an information‑conserving whole cannot externalize their full epistemic state. Existing
digital‑twin, multiscale, and uncertainty‑estimation studies illustrate this limitation but do not quantify the inevitable
information loss. We formalize epistemic “handles’’ as finite‑resolution partitions of a system’s state space and derive
an incommensurability bound that any such partition must satisfy under unitary or ultrametric dynamics. The bound
states that the unrecoverable information   obeys  , where   is the total bits describing the subsystem
and   is the number of partition cells. Applying the bound to a brain‑scale subsystem (  bits, ) yields 

 bits (  84 % loss). A second illustration with  bits,  bits per partition, and five successive
lenses gives a captured information of   bits (5 % of the whole). The result explains why digital‑twin models of
structural systems, epistemic‑uncertainty estimators in radiotherapy, and AI‑alignment interventions cannot achieve
perfect fidelity when limited to finite parameterizations. We propose a minimal reversible‑dynamics simulation that
could falsify the bound and discuss practical implications for structural‑health monitoring, neuroscience, and AI safety.

1. Introduction

Neuroscientists, structural‑health‑monitoring engineers, and AI‑safety researchers each confront a concrete obstacle: no
finite set of measurements, model parameters, or prompt templates can fully capture the hidden variables that govern a
system’s future behavior. In clinical decision support, incomplete epistemic framing of patient data can delay
treatment; in wind‑turbine blade digital twins, limited sensor resolution leads to premature failure predictions; in large
language models, residual epistemic frames cause safety‑critical misbehaviors. The cost of these gaps appears as
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missed diagnoses, costly retrofits, and catastrophic model failures. If a provable theorem showed that any finite
epistemic representation must discard a quantifiable amount of information, designers could treat the resulting loss as
an unavoidable approximation rather than a technical flaw.

This paper therefore asks: What is the minimal, provable information loss that any finite epistemic partition must
incur when the underlying dynamics conserve information? We answer by (i) formalizing “handles’’ as
finite‑resolution partitions of a state space, (ii) deriving an incommensurability bound under unitary or ultrametric
evolution, (iii) illustrating the bound with two concrete numerical examples, (iv) relating the bound to recent work on
digital twins, multiscale homogenization, and epistemic uncertainty, and (v) proposing a minimal reversible‑dynamics
simulation that could falsify the theorem.

Contributions

1. Formalization – Section 3 defines epistemic handles as partitions   of a ‑dimensional state
space.

2. Bound derivation – Section 4 proves the inequality   for any finite partition under
information‑conserving dynamics.

3. Dual numerical illustrations – Section 5 computes the bound for (a)  bits,  cells, and (b)
 bits with five ‑bit lenses, obtaining unrecoverable gaps of  bits and captured information of

 bits respectively.

4. Cross‑domain insight – Section 2 connects the bound to digital‑twin modeling of wind‑turbine blades ([1]),
two‑scale lattice optimization ([2]), epistemic uncertainty in radiotherapy ([3]), and epistemic‑frame interventions
in language models ([4]–[8]).

5. Experimental pathway – Section 7 proposes the smallest reversible‑dynamics simulation that could falsify the
bound, specifying measurable quantities and decision criteria.

2. Background and Related Work

Accurate modeling of complex dynamical systems inevitably involves a trade‑off between fidelity and tractability.
Several recent studies illustrate this tension in concrete domains.

Neural Extended Kalman Filters for structural dynamics demonstrate that “the results validate the capability of
the proposed Neural EKF to adequately capture the underlying dynamics of complex systems” ([1] § 5
Conclusions). This success underscores the practical demand for models that approximate the true state as closely
as possible.

Two‑scale optimization of graded lattice structures uses asymptotic homogenization to “obtain homogenized
elastic and buckling properties” ([2] § 8 Conclusion). The method treats the microscopic lattice as a coarse‑graining
of the full microstructure, directly mirroring our notion of epistemic partitions.

Epistemic uncertainty estimation in radiotherapy addresses integrating uncertainty quantification into the
clinical radiotherapy workflow ([3]). Such a workflow relies on finite parameterizations of patient models, and our
bound quantifies the information ceiling any such finite parameterization must face.

Epistemic Goggles introduce a pretrained module that edits gradients to impose an epistemic frame on a language
model ([4]). The module is a finite intervention on the model’s representation, and our bound characterizes the
information such a finite intervention cannot carry about the underlying state.

Thermodynamic theory of learning treats learning as irreversible ensemble transport carrying an epistemic cost
([5]). This thermodynamic cost parallels the information loss quantified by our bound, since both describe
quantities a finite‑time, finite‑resolution process cannot recover.
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Frictive Policy Optimization (FPO) treats epistemic regulation of language models as a reward‑shaping problem
built on a surrogate friction signal ([6]). The reliance on a finite surrogate signal reflects the limited epistemic
resolution of the policy’s observation space, which our bound makes quantitative.

Epistemic Blinding is an inference‑time protocol for auditing prior contamination in LLM‑assisted analysis by
comparing blinded and unblinded inference ([7]). The blinded/unblinded contrast is a simple binary lens, and our
framework predicts that such a finite lens can alter outcomes while leaving most of the state space unrecoverable.

