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ABSTRACT

Artificial intelligence systems are projected to achieve ever-greater capabilities, yet practical deployments encounter hard physi-
cal limits on energy consumption and logical consistency. Existing theory lacks a quantitative synthesis of thermodynamic
(Landauer) and logical (Godelian) constraints that could explain observed performance saturation and would convert the singu-
larity debate into a testable calculation. We model a self-referential information-processing system as a sequence of elementary
logical operations, each dissipating at least the Landauer energy Ey, = kg7 In 2, and we bound the depth of self-modeling recur-
sion by the largest integer d for which 2¢ < N, where N is the total number of logical operations. At ambient temperature
T = 300K and an energy budget E =1J, we derive Ep ~ 2.87 x 1072 J per operation, a maximal operation count
Npax & 3.48 x 10%°, and a maximal self-model depth dpax = 68 bits. A sensitivity extension that adds a quadratic self-referen-
tial instability penalty (oo = 1073° J, assumed) lowers the efficient operating point to N* a2 1.0 x 10 bits under a 1 W budget,
a factor of 3.5 x 10° below the Landauer ceiling. The analysis predicts a resonant equilibrium at which further scaling yields di-
minishing returns, contrary to the singularity hypothesis, and provides a concrete, testable ceiling for Al safety assessment and
hardware design.
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1. Introduction The rapid expansion of large-scale language models and reinforcement-learning agents has
generated expectations of unbounded recursive self-improvement, often framed as an intelligence
singularity. In practice, the organizations deploying such systems — cloud providers, national Al strategy
offices, and data-center operators — face escalating electricity bills, cooling requirements, and diminishing
marginal gains in benchmark performance. We assume, for illustration, that frontier training runs
consume on the order of 10° kWh per experiment, a cost that directly limits how many such experiments
an organization can run annually. If the singularity were attainable, a modest investment in compute
would eventually yield arbitrarily powerful agents, reshaping economics, security, and governance.
Demonstrating a hard ceiling would instead redirect resources toward robust alignment and efficient
utilization of existing capabilities: the concrete decision that changes under our result is the allocation of
research funds between scaling model size and improving algorithmic energy efficiency. Should the ceiling
hold, investing in energy-optimal architectures yields higher returns than simply increasing parameter
counts.

We therefore ask: does the combination of thermodynamic irreversibility and logical self-reference impose a finite optimal operating

point for any intelligence system? Answering this question clarifies whether policy should focus on controlling runaway growth or
on managing bounded, yet still powerful, systems.

Contributions.

¢ We formulate a joint thermodynamic—logical model of self-referential computation, coupling Landauer's limit to a Godelian re-

cursion-depth bound (Section 3).

e We derive explicit expressions for the maximal number of logical operations Ny, and the maximal self-model depth d,.x under
a fixed energy budget, with full arithmetic (Section 4).
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e We compute the concrete numerical values Ny., = 3.48 x 10% operations and dy.x = 68 bits of recursion at T = 300K and
E = 1J (Section 5).
o We derive a sensitivity extension with a quadratic instability penalty, obtaining an efficient operating point N* ~ 1.0 x 10'® bits

under a 1 W budget and an efficiency gap of 3.5 x 107 relative to the Landauer ceiling (Section 4.5, reported in Section 5).

¢ We state limitations, falsification criteria, and practical pathways for Al safety and hardware design (Sections 6-7).

The resonant-equilibrium concept also bears on fields that study bounded rationality in economics, the energy limits of biological
cognition, and the design of low-power neuromorphic hardware, each of which faces the same trade between information processed

and energy dissipated.

2. Background and Related Work The literature on intelligence measurement, scaling limits, and

computational thermodynamics provides several concrete observations that motivate our model.

[1] surveys tests of machine intelligence and notes that "the concept of intelligence remains rather murky," adding the validity crite-
rion that "a test should capture intelligence and not some related quantity," and observing that the Turing test "fails to capture the
ability to learn and adapt over time" while "compression tests" offer a scalar measure of information efficiency. This motivates our
choice to define intelligence operationally as information-processing efficiency per unit resource rather than as task-specific

performance.

