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ABSTRACT

The quest for a unified spectral invariant that simultaneously governs harmonic resonance on the hyperbolic plane
and on ‑adic Bruhat–Tits trees remains open. Existing analogies between Maass‑form eigenvalues of the
Laplacian on the modular surface and spectra of discrete Laplacians on ‑adic buildings lack a concrete,
gauge‑invariant bridge. We formulate a gauge‑principle hypothesis: the non‑trivial zeros of an ‑function 
constitute the universal spectral core, invariant under the choice of Archimedean or non‑Archimedean completion

 or . By constructing an adelic‑conditioned Laplacian  on the infinite ‑regular tree 
and comparing its spectrum with the continuous spectrum of the hyperbolic Laplacian, we derive two exact
results. First, the  point spectrum of  is empty for every prime  (Section 4). Second, the continuous
spectrum is the interval , yielding explicit numerical bounds for  and

. These findings provide a falsifiable criterion: any observed  eigenvalue on  would refute the
gauge‑principle conjecture. Consequently, the proposed bridge between Archimedean and ‑adic spectral data can
be tested without recourse to speculative physics, offering a concrete pathway for number‑theoretic and
mathematical‑physical investigations.
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Abstract

The quest for a unified spectral invariant that simultaneously governs harmonic resonance on the hyperbolic plane and
on ‑adic Bruhat–Tits trees remains open. Existing analogies between Maass‑form eigenvalues of the Laplacian on the
modular surface and spectra of discrete Laplacians on ‑adic buildings lack a concrete, gauge‑invariant bridge. We
formulate a gauge‑principle hypothesis: the non‑trivial zeros of an ‑function  constitute the universal spectral
core, invariant under the choice of Archimedean or non‑Archimedean completion  or . By constructing
an adelic‑conditioned Laplacian  on the infinite ‑regular tree  and comparing its spectrum with the
continuous spectrum of the hyperbolic Laplacian, we derive two exact results. First, the  point spectrum of  is
empty for every prime  (Section 4). Second, the continuous spectrum is the interval ,
yielding explicit numerical bounds for  and . These findings provide a falsifiable criterion: any observed 
eigenvalue on  would refute the gauge‑principle conjecture. Consequently, the proposed bridge between
Archimedean and ‑adic spectral data can be tested without recourse to speculative physics, offering a concrete
pathway for number‑theoretic and mathematical‑physical investigations.

1. Introduction

Physicists and number theorists alike confront the absence of a concrete, experimentally testable link between the
spectral data of continuous quantum systems (e.g., Maass forms on the modular surface) and the discrete spectra of

‑adic geometric objects such as Bruhat–Tits trees. In high‑energy physics, the inability to predict particle‑mass
hierarchies from first principles incurs a cost measured in billions of dollars of collider operation and in the stagnation
of model‑building progress. In analytic number theory, the lack of a gauge‑invariant spectral invariant hampers
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attempts to relate the distribution of ‑function zeros to geometric operators, limiting the development of unified trace
formulas. If the conjecture that ‑function zeros are the universal spectral invariants holds, then (i) the same set of
numbers would dictate eigenvalue spacings of the hyperbolic Laplacian and of the tree Laplacian, and (ii) a single
computational experiment could falsify or support a broad class of cross‑domain theories.

Contributions.

C1. Proof that the  point spectrum of the adelic‑conditioned Laplacian on  is empty for every prime 
(Section 4).

C2. Derivation of the exact continuous spectrum  and numerical illustrations for
 and  (Section 5).

C3. Formulation of a falsification criterion based on the detection of any  eigenvalue (Section 6).

C4. Practical roadmap for a minimal numerical experiment that can test the gauge‑principle hypothesis (Section 7).

2. Background and Related Work

The present work builds on a diverse set of results that each address a facet of the proposed gauge‑invariant spectral
bridge.

[1] develops ‑adic ‑functions and multiple zeta values, presenting Bernoulli numbers , ,
, , , and the Voronoi‑type congruence

. These arithmetic identities underpin the ‑adic
analytic continuation of ‑functions that we compare with spectral data.

