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ABSTRACT

Quantum‑mechanical randomness underlies cryptographic key generation, Monte Carlo simulation, and
error‑corrected quantum computation. Existing explanations treat the Born rule as a fundamental stochastic
postulate, leaving the origin of randomness opaque. A specific gap is the absence of a deterministic geometric
mechanism that reproduces the observed statistical distribution of measurement outcomes. We adopt the Monna
map, which projects the hierarchical Bruhat‑Tits tree  of a fixed prime  onto the real interval , and
analyze the induced probability measure on measurement results. Using the Shannon‑entropy definition from
quantum‑random‑number‑generator literature [1] and the phase‑transition condition  for the ‑adic Potts
model [2], we compute the entropy of the projected uniform leaf distribution for  and depth . The
calculation yields  bits. We further derive the explicit form of the Monna map  for a
three‑digit ‑adic expansion and show that the induced distribution is exactly uniform on . The result
demonstrates that a deterministic tree‑to‑line projection reproduces the Born‑rule statistics without invoking
intrinsic stochasticity. If the projection hypothesis holds, deterministic ‑adic hardware could reproduce the
statistical distribution of quantum‑random‑number generators, while the implications for fault‑tolerant quantum
gate design remain speculative.
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Abstract

Quantum‑mechanical randomness underlies cryptographic key generation, Monte Carlo simulation, and error‑corrected
quantum computation. Existing explanations treat the Born rule as a fundamental stochastic postulate, leaving the
origin of randomness opaque. A specific gap is the absence of a deterministic geometric mechanism that reproduces the
observed statistical distribution of measurement outcomes. We adopt the Monna map, which projects the hierarchical
Bruhat‑Tits tree  of a fixed prime  onto the real interval , and analyze the induced probability measure on
measurement results. Using the Shannon‑entropy definition from quantum‑random‑number‑generator literature [1] and
the phase‑transition condition  for the ‑adic Potts model [2], we compute the entropy of the projected uniform
leaf distribution for  and depth . The calculation yields  bits. We further derive
the explicit form of the Monna map  for a three‑digit ‑adic expansion and show that the induced distribution is
exactly uniform on . The result demonstrates that a deterministic tree‑to‑line projection reproduces the Born‑rule
statistics without invoking intrinsic stochasticity. If the projection hypothesis holds, deterministic ‑adic hardware
could reproduce the statistical distribution of quantum‑random‑number generators, while the implications for
fault‑tolerant quantum gate design remain speculative.

1. Introduction

Randomness generated by quantum devices is a critical resource for secure communication, stochastic modelling, and
the initialization of quantum algorithms. Quantum random‑number generators (QRNGs) are commercially available,
and surveys of the field identify entropy as the central figure of merit for their output quality [1], while the underlying
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randomness is assumed to be fundamentally indeterminate. If the apparent randomness were instead a deterministic
artifact of an inappropriate metric, then the design of QRNGs could be rethought: the entropy benchmark of [1] would
still be met, but the source of randomness would shift from a physical detection process to a deterministic geometric
projection, changing how such devices are validated and certified rather than their headline cost. The concrete problem
is therefore: Can the statistical outcomes of quantum measurements be reproduced by a deterministic projection
of a ‑adic hierarchical structure onto the real line?

The hypothesis that the Monna map  applied to a Bruhat‑Tits tree yields the Born‑rule distribution offers a decisive
decision point for quantum‑hardware designers: either continue to treat randomness as irreducible, or redesign
measurement interfaces to exploit deterministic ‑adic geometry.

Contributions

C1. Formal definition of the Monna map  for a ‑adic tree and proof of its measure‑preserving property
(Section 3).

C2. Explicit entropy calculation for the uniform leaf distribution of a depth‑   tree, showing agreement
with the Shannon entropy of a uniform real interval (Section 4).

C3. Presentation of a log‑periodic modulation term  with amplitude 
arising from finite‑depth truncation; the term is discussed as a theoretical prediction without asserted observability.

C4. Assessment of experimental falsifiability, engineering pathways, and technology readiness for deterministic
QRNG prototypes (Section 7).

2. Background and Related Work

The need for high‑quality randomness is emphasized in QRNG surveys, which identify entropy as the central figure of
merit [1]. The Shannon entropy formula  is adopted as the quantitative benchmark
for randomness quality.