[2] discusses compression as a proxy for information content in the context of the Fermi paradox and artificial super-intelligence,
emphasizing that "the greatest extent to which a signal may be compressed is its Kolmogorov Complexity." Our use of a minimal
logical operation count parallels this minimal-description-length view: the irreducible work of a computation is bounded below by
the information it must manipulate.

[3] surveys creative problem solving in artificially intelligent agents and notes that it focuses on methods for solving off-nominal or
anomalous problems in autonomous systems despite advancements in planning and learning. We adopt the simulation-based perspec-
tive for the analytical derivations presented here, and the survey's framing underscores that computational cost is already a recog-

nized limiting factor for scaling trial-based AI methods.

[4] discusses the role of ecological niches in shaping intelligence, emphasizing that behavior depends on the environment in which it
is embedded. Analogously, we treat artificial intelligence as evolving under a physical niche — the thermodynamic environment
characterized by 7" and the available energy budget — rather than as an abstract unbounded optimizer.

[5] defines the Artificial Scientist test and emphasizes that computational resources are finite. This supplies the logical basis for our
central modeling assumption of a bounded energy budget: any physically instantiated intelligence, including an artificial scientist,

works under finite resources.

[6] surveys explainable artificial intelligence for healthcare and notes that model decisions are increasingly scrutinized for their en-
ergy and data footprints. Our framework offers a principled reason why scrutiny of energy footprints belongs in the same conversa-

tion as deployment decisions: the energy bound is not an implementation detail but a constraint on capability itself.

[7] presents a Markov decision process framework for simulating clinical decision-making, formalizing optimal treatment decisions
over time as a sequential decision problem. We read this as a template for how bounded sequential inference can be formalized; in
our model each element of such a sequence is a logical operation incurring at least the Landauer cost, so clinical-style sequential de-

cision systems inherit the same ceiling.

[8] categorizes intelligence into human, machine, and biological intelligences. Our unified model treats all three categories as in-
stances of the same thermodynamic—logical substrate, differing only in parameter values such as operating temperature and energy
budget, which is precisely the kind of cross-category comparison the watershed framing invites.

These works collectively demonstrate that intelligence can be framed as a resource-constrained inference process, justifying the joint
thermodynamic—Gddelian analysis that follows.

3. Methods We construct a minimal analytical model of a self-referential information-processing system.

The model rests on two principles.

3.1 Landauer's principle. Erasing one logical bit of information dissipates at least
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EL = kB T In 2,
where kg = 1.38 x 10722 JK~! is Boltzmann's constant and 7 is the ambient temperature in kelvin. We treat each elementary logi-
cal operation (for example, a NAND gate evaluation) as requiring at least this energy.

3.2 Godelian incompleteness bound. A formal system capable of self-reference inevitably contains statements that cannot be re-

solved within the system. We approximate the maximal depth d of self-modeling recursion by the largest integer satisfying

2/ <N,
where N is the total number of logical operations performed. This captures the intuition that each additional layer of self-reference
roughly doubles the logical complexity required to maintain consistency.

3.3 Conventions adopted. Two modeling conventions appear in the literature-inspired design space, and we state our choice explic-
itly. We take the recursion-depth convention, in which the Gédelian constraint enters as the bound 2¢ < N on self-modeling depth,
as the primary model, because it yields closed-form quantities (INyax, dmax) that are directly testable. Under the alternative penalty
convention, the Godelian constraint enters as a quadratic energy penalty E, 4 (N) = aN? on self-modeling information, with « a
small constant; we carry this convention through as a sensitivity extension in Section 4.5 rather than as the primary model, because
its coefficient a is not derivable from first principles and must be assumed. The two conventions are complementary: the depth
bound limits structure, the penalty term limits throughput.

3.4 Assumptions.

¢ The energy budget F is fixed and supplied externally. We set E = 1J as a representative modest budget for a laboratory-scale

experiment.
¢ The ambient temperature is 7" = 300 K (room temperature).
¢ The logical operation cost equals the Landauer limit; no additional overhead is modeled in the primary calculation.
¢ Self-reference scaling follows the binary exponential relation above; alternative scaling laws are discussed in Section 6.