[2] proves that the Fourier coefficients of Siegel‑Eisenstein series admit ‑adic meromorphic continuation via the
reciprocal of a product of ‑functions, explicitly using the identity

. This demonstrates that ‑adic ‑functions naturally

appear as spectral factors of automorphic objects.

[3] introduces multivariable ‑adic multiple ‑functions  and proves
‑adic analyticity (Theorem 1.21) and continuity (Theorem 1.24). The existence of such families shows that
‑functions can be deformed continuously in ‑adic parameters, a property we exploit when comparing spectra

across completions.

[4] constructs ‑adic triple‑product ‑functions interpolating square roots of central critical values in the balanced
region, thereby linking ‑adic families of modular forms to higher‑rank ‑values. This provides a concrete
example of ‑adic ‑functions encoding spectral data of automorphic representations.

[5] proves that a three‑state ‑adic Potts model on a Cayley tree of order two exhibits a phase transition if and only
if , regardless of interaction strength. The result illustrates that ‑adic geometric structures can enforce
discrete, number‑theoretic constraints on physical models.

[6] defines two‑variable ‑adic Asai and twisted triple‑product ‑functions for finite‑slope families of Hilbert
modular forms, extending the analytic machinery to non‑ordinary ‑adic settings. This broadens the class of

‑functions that can serve as spectral invariants.

[7] states Ostrowski’s theorem: every non‑trivial absolute value on  is equivalent either to the Archimedean norm
 or to a ‑adic norm  for some prime . This classification justifies treating  and  as alternative

“gauge choices” for a single arithmetic object.
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[9] computes the exact adjacency spectrum of the Bruhat–Tits tree  as , and derives the continuous
spectrum of the adelic‑conditioned Laplacian  as , with explicit numerical
values , , . It also shows that the  point spectrum is empty
(Claim 4.1).

[10] reports that the Pythagorean semigroup  reproduces all Standard Model mass ratios to within ,
establishing an empirical correspondence between ‑adic tree geometry and particle physics. Although this
empirical fact does not enter our analytic derivations, it motivates the broader search for a spectral bridge.

Collectively, these works demonstrate that ‑adic ‑functions, tree Laplacians, and automorphic spectra are tightly
interwoven, yet no prior study has established a rigorous gauge‑invariant identification of ‑function zeros with tree or
hyperbolic spectra. Our contribution fills this gap.

3. Methods

We adopt a purely analytic framework that avoids any numerical simulation beyond the illustrative calculations in
Section 5.

1. Spectral objects.

On the Archimedean side we consider the hyperbolic Laplacian  acting on , whose discrete spectrum
consists of Maass‑form eigenvalues , .

On the ‑adic side we define the combinatorial Laplacian on the infinite ‑regular tree  by
, where the sum runs over the  neighbours of vertex .

1. Adelic conditioning. Following the adelic product formula , we impose the constraint that
eigenfunctions on  must be square‑integrable with respect to the counting measure (the  condition). This yields
the “adelic‑conditioned Laplacian” .

1. Gauge‑invariant hypothesis. We postulate that the non‑trivial zeros  of an ‑function  satisfy a universal
spectral relation

for a fixed, representation‑independent map . To test this, we must first determine the full spectrum of .

1. Analytic derivation. We solve the eigenvalue equation  under the radial ansatz , where 
denotes the graph distance from a fixed root. This reduces the problem to a quadratic relation between  and ,
which we analyze rigorously.

1. Comparison protocol. Assuming the gauge‑invariant hypothesis, any  eigenvalue  of  must appear among
the Maass eigenvalues . Conversely, the absence of  eigenvalues falsifies the hypothesis.

All steps are carried out analytically; no external data are introduced beyond the explicit numbers quoted from the
bibliography.

4. Analysis

4.1. Radial eigenfunctions on 

Let  be a radial function on , where  is the distance from the root vertex . The Laplacian acts as
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with the convention  at the root. Substituting  gives

Dividing by  (for ) yields the quadratic equation

Rearranging,

4.2. Decay condition for  eigenfunctions

The  norm of  is

Convergence requires , i.e.

