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Abstract

Bosonic modes provide a hardware‑efficient substrate for quantum error correction (QEC) because logical
information can be encoded in continuous‑variable states with built‑in symmetries. Recent work introduced a
representation‑theoretic framework in which a physical representation of a finite group, a logical representation, and
a seed state together define covariant bosonic codewords. Within this framework the QEC matrix becomes a
morphism of group representations, and Schur’s lemma guarantees the vanishing of entire irreducible blocks,
thereby simplifying error analysis. In this paper we instantiate the formalism for the simplest non‑trivial finite
group, the cyclic group , and evaluate the logical error probability under a single‑photon‑loss channel. By
choosing a coherent‑state seed  with  we obtain closed‑form expressions for the overlap of logical
codewords, propagate the loss probability  through the covariant encoding, and compute a heuristic
logical error probability  and a corresponding fidelity . We compare these
numbers to the cat‑code benchmark and discuss the resource implications highlighted in recent QNFO studies.
Because the logical representation is trivial, the construction does not encode a logical qubit, and our analysis finds
no error suppression: the estimated logical error probability is roughly twice the physical single‑loss probability.
The results expose sensitivity to seed‑state choice and group reducibility. The results suggest concrete pathways for
optimizing bosonic codes in near‑term photonic platforms.

1. Introduction

Fault‑tolerant quantum computation requires protecting fragile quantum states against decoherence and operational
imperfections. Bosonic codes—such as cat, Gottesman–Kitaev–Preskill (GKP), and binomial codes—exploit the
infinite‑dimensional Hilbert space of harmonic oscillators to embed logical qubits with reduced overhead compared
with discrete‑variable encodings. A unifying feature of many successful bosonic codes is the presence of an
underlying symmetry that structures the code space and simplifies error correction.

The recent preprint Error Correction Properties of Covariant Bosonic Encodings introduced a
representation‑theoretic construction in which a finite group  acts on the physical modes, a logical representation

 acts on the logical subspace, and a seed state  generates the full codebook via the covariant map

with  the physical representation. This approach unifies previously known bosonic codes and yields analytic
insight into their error‑suppression properties.

In this work we take the first step toward a quantitative performance assessment of covariant bosonic encodings. By
focusing on the smallest non‑trivial group  we can carry out all calculations analytically, thereby providing a
benchmark for more elaborate constructions. We also situate our analysis within the broader literature on
continuous‑time QEC, entanglement‑assisted codes, and resource‑efficient bosonic encodings.
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2. Background and Related Work

The representation‑theoretic framework of covariant bosonic codes was introduced in [1], where the authors
demonstrated that the QEC matrix  can be interpreted as a morphism between the physical and logical
representations. By invoking Schur’s lemma they showed that any irreducible component of the logical
representation that does not appear in the physical representation contributes a zero block to , effectively
eliminating certain error channels.

Continuous‑time quantum error correction (CTQEC) was explored in [3], where the authors treated both noise and
recovery as continuous dynamical processes. Their weak‑measurement feedback scheme provides a complementary
perspective to the discrete covariant encoding, suggesting that the representation‑theoretic approach could be
embedded within a continuous‑time control loop.

Entanglement‑assisted quantum error‑correcting codes (EAQECC) were reviewed in [4], highlighting how
pre‑shared entanglement can relax the constraints on code construction. Although EAQECCs are typically defined
for qubit systems, the underlying algebraic ideas motivate extensions to bosonic modes, especially when the logical
representation is reducible.

The review of quantum error correction beyond qubits in [6] emphasized the need for codes that operate directly on
higher‑dimensional systems, such as harmonic oscillators. This work underlines the relevance of bosonic codes and
validates the pursuit of group‑covariant constructions that naturally act on infinite‑dimensional Hilbert spaces.

A resource‑commensurable comparison of bosonic codes versus surface codes was presented in [10]. The authors
reported that, at a logical error rate , bosonic codes require –  times fewer photons and roughly 
times fewer modes than surface‑code implementations. Our quantitative analysis of a concrete covariant code
provides a data point that can be inserted into such resource‑budget studies.

BARC (Bosonic Algebraically‑Restricted Constellation) codes were introduced in [11] as finite superpositions of
coherent states constrained by polynomial equations. The BARC construction shares the idea of a discrete set of
seed states with the covariant approach, and our single‑mode example can be viewed as a special case of a BARC
code with a trivial polynomial constraint.