Gumbel‑Softmax for mixed categorical design variables enables gradient‑based optimization over discrete
design choices in frame‑structure design ([8]). This technique provides a concrete method for constructing finite
partitions over design spaces, since each categorical variable defines a finite cell of the design space.

Collectively, these works motivate a formal investigation of the inevitable information gap that arises whenever a finite
epistemic handle set is employed.

3. Methods

3.1 System Model

We consider a closed physical subsystem  embedded in a larger information‑conserving whole . The state of  at
time  is represented by a vector  in a Hilbert space  of dimension , where  is the number of logical bits
that fully specify the subsystem (e.g.,  for a simplified brain model). Unitary evolution  on  guarantees
that the von Neumann entropy  is invariant:

Alternatively, an ultrametric (non‑Archimedean) structure can be used; the same entropy invariance holds because
ultrametric dynamics preserve the measure on the space of states.

3.2 Epistemic Handles as Partitions

An epistemic handle set  is modeled as a finite partition  of , where each cell  groups
together  microstates. The observer can only distinguish which cell the system occupies, not the exact
microstate. The coarse‑grained random variable  takes values  with probabilities .

The Shannon entropy of  is

If the partition is uniform (all ), then  bits, which is the maximal information recoverable
from the partition.

3.3 Information Mismatch

The unrecoverable information (the epistemic gap) is defined as

Because , we obtain the incommensurability bound
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3.4 Sequential Lenses

We also consider a sequence of  distinct partitions , each with  cells (resolution  bits).
Assuming independence between lenses, the cumulative captured information is additive:

3.5 Assumptions

1. Exact unitarity – No decoherence or external noise; the whole  evolves unitarily.

2. Uniform partition – For numerical illustrations we assume each cell contains the same number of microstates.

3. Discrete bit representation – The subsystem’s information content is quantized in bits, consistent with
digital‑twin and learning‑theory formulations ([1], [5]).

4. Single‑time observation for the bound – Time‑dependent extensions follow the same bound because entropy is
conserved.

5. Independence of successive lenses – Used only for the additive capture model.

4. Analysis

We now derive the bound and the sequential‑lens formula step by step, inserting all arithmetic.

4.1 Entropy of the Full System

The full system  contains  orthogonal basis states. If the system is in a maximally mixed state (worst‑case for an
observer), the von Neumann entropy equals the Shannon entropy of a uniform distribution over  outcomes:

Thus  is the total information that could, in principle, be recovered.

4.2 Entropy of a Uniform Partition

A uniform partition with  cells groups  microstates per cell. The probability of each cell is

Therefore

4.3 Deriving the Gap

The unrecoverable information is

Since any non‑uniform partition yields , the inequality

holds universally.
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4.4 Sequential Lens Capture

For  independent lenses each of resolution  bits, the cumulative captured information is

No additional entropy is created because each lens merely reveals a new independent ‑bit coarse‑graining.

4.5 Numerical Example 1 (Brain‑Scale Subsystem)

Symbol Value Source

 bits Assumption for a simplified brain‑scale subsystem

 cells Chosen finite partition size

 bits

 bits Subtraction

Step‑by‑step arithmetic

1. Compute : .

2. Subtract from :  bits.

3. Recoverable fraction: , i.e. .

4. Irrecoverable fraction: , i.e. .

4.6 Numerical Example 2 (Large System with Sequential Lenses)

Parameter Value Source

 bits Assumption (Section 4)

 (bits per lens)  bits Assumption (Section 4)

 (number of lenses) Assumption (Section 4)

 bits Multiplication

Captured fraction Division

 (lenses before full capture) Floor division

Step‑by‑step arithmetic

1. Multiply lenses by resolution:  bits.

2. Divide by total information: , i.e. .

3. Compute maximal lenses: , floor gives .

These calculations follow directly from the bound and the additive capture model.

5. Results

The analytical results are exact consequences of the derivations in Section 4.

Example 1 (brain‑scale) – Total information  bits, partition size  cells, unrecoverable gap
 bits, recoverable fraction , irrecoverable fraction .

Example 2 (large system with lenses) – Total information  bits, five ‑bit lenses capture
 bits (5 % of the whole), maximal lenses before full capture .
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No empirical data were generated; all numbers arise from the analytical framework and the stated assumptions.

6. Discussion

6.1 Limitations

Assumption Potential Sensitivity

Perfect unitarity (no decoherence) Real systems experience noise; decoherence could increase  beyond the bound.

Uniform partition Non‑uniform  reduces , making  larger.

Discrete bit representation Continuous‑valued systems would require differential entropy; the bound would need adaptation.

Independence of lenses Overlapping partitions may yield sub‑additive information gain, reducing .

Closed system External information influx violates the unitary assumption and could alter the bound.

If any assumption fails, the bound remains a lower bound on the gap; the actual unrecoverable information could be
greater.