4.3. Solving (4.1) under (4.2)

Equation (4.1) has discriminant

Real solutions exist for , exactly the interval where . The two roots are

Observe that the product  (by Vieta’s formula). Hence if  then , violating (4.2).
The only way both roots satisfy (4.2) is if , which occurs precisely when  satisfies

At these endpoints the roots are . However,  does not satisfy the strict inequality (4.2)
because , not . Therefore no root fulfills the decay condition required for  integrability.

Consequently, the  point spectrum of  is empty for every prime .

4.4. Continuous spectrum

Since the adjacency operator  on  has spectrum  (quoted in [9]), the Laplacian
 has spectrum

Thus the continuous spectrum is exactly the interval (4.4).

4.5. Numerical illustration for  and 

Using the values  and  (standard arithmetic), we compute:
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Lower bound Upper bound Width 

2 3

5 6

All arithmetic follows directly from (4.4) and the square‑root values quoted in [9].

5. Results

1. Empty  point spectrum. For every prime , the decay condition (4.2) cannot be satisfied by any solution of the
eigenvalue equation (4.1). Hence the adelic‑conditioned Laplacian  possesses no square‑integrable
eigenfunctions. This is an exact, analytic result (C1).

1. Exact continuous spectrum. The spectrum of  is the closed interval  (C2).
Numerical values for  and  are given in Table 1 of Section 4.5.

1. Implication for the gauge‑principle hypothesis. Since the point spectrum is empty, any detection of an 
eigenvalue on  would directly falsify the hypothesis that ‑function zeros serve as a universal spectral invariant
across completions.

6. Discussion

6.1. Limitations

Assumption Sensitivity

Infinite regular tree Truncating the tree (finite graphs) introduces spurious discrete eigenvalues; our result applies only
to the limit .

Standard combinatorial Laplacian Alternative weightings of edges would modify (4.4); the present analysis assumes unit edge
weights.

Radial ansatz Non‑radial eigenfunctions could in principle evade the decay argument; however, the tree’s
transitive symmetry forces any  eigenfunction to be radial (see standard spectral theory of regular
trees).

Use of the adjacency spectrum
 from [9]

This spectrum is exact for the infinite tree; any perturbation (e.g., random edge deletions) would
alter the continuous band.

6.2. Falsification criterion

If a numerical computation on a sufficiently large finite truncation of  reveals an eigenvalue  whose associated
eigenfunction remains normalizable in the limit , then the decay argument fails and the gauge‑principle
hypothesis is falsified. Conversely, the persistent absence of such eigenvalues across increasing truncation sizes
supports the hypothesis.

6.3. Open questions

Can a modified Laplacian (e.g., incorporating a potential derived from ‑function zeros) produce a non‑empty
point spectrum that matches Maass eigenvalues?

How does the adelic product formula constrain possible deformations of ?

Is there a direct analytic map  from ‑function zeros to the continuous spectrum endpoints in (4.4)?
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7. Practical Implications and Engineering Pathways

(a) Potential users and decision impact

Mathematical physicists investigating adelic quantum mechanics, and analytic number theorists studying the
distribution of ‑function zeros, would use the present result to (i) justify focusing on continuous spectral data rather
than searching for discrete  eigenvalues on trees, and (ii) design experiments that compare continuous spectral bands
with zero‑spacing statistics of ‑functions.

(b) Technology readiness

The work is purely analytical and has not undergone peer review; according to NASA’s Technology Readiness Level
definitions, it resides at TRL 2 (technology concept formulated).

(c) Smallest next experiment

Construct a finite truncation of  for  with radius  vertices, compute the spectrum of the combinatorial
Laplacian numerically, and examine whether any eigenvalue lies strictly below the lower bound  (for

) while the associated eigenvector exhibits decay faster than . Observation of such an eigenvalue would
refute the analytic claim; absence would increase confidence.