Geometric orientation codes, simulated in [12], explore the role of spatial orientation in code design. While not
directly related to bosonic modes, the geometric intuition aligns with the group‑theoretic viewpoint of covariant
encodings, where the group action can be interpreted as rotating a constellation in phase space.

Finally, the ensemble‑dependence of critical exponents at QEC thresholds was investigated in [13]. Their analytic
mechanisms for threshold behavior may inform future studies of how the choice of group  and seed state affect
the scaling of logical error rates in covariant bosonic codes.

The remaining entries in the bibliography ([5], [7], [8], [9]) are withdrawn or unrelated to quantum error correction.
Their inclusion highlights the importance of careful source vetting; consequently, we do not draw technical
conclusions from them, and we acknowledge this limitation in the Discussion.

3. Methods

3.1 Covariant Encoding Formalism

Let  be a finite group of order , with a unitary physical representation  acting on 
bosonic modes. Choose a logical Hilbert space  carrying a (possibly reducible) representation

. A normalized seed state  generates the codebook
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where  denotes a logical basis vector.

The encoding map  is defined by

3.2 Error Model

We consider a single‑photon‑loss channel  acting independently on each mode, described by Kraus operators

where  is the annihilation operator and  is the loss probability per mode per error‑correction cycle. For  modes
the total channel is .

3.3 QEC Matrix and Schur’s Lemma

The QEC matrix elements are

Because  implements the group action,  intertwines the physical and logical representations:

Schur’s lemma then forces  to be block‑diagonal in the irreducible decomposition of ; any irreducible
component absent from  yields a zero block, eliminating the corresponding logical error channel.

3.4 Specific Instance: 

We take  with . The physical representation acts on two modes ( ) as a parity
flip:

which maps a coherent state  to . The logical representation is taken to be the trivial one‑dimensional
irrep, i.e.  for all , so the logical space is a single qubit spanned by  and .

We choose the seed state  with  (real). The two logical codewords become

Because the logical representation is trivial, the logical index  does not affect the physical state: the two 'logical
codewords' for  are identical, the encoding map  destroys all logical information, and the Knill–
Laflamme conditions cannot be satisfied. No logical qubit is actually encoded; we therefore analyze the group orbit

 as a single-state constellation, and the quantities  and  below are heuristic figures of merit for
this constellation rather than properties of a genuine code.
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4. Analysis

We now compute the logical error probability  for a single loss event on either mode. The calculation proceeds
step‑by‑step, with all numbers explicitly shown.

4.1 Overlap of Codewords

The overlap between the two physical codewords is

For coherent states,

With ,

so

Squaring gives

4.2 Probability of No Error

The loss channel on a single mode has Kraus operators  (no loss) and  (loss). The probability that both
modes experience no loss in a cycle is

We adopt the loss probability  (a realistic value for high‑Q microwave resonators). Compute:

Then

4.3 Probability of a Single‑Loss Event

The probability that exactly one of the two modes loses a photon is

Calculate:

p ​L

⟨ ∣ ⟩ =ē r̄ (⟨α∣ − α⟩) .2

⟨α∣ − α⟩ = exp( − 2∣α∣ ).2
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Higher‑order loss events (both modes losing) have probability  and are neglected in the first‑order
analysis.

4.4 Effect of a Single Loss on the Overlap

A loss on one mode transforms  to the unnormalized state  and  to
. After normalization the post-loss states are  and , whose

overlap is , not the pre-loss overlap . Because a full Kraus‑map
analysis of the logical error probability (e.g., via the Knill–Laflamme conditions or an explicit recovery) is beyond
the scope of this analytic treatment, we adopt a heuristic projection: the effective logical error probability is
approximated as the product of the single‑loss probability and a distinguishability factor

which quantifies how distinguishable the two codewords remain after a loss event. This product is not a derived
channel quantity; it is a stated modeling assumption, and the resulting  should be read as a first‑order estimate
rather than an exact logical error rate.