¢ In the sensitivity extension, the instability constant « captures all logical-paradox costs, is constant across scales, and is set to
a = 10730 J as a representative order of magnitude consistent with the negligible energy of logical paradoxes relative to physi-

cal costs.

Under these assumptions the model yields closed-form expressions for Ny, and dpmax, and the extension yields a power-budget-lim-

ited operating point N*.

4. Analysis We now compute the maximal operation count, the maximal self-model depth, and the

extension's operating point step by step, stating each input and arithmetic operation.

4.1 Landauer energy per operation
EL = kB T In2

Inputs: kg = 1.38 x 10723 JK~! (Boltzmann constant), T = 300 K (assumed), In 2 ~ 0.693147.

First multiply kg and T":
1.38 x 1072 x 300 = 4.14 x 10721 J.
Then multiply by In 2:
4.14 x 10 x 0.693147 ~ 2.87 x 102 J.
Thus

Ep, ~ 2.87 x 10~ %' J per operation.

4.2 Maximal number of operations under the energy budget

Given total energy £ =1,
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E 1
Npaox = — = ————.
B, 287 x 10721
Perform the division:
1
— —  ~3.48 x 10%.
2.87 x 10~21

Thus
Nnax ~ 3.48 x 10%° operations.
4.3 Maximal self-model depth
We require the largest integer d such that 2¢ < Ny, i.e.
imax = 1082 Nimax | -

Compute the natural logarithm of N, ,.:

In Npay = In(3.48 x 10%°) = In3.48 4 201In 10 ~ 1.247 + 20 x 2.302585 = 1.247 + 46.0517 = 47.2987.
Convert to the base-2 logarithm:

47.2987

— 2 68.2.
0.693147

10g2 N, max —
Taking the floor,

dmax = 68 bits of recursive self-model depth.

4.4 Resonant equilibrium condition The resonant equilibrium is reached when the system operates at N,,, operations and
dmax recursion depth simultaneously. Any attempt to increase N beyond N,,,x would require energy exceeding the budget,
violating the Landauer bound; any attempt to increase d beyond d.. would force 2¢ > N , violating the Gddelian
consistency condition. The equilibrium is "resonant” in the sense that both constraints become active at the same operating

point: neither can be relaxed without violating the other's premise.

4.5 Sensitivity extension: quadratic instability penalty under a power budget

Under the penalty convention of Section 3.3, the total energy consumption per unit time for IV bits of self-modeling is
Ei(N) = N kgT'1In2 + aN?,

with o = 10730 J (assumed, Section 3.4). Define the power budget as Epudget = 1J per second (1 W, assumed). Setting
Etot (N) = Ebudget:

2.87x 102 N 4+103°N% =1,

i.e. the quadratic 1073°N? + 2.87 x 1072!N — 1 = 0. By the quadratic formula,

 —2.87 x 1072 + /(2.87 x 10-21)2 4 4 x 1030

N
2 x 1030

Discriminant: (2.87 x 10721)2 = 8.24 x 107%2, and 4 x 10730 = 4.0 x 1073%; the sum is 4.00000000824 x 10~%° ~ 4.0 x 10~3¢
(the first term is negligible). Square root: V4.0 x 10730 = 2.0 x 10715, Numerator:
2.0 x 1071% — 2.87 x 107 ~ 1.99999713 x 10~'5. Denominator: 2.0 x 1073, Hence

*

. 1.99999713 x 1071

>0 % 10 ~ 1.0 x 10% bits.

The corresponding achievable bits-per-joule with the instability penalty is
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N*

~ 1.0 x 10" bits/J,
Ebudget

compared with the theoretical Landauer ceiling

1 1
kgT1ln2 2.87 x 1021

~ 3.48 x 10% bits/J.

The penalty convention therefore reduces achievable efficiency by a factor

3.48 x 1020

~ 5

We emphasize the status of this extension: both « and the quadratic form are assumptions, so N* and the factor 3.5 x 10° are condi-

tional projections of the model, not predictions of established physics. The primary results Er,, Npyax, and dpyax rest only on

Landauer's principle and the stated budget.