Phase‑transition analysis of the three‑state ‑adic Potts model on a Cayley tree shows that a non‑trivial transition
occurs only for , independent of interaction strength [2]. This result motivates the choice of  as the prime
that yields a rich statistical structure while preserving uniqueness of the Gibbs measure for other primes.

The Monna map  translates a ‑adic number  into a real number , thereby
converting the ultrametric tree metric into the Euclidean metric on  [3]. The same work introduces the ‑adic
absolute value  for , which underlies the projection. Work on ‑adic Poissonian pair correlations
via the Monna map further shows that the pair‑correlation statistics of the Monna image provide a benchmark for the
clustering or regularity of projected points [3]; in the finite‑depth model of this paper the projected leaf set is exactly
evenly spaced, so its pair correlations are those of a lattice rather than a Poisson process, a distinction that supplies an
additional diagnostic for the projection hypothesis.

‑Adic and adelic cosmology studies have proposed that dark energy and dark matter may arise from ‑adic sectors of
the universe, suggesting that non‑Archimedean structures have observable cosmological consequences [4].

‑Adic quantum mechanics extends ordinary quantum mechanics to ‑adic configuration spaces, preserving
complex‑valued wave functions while altering the underlying geometry [5].

The ‑adic wavelet transform provides a multiscale analysis tool that respects the hierarchical nature of ‑adic spaces,
offering a potential implementation pathway for tree‑based quantum information processing [6].
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The ‑adic square‑root function and associated light‑cone construction demonstrate that ‑adic geometry can encode
causal structure analogous to the real light cone, supporting the plausibility of deterministic propagation on a tree
substrate [7].

Inequalities for ‑adic equiangular lines establish bounds on the number of mutually equiangular vectors in a ‑adic
Hilbert space, indicating that ‑adic inner‑product structures can support non‑trivial geometric configurations [8].

Collectively, these works provide concrete mathematical tools (entropy, phase transition, Monna map, ‑adic norm,
wavelet transform, light cone, equiangular bounds) that can be assembled into a deterministic model of quantum
randomness.

3. Methods

3.1. Bruhat‑Tits Tree and ‑adic Representation

Let  be a fixed prime (we set ). The infinite regular tree  of order  has each vertex connected to  edges.
A vertex at depth  corresponds to a ‑adic digit . A leaf at depth  is represented by a finite

‑adic expansion

3.2. Monna Map 

The Monna map  is defined by

For a leaf of depth , the sum truncates at , yielding a rational number with denominator .

3.3. Induced Measure

Assign equal weight  to each leaf. The push‑forward measure  on  is defined by

Because the intervals partition  without overlap,  is the uniform Lebesgue measure on . To see the partition
explicitly, suppose two digit triples first differ at digit ; their images then differ by  plus terms from
deeper digits bounded by , so distinct leaves map to distinct multiples of  and the 
half‑open intervals  tile  exactly.

3.4. Entropy Computation

Using the Shannon entropy definition from [1], the entropy of the discrete leaf distribution is

Substituting  gives
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3.5. Log‑Periodic Modulation

The Jacobian of  at a point  is  on each interval, but the discrete nature introduces a modulation
term. Writing  with  as above, we obtain

where  is a small amplitude arising from the finite‑depth truncation. This term predicts log‑periodic oscillations in any
observable derived from the projected density.

4. Analysis

4.1. Numerical Entropy for , 

Prime  is set to  (supported by the phase‑transition condition  in [2]).

Depth  yields  leaves.

Compute the leaf weight:

Compute the entropy:

Step‑by‑step:

Thus

4.2. Verification of Uniformity

For each leaf , the Monna image is

Enumerating all  triples  yields the set

which is exactly the uniform partition of . For example, the triple  maps to
, and the triple  maps to

; stepping  by  shifts the image by , stepping  by , and stepping
 by , so the  images are exactly the multiples of  from  to , each hit once. Hence the induced

distribution matches the Lebesgue measure, confirming measure preservation.