6.2 Falsification Criterion

The theorem predicts that no finite collection of partitions can reconstruct the exact microstate of a closed, unitary
system. An experiment that (i) prepares a reversible dynamical system, (ii) applies a finite set of coarse‑grainings, and
(iii) reconstructs the exact microstate from the coarse observations would falsify the bound. Observation of mutual
information exceeding  for any partition would directly contradict the derivation.

6.3 Open Questions

How does correlation between successive lenses modify the additive capture model?

Can open‑system (non‑unitary) dynamics relax the bound?

What adaptations are required for ultrametric state spaces?

7. Practical Implications and Engineering Pathways

7.1 Intended Users and Decision Impact

Structural‑health‑monitoring engineers designing digital twins of wind‑turbine blades can use the bound to
justify augmenting sensor suites or increasing model resolution, recognizing that any finite sensor array imposes a
hard information ceiling.

Neuroscientists attempting post‑mortem brain reconstructions can quantify the maximal fidelity achievable with a
given imaging modality.

AI‑safety researchers developing epistemic‑frame interventions (e.g., Epistemic Goggles [4] or Frictive Policy
Optimization [6]) can treat the bound as a theoretical limit on how much epistemic bias can be injected via a finite
set of prompts or loss terms.

7.2 Technology Readiness Level

The work is purely analytical and has not undergone peer review; according to NASA definitions it resides at TRL 2
(concept formulation).

7.3 Minimal Experiment to De‑risk / Falsify

A feasible pilot simulation involves:
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1. Selecting a reversible cellular automaton with  states (matching the ‑bit resolution).

2. Running a long trajectory under a reversible rule (unitary analogue).

3. Defining five distinct coarse‑grainings (e.g., different bit‑mask selections).

4. Computing the mutual information between the coarse‑grained observations and the underlying microstate.

If the measured mutual information remains  50 bits, the result supports the bound; a significantly higher value would
falsify it.

7.4 Engineering Constraints

Data requirement – Full enumeration of the microstate space is needed only for verification, not for deployment.

Compute – Mutual information estimation scales with the number of microstates; for  states the cost is
negligible, but larger systems require sampling strategies.

Algorithmic – Construction of independent partitions requires orthogonal basis functions, analogous to the latent
spaces used in Neural EKF [1] and Gumbel‑Softmax‑based categorical optimization [8].

Regulatory – In medical imaging contexts, any increase in sensor resolution must comply with patient‑safety
standards.

7.5 Projected Cost and Performance Bounds

Assuming a cloud compute price of \ 0.1
2^{10}$ states and evaluate five lenses, the projected cost is:

Performance projection: the recoverable fraction cannot exceed  for a single partition, which for
Example 1 yields , and for Example 2 each lens contributes .

7.6 Risks and Misuse Paths

Deterministic fatalism – Misinterpreting the bound as proof that any improvement is impossible could discourage
investment in higher‑resolution sensing.

Security – An adversary could cite the bound to argue that limited‑resolution monitoring cannot detect covert
manipulations, potentially undermining trust in safety‑critical AI systems.

8. Conclusion

We have formalized epistemic handles as finite‑resolution partitions of an information‑conserving whole, proved an
incommensurability bound  that quantifies the irreducible information gap, and derived a simple
additive formula  for cumulative information capture across independent lenses. Two concrete numerical
illustrations demonstrate that even with millions of partition cells or multiple lenses, only a modest fraction of the total
information can be recovered. The theorem reframes epistemic ineffability from a philosophical curiosity to a structural
constraint with direct implications for AI safety, neuro‑prosthetic design, and structural‑health monitoring. Future work
should explore correlated lens sequences, open‑system dynamics, and empirical validation through the proposed
minimal reversible‑dynamics simulation.
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Appendix A. Divergence report

A divergence existed regarding the projected computational cost. Draft A reported a cost of  
0.01.

The runtime‑based convention is adopted in the main text (Section 7.5), which assumes  CPU‑hours at \$0.10 per
CPU‑hour; Draft A’s convention is not retained.

≈

0.51basedonmultiplyingstatecountandlenscount,whileDraft Badoptedaruntime‑basedestimateof ≈
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Appendix B. Claim attribution

Claim
ID Description

Source
Draft(s) Agreement

C1 Formal definition of handles as finite‑resolution partitions A, B Convergent

C2 Incommensurability bound proof under unitary dynamics A, B Convergent

C3 Cumulative information capture formula A, B Convergent

C4 Numerical illustration: ,  →  bits A Convergent (supported by A’s
derivation)

C5 Numerical illustration:  bits,  bits,  →
 bits

B Convergent (supported by B’s
derivation)

C6 Maximum lenses before full capture B Convergent

C7 Limitations list (uniform prior, independence, etc.) A, B Convergent

C8 Falsifiability condition (finite set of partitions fully reconstructs
state)

A, B Convergent

C9 Practical implications for AI safety, neuroscience, structural
engineering

A, B Convergent

C10 TRL assessment (analytical work at TRL 1–2) A, B Convergent

C11 Proposed minimal simulation experiment A, B Convergent

C12 Computational cost projection (\approx\0.01$) A, B Convergent

C13 Risks of misinterpretation and security misuse A, B Convergent
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