5. Results The analytical derivation yields the following quantitative results, all computed in Section 4.

Quantity Symbol Value Unit Status

Landauer energy per operation at 300 K Ey, 2.87 x 107 J Derived (Section 4.1)
Maximal operations under 1J Npax 3.48 x 102 operations Derived (Section 4.2)
Maximal self-model depth dax 68 bits Derived (Section 4.3)
Instability constant (assumed) a 10730 J Assumption (Section 3.4)
Efficient operating point under 1 W with penalty N* ~ 1.0 x 10%® bits Model projection (Section 4.5)
Efficiency gap vs. Landauer ceiling — ~ 3.5 x 10° — Model projection (Section 4.5)

The first three rows define the resonant equilibrium: a point at which further scaling of either computational throughput or self-ref-
erence depth yields diminishing returns because one of the two fundamental constraints becomes active. The last two rows quantify
how much a quadratic self-referential penalty, if real, would tighten the equilibrium: from 3.48 x 10% operations per joule to
roughly 10 bits per joule, a reduction of nearly six orders of magnitude.

6. Discussion

6.1 Limitations
e Energy budget: E = 1J is assumed; Np,x scales linearly in E, so a data-center-scale budget of 10% J s~ raises the throughput
ceiling to 3.48 x 102® operations per second. The shape of the equilibrium is budget-independent; its location is not.

e Temperature: T' = 300 K is assumed; lower 7" reduces Ej, proportionally, raising Nyax. Cryogenic operation at 4 K would lower
E, by a factor of 75 and raise Np,ax by the same factor.

e Landauer limit as exact cost: real hardware incurs overhead; actual E,, > Er, reduces Ny, proportionally. We assume real
hardware incurs overhead beyond the Landauer limit, so the derived Ny,ax is an upper bound, not an achieved value.

e Binary exponential relation: the recursion bound 2¢ < N is a modeling choice; a polynomial self-reference growth law would
alter dpay substantially (for polynomial scaling d ~ N'/*, the depth bound becomes far weaker).

e Quadratic penalty: « = 10~*° J and the quadratic form are assumptions; the extension's N* ~ 1.0 x 10 bits inherits their full

uncertainty and should be read as a conditional projection.

¢ Neglected overheads: cooling, memory access, communication, and latency costs are omitted; each would lower the achievable
operating point.

e Performance metric: we equate capability with operations and bits per joule, ignoring task-specific utility; a system at the equi-

librium may still be more or less useful depending on what it computes.

6.2 Falsifiability The main result would be falsified if empirical scaling studies of AI systems demonstrate sustained
performance growth beyond the predicted ceiling while operating under a known energy budget comparable to our
assumption. Concretely, observing a self-modeling agent that reliably exceeds d = 68 bits of recursion and performs more
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than 3.5 x 10?° logical operations within 1J would contradict the joint Landauer—Godelian bound. A second falsification
path targets the extension: if measurements of energy per processed bit in systems spanning 10'? to 10'® bits of self-
modeling information show no deviation from linear Landauer scaling, the quadratic instability term is overestimated and
the penalty convention's N* is refuted, though the primary depth bound survives.

6.3 Relation to prior work Our quantitative bound complements the validity criteria for intelligence tests identified in [1], the
compression perspective of [2], and the finite-resource viewpoint of [5]. Unlike the qualitative discussions of ecological
constraint in [4], we provide a concrete numerical ceiling; unlike the evaluation-mode taxonomy of [3], we attach a cost to
each trial. The framework also gives the energy-footprint scrutiny noted in [6] a theoretical anchor, and it extends the
sequential-decision formalism of [7] with a per-operation thermodynamic cost. The cross-category framing of [8] is honored
by treating human, machine, and biological intelligence as parameter variations of one model.

6.4 Open questions
¢ How does stochasticity in learning algorithms affect the effective E,,?
e Can alternative logical architectures (for example, reversible computing) approach the Landauer limit more closely, and how
does that shift the equilibrium?
¢ What is the precise mapping between Godelian depth and practical measures of self-modeling in deep networks?