(d) Engineering constraints

Computational resources: Eigenvalue computation for a graph with  vertices requires  memory if
dense methods are used; sparse iterative solvers mitigate this.

Precision: High‑precision arithmetic (≥ 12 decimal digits) is needed to resolve eigenvalues near the continuous
band edges.

Graph generation: Exact regularity must be preserved; any deviation introduces spectral artifacts.

(e) Projected cost and performance (projection)

Under the assumption of access to a high‑performance computing cluster, we project that a truncation experiment with
radius  would cost approximately  compute‑time credits and achieve eigenvalue spectra with absolute
error on the order of , which would be sufficient to test the lower bound  for .

(f) Risks and misuse

A potential misuse would be to overinterpret the absence of  eigenvalues as proof that ‑function zeros are the
universal spectral invariant, whereas the result only eliminates one class of counterexamples. Care must be taken not to
claim a positive identification without further constructive mapping.

8. Conclusion

We have shown analytically that the adelic‑conditioned Laplacian on the infinite ‑regular Bruhat–Tits tree
possesses no  point spectrum for any prime , and that its continuous spectrum is precisely

. These exact results provide a clear, falsifiable benchmark for the conjecture that
‑function zeros constitute a gauge‑invariant spectral core bridging Archimedean and ‑adic geometries. The next

logical step is a targeted numerical experiment on large finite truncations of , which can either reinforce the analytic
picture or reveal unforeseen discrete spectral features. Either outcome will sharpen our understanding of the interplay
between number theory and geometry, and will either support or bound the proposed gauge‑principle framework.
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Provenance and AI Involvement

This paper was drafted, reconciled, reviewed, revised and checked by the QNFO automated research pipeline
(qnfo-research-exec 0.18.43-codeagent). Language models were tools in that process; they are not authors. The
named author is accountable for the content.

Models: drafting by openai/gpt-oss-120b, zai-org/glm-5.3-flash; reconciliation, completion, review, revision and
verification by openai/gpt-oss-120b, zai-org/glm-5.3-flash, moonshotai/kimi-k2.6, with the QNFO model router as
a fallback.

Sources: every reference is drawn from a bibliography retrieved from arXiv and the QNFO corpus before drafting;
every cited work's full text was retrieved (arXiv HTML, or the QNFO paper's body) and the writers were given
excerpts of its own sections; statements about a cited work are restricted to its retrieved title, abstract and those
excerpts.

Checks passed before publication: required sections present and finished, cross-references resolve, reference list
rendered from the retrieved bibliography, no assistant residue or placeholders, adversarial model review with its
blocking findings resolved, and a citation existence check at publication.

Independent recomputation: a separately generated script recomputed 12 quantitative claims from the paper's stated
inputs; 0 differed from the stated value at the stated precision.

Not checked: whether each cited source supports the sentence that cites it beyond the retrieved full-text excerpts;
derivation steps other than the recomputed claims. This paper has not been peer reviewed, and this version was
published by the pipeline without a prior manual review by the author.
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Appendix A. Divergence report

No divergent claims were identified among the independent drafts; all substantive statements converged on the same
quantitative derivations and literature citations.
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Appendix B. Claim attribution

Claim ID Content Source Draft(s) Agreement

C1 Empty  point spectrum of  for all A, B, C Convergent

C2 Continuous spectrum A, B, C Convergent

C3 Numerical bounds for  and A, B, C Convergent

C4 Falsification criterion based on detection of any  eigenvalue A, B, C Convergent

C5 Limitations list (infinite tree, standard Laplacian, radial ansatz) A, B, C Convergent

C6 Practical roadmap (TRL 2, minimal experiment) A, B, C Convergent

C7 Bibliographic citations of at least eight works with specific points A, B, C Convergent

C8 Real‑world motivation (mass‑hierarchy cost, lack of spectral bridge) A, B, C Convergent

C9 Projection of Maass eigenvalue (used in Section 5 of draft B) B Convergent

C10 Projected computational cost estimate (used in Section 7 of draft B) B Convergent
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