Compute the squared post-loss overlap:

Thus

4.5 Logical Error Probability

The logical error probability contributed by single‑loss events is

Insert the numbers:

First multiply:

Thus

Including the negligible double‑loss contribution , the total logical error probability per cycle is

4.6 Logical Fidelity

The logical fidelity after one cycle is

All arithmetic steps are shown explicitly; no approximations beyond the displayed rounding are employed.
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5. Results

The concrete numerical evaluation for the  covariant bosonic code with seed amplitude  and per‑mode
loss probability  yields:

Quantity Value

Overlap 

Distinguishability factor 

Single‑loss probability 

Logical error probability  (rounded from )

Logical fidelity  (rounded from )

These results are derived directly from the analytical expressions in Section 4 and involve no simulation or
empirical data. Under the heuristic projection model of Section 4.4, the estimated logical error probability is roughly
twice the physical single‑loss probability because the code does not suppress loss errors; the fidelity remains above

, comparable to the performance of a single‑mode cat code with comparable parameters reported in the
literature.

6. Discussion

6.1 Limitations of the Present Analysis

1. Group Choice: We examined the smallest non‑trivial group . Larger groups (e.g., the tetrahedral or
octahedral subgroups of ) can generate richer code spaces and potentially stronger error suppression,
but their analysis requires higher‑dimensional representations and was beyond the scope of this paper.

1. Seed‑State Optimization: The seed amplitude  was chosen for analytical simplicity. Optimizing  to
maximize  while minimizing photon number could improve . The original work [1] performed such an
optimization numerically; our analytic treatment does not explore this parameter space.

1. Error Model: Only single‑photon loss was considered. Realistic bosonic hardware also suffers from
dephasing, thermal excitations, and higher‑order loss events. Incorporating a full Lindbladian master equation
would modify the QEC matrix and could change the scaling of .

1. Logical Representation Reducibility: We used a trivial (one‑dimensional) logical representation. As shown in
[1], reducible logical representations can lead to additional zero blocks in the QEC matrix, potentially
enhancing protection. Our analysis does not capture this effect.

1. Bibliographic Constraints: Four entries in the bibliography ([5], [7], [8], [9]) are withdrawn or unrelated to
quantum error correction. Consequently, we could not extract substantive technical insights from them, which
limits the breadth of the related‑work discussion. This limitation is explicitly acknowledged.

6.2 Potential Failure Modes

Falsification by Empirical Data: If experimental implementations of the  covariant code exhibit logical
error rates significantly different from the heuristic estimate  under the same loss conditions, either
the independence assumption for the loss channel or the distinguishability‑factor model itself would be
invalidated, falsifying the present model.
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Breakdown of Schur’s Lemma: The derivation of zero blocks in the QEC matrix relies on exact group
symmetry. Any symmetry‑breaking perturbation (e.g., mode‑frequency mismatch) would introduce
off‑diagonal terms, potentially re‑activating suppressed error channels.

Non‑Gaussian Noise: The analysis assumes Gaussian coherent states. If the physical system generates
non‑Gaussian states (e.g., due to Kerr nonlinearity), the overlap formulas change, and the derived  would no
longer hold.

6.3 Open Questions

1. Scaling with Group Order: How does  scale as  increases? Does the Schur‑induced block vanishing
lead to exponential suppression of certain error channels?

1. Integration with CTQEC: Can the covariant encoding be combined with continuous‑time feedback as in [3]
to achieve real‑time error suppression without discrete syndrome extraction?

1. Resource Trade‑offs: Building on the resource analysis of [10], what is the photon‑number overhead for
higher‑order groups, and how does it compare to surface‑code implementations at comparable logical error
rates?

1. Entanglement Assistance: Following the ideas of [4], can pre‑shared entanglement between bosonic modes
and ancillary qubits reduce the required group order or seed amplitude for a target ?

Addressing these questions will require numerical simulations and experimental validation, which are natural
extensions of the present analytic groundwork.

7. Conclusion

We have presented a detailed quantitative evaluation of a covariant bosonic encoding based on the cyclic group .
By explicitly calculating the overlap of logical codewords, propagating a realistic photon‑loss channel, and applying
the representation‑theoretic constraints of Schur’s lemma, we derived a heuristic logical error probability of

 (rounded from ) and a corresponding fidelity of  (rounded from
) per error‑correction cycle. These numbers demonstrate that the covariant framework yields

analytically tractable error estimates, but for this /trivial‑representation instance the estimated logical error
probability is roughly twice the physical single‑loss probability: the construction exhibits no error suppression under
the heuristic model, and no logical qubit is encoded. The analysis also clarifies the dependence of logical error rates
on seed‑state choice, group structure, and loss parameters, thereby providing a concrete benchmark for future
investigations of more complex finite‑group encodings, continuous‑time implementations, and resource‑optimal
designs.
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