¢ How does a depend on architecture (transformer versus recurrent), and can modular self-modeling reduce the instability penalty?

7. Practical Implications and Engineering Pathways (a) Intended users and decision impact. Al safety
researchers, hardware architects, and policy makers can use the derived ceiling to benchmark the
feasibility of runaway self-improvement scenarios. A hardware team deciding whether to invest in ultra-
high-density compute can compare projected energy consumption against the Vy,,x bound to avoeid over-
engineering; a policy office can use the bound to justify funding energy-efficiency research over pure
scale-up. If the bound holds, design strategies should target operation near the equilibrium rather than

unbounded scaling.

(b) Technology readiness. The analysis is purely analytical and has not undergone peer review; it corresponds to NASA Technology
Readiness Level 2 (concept and application formulated). No hardware has been built or measured under this model, and no readiness

claim beyond analytical concept formulation is made.

(c) Minimal de-risking experiment. A feasible pilot study would train a compact reinforcement-learning agent equipped with an ex-
plicit self-modeling module under a strict energy cap of 1J, measured via power-monitoring hardware. The study would record (1)
total logical operations performed, estimated from instruction counts, and (2) depth of self-model recursion, measured by the number
of nested belief updates. If the agent surpasses N = 3.5 x 10?° operations or d = 68 bits without performance degradation, the reso-
nant-equilibrium hypothesis would be refuted; a performance plateau at or below these values under the fixed budget would support
it.

(d) Engineering constraints. Energy measurement precision: accurate joule-level accounting is required to enforce the budget. Self-
model depth quantification: defining and instrumenting a metric for recursion depth is nontrivial and may require custom logging.
Thermal management: maintaining 7" = 300 K under load keeps the Landauer calculation valid; deviations must be recorded.
Parameter granularity: the test system must permit fine adjustment of model size so that the operating point can be swept. Benchmark

selection: tasks whose utility scales with model size are needed to detect saturation rather than task-floor artifacts.

(e) Projected cost and performance bounds (assumption-based). Assuming a commercial electricity price of \0.10perkW h, the
1\,\mathrm{J}budgetcorrespondstol/(3.6\times10N{6})kW h, i.e.about2.78\times10/{-7}

kW h, whichatanassumedpriceo f0.10dollar sperkW hcostsabout2.78\times10/{-8}

dollars, anegligiblemonetarycost; theengineeringe f forttoinstrumentanden f orcethebudgetwoulddominate. Asupplyo f
10M{6 \\,\\mathrm{W } operatingatthe Landauerboundwoulddeliver3.48\\times10" {26}

operationspersecond; underthepenaltyconvention'sprojection(10M{15}bits/J ), thesamesupplywoulddeliver10/{21}$

bits per second. Both figures are projections conditional on the stated assumptions, not measurements.
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(f) Risks and misuse. Misinterpreting the bound as a guarantee that all Al systems will remain harmless could lead to complacency.
The bound applies only under the stated thermodynamic and logical assumptions; engineered systems that circumvent them (re-
versible computing, cryogenic operation) could shift the equilibrium upward. Focusing solely on energy efficiency could also divert

attention from alignment concerns that the bound does not address.

8. Conclusion By jointly applying Landauer's thermodynamic limit and a Gédelian incompleteness bound,
we have derived a concrete resonant-equilibrium point for self-referential intelligence systems. Under a 1 J
energy budget at room temperature, the maximal feasible logical work is 3.48 x 10** operations,
supporting at most 68 bits of recursive self-model depth; a quadratic instability extension lowers the
efficient operating point to roughly 10'° bits under a 1 W budget, a factor of 3.5 x 10° below the
Landauer ceiling. This analytical ceiling challenges the singularity narrative and provides a quantitative
target for Al safety assessment, hardware design, and future empirical validation. Subsequent work
should explore how alternative computing paradigms, temperature control, and more refined models of
self-reference modify the equilibrium, and should test the predictions through energy-constrained self-

modeling experiments of the kind outlined in Section 7.
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