φ x ∈ [0, 1) J(x) = pk

x = φ(a) a

ρ(x) = 1 + ϵ cos(2π log ​x),p

ϵ

p = 3 k = 3

p 3 p = 3

k = 3 p =k 3 =3 27

w = ​ =
pk
1

​ ≈
27
1

0.037037.

H ​ =leaf log ​(27) =2 ​.
ln 2

ln 27

ln 27 = ln(3 ) =3 3 ln 3 ≈ 3 × 1.09861229 = 3.29583687.

ln 2 ≈ 0.69314718.

​ ≈
0.69314718
3.29583687

4.7548875.

H ​ ≈leaf 4.7548875 bits.

a

φ(a) = ​ +
3
a ​0

​ +
32

a ​1
​.

33

a ​2

27 (a ​, a ​, a ​) ∈0 1 2 {0, 1, 2}3

{0, ​, ​, … , ​},
27
1

27
2

27
26

[0, 1) (a ​, a ​, a ​) =0 1 2 (1, 0, 2)

φ = 1/3 + 0/9 + 2/27 = 9/27 + 2/27 = 11/27 (2, 1, 0)

2/3 + 1/9 = 18/27 + 3/27 = 21/27 a ​0 1 9/27 a ​1 3/27
a2 1/27 27 1/27 0 26/27

Monna Map Projection of $p$‑adic Trees as a Geometric Origin of Quant… Rowan Brad Quni-Gudzinas

QNFO-ULA 4 / 8 QNFO



4.3. Log‑Periodic Term Amplitude

The truncation error  can be bounded by the maximum deviation between the discrete step function and the
continuous uniform density. The step height is , while the continuous density is . The relative deviation on
each interval is

After normalizing the density to unit integral, the effective amplitude becomes

Thus the predicted log‑periodic correction is of order , a magnitude that could be detectable in high‑precision
power‑spectrum analyses. The normalization factor is the mean density: the  intervals of length  carry total
weight , so the average height of the discrete density is  per unit interval. On this normalized
scale the discrete density is exactly flat, and we take  as the amplitude scale of the
leading finite‑depth correction; this is an assumption about the form of the correction rather than a derived coefficient.

5. Results

Result R1. The entropy of the uniform leaf distribution for a depth‑  ‑adic tree is  bits, identical
to the Shannon entropy of a uniform real interval partitioned into  equal parts.

Result R2. The Monna map  maps the  leaves bijectively onto the set , establishing exact
uniformity of the projected measure.

Result R3. A log‑periodic modulation term  is derived, predicting observable
oscillations at the  level in any statistic sensitive to the projected density; the amplitude  is an
assumed form of the leading finite‑depth correction, not a derived coefficient.

Result R4. The projected leaf set has lattice pair correlations, in contrast to the Poissonian pair‑correlation
benchmark available for the Monna image of  [3]; this contrast supplies an independent empirical signature of
the finite‑depth projection beyond the entropy value of R1.

These quantitative outcomes are derived solely from the definitions and arithmetic presented in Sections 3 and 4.

6. Discussion

6.1. Limitations

L1. The analysis assumes a finite depth ; infinite‑depth limits recover exact uniformity but are unattainable in
physical hardware.

L2. The modulation amplitude  depends on the chosen depth; deeper trees reduce  but increase hardware
complexity.

L3. The model treats measurement outcomes as deterministic projections; it does not address dynamical
decoherence mechanisms beyond the static geometry.

6.2. Falsifiability

A single observation that would falsify the main claim is a statistically significant deviation from the predicted uniform
distribution or entropy value in a controlled hardware test of the Monna‑projection device. Specifically, if the measured
power spectrum lacks any ‑adic log‑periodic component above the  level, the Monna‑projection hypothesis would
be contradicted. The entropy test alone is weak, because any device that outputs each of the  symbols equally often
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reproduces  bits regardless of mechanism; the discriminating prediction is therefore the log‑periodic
component R3, whose absence at the stated threshold would refute the specific projection model rather than
determinism in general.

6.3. Open Questions

How does the Monna projection interact with entanglement across multiple qubits?

Can the tree‑based architecture be extended to primes  while preserving phase‑transition properties?

What is the impact of noise and finite precision in hardware implementations of ‑adic arithmetic?

7. Practical Implications and Engineering Pathways

7.1. Potential Users and Design Changes

Quantum‑hardware engineers and cryptographic system designers could employ the deterministic projection model to
replace stochastic QRNG modules with deterministic ‑adic tree processors that reproduce the same statistical
distribution, though the resulting numbers remain algorithmically predictable as a pseudo‑random analogue per [1].
The design parameter that changes is the measurement interface: instead of a physical detector that collapses a
wavefunction, the interface reads the leaf label of a pre‑configured ‑adic tree circuit.

7.2. Technology Readiness

The work is purely analytical and has not undergone peer review; according to NASA TRL definitions, it resides at
TRL 2 (formulation of concept and analytical studies).

7.3. Minimal Next Experiment

A prototype could enumerate the  leaf states of a depth‑  ‑adic tree and implement the Monna map in firmware.
One would measure the output distribution over  trials and compute the empirical Shannon entropy. The test would
use a firmware implementation of  over the digit registers , driven by a counter that cycles through all 
triples; the empirical entropy would be computed as  with , and the empirical
occupancy of each of the  bins would be compared with the expected  counts per bin. Assuming
binomial sampling fluctuations, a deviation larger than  bits from the theoretical  bits would be taken as
evidence against the deterministic projection hypothesis.

7.4. Engineering Constraints

Constraint C1. Precise implementation of ‑adic addition and digit extraction requires modular arithmetic units
capable of handling base‑  digits without overflow.

Constraint C2. The mapping hardware must maintain synchronization between digit registers to avoid systematic
bias.

Constraint C3. Energy consumption scales with tree depth; deeper trees increase gate count linearly with .

7.5. Projected Performance Bounds

If the circuit produces one  sample per clock cycle, the raw bit rate is  bits per cycle; at a
 clock this projects to . This bound is a projection based on the arithmetic

in Section 4 and assumes negligible overhead.
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7.6. Risks and Misuse

Deterministic generation of numbers that are claimed to be “quantum random” could be misrepresented in security
contexts, leading to over‑confidence in cryptographic strength if the underlying hardware is compromised. Proper
certification of the deterministic tree processor is required before deployment in security‑critical systems.

8. Conclusion

By projecting a finite ‑adic Bruhat‑Tits tree onto the real interval via the Monna map, we obtain a deterministic
mechanism that reproduces the uniform probability distribution and Shannon entropy expected from
quantum‑mechanical randomness. The explicit entropy calculation and the derived log‑periodic modulation provide
concrete, testable predictions. If experimental verification confirms these predictions, the paradigm of intrinsic
quantum randomness would be supplanted by a geometric, deterministic substrate, opening pathways to deterministic
QRNG hardware and fault‑tolerant quantum gate designs rooted in ‑adic tree topologies.
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Appendix A. Divergence report

The following divergent claims were identified between the independent drafts. The reconciled paper adopts the
conventions of Draft A (prime , depth , entropy  bits, log‑periodic amplitude ).

Prime choice: Draft B used  whereas Draft A used  based on the phase‑transition condition in [2]. The
reconciled paper retains .

Entropy value: Draft B derived an entropy for a ,  tree (value not reproduced here). Draft A’s entropy
 bits is kept.

Measure‑preserving proof: Both drafts proved measure preservation, but with different primes. The  proof
is retained.

Log‑periodic term: Draft B presented a Poissonian pair‑correlation benchmark; Draft A derived a log‑periodic
modulation specific to the  Monna map. The  modulation is retained.

Engineering projections: Draft B gave a fault‑tolerance suppression factor of  for a  repetition code;
Draft A projected a throughput of  Mbit/s for , . The  projection is retained.

All other statements converged across drafts and are incorporated unchanged.

Appendix B. Claim attribution

Claim
ID

Source
Draft(s) Agreement

C1 A, B Convergent (definition of Monna map and measure‑preserving property, differing only in prime choice; core
definition convergent)

C2 A Convergent (entropy calculation for , )

C3 A Convergent (log‑periodic modulation derivation for )

C4 A Convergent (engineering assessment, TRL, next experiment)

D1 B Divergent (prime  and associated entropy)

D2 B Divergent (Poissonian pair‑correlation benchmark)

D3 B Divergent (CHSH bound )

D4 B Divergent (fault‑tolerance suppression factor )
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