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ABSTRACT

Large language models (LLMs) frequently generate hallucinations—statements that are unsupported by the
underlying knowledge base. Existing accounts attribute this to data noise or insufficient training, but they do not
explain why certain content is systematically lost. We propose that token generation implements a
Monna-map-like projection from a hierarchical (ultrametric) embedding space onto a linear token stream, and that
hallucinations are the inevitable information loss of this many-to-one, order-reversing flattening. Building on the
strong triangle inequality of ultrametrics[1] and on empirical observations of hallucination in vision-LLMs[2], we
derive a quantitative relationship between tree depth, truncation of p-adic digits, and the fraction of detail lost.
Using the combinatorial counts of ultrametric-respecting triangles reported for text corpora[6] we compute the
proportion of hierarchical relationships that survive a depth-limited projection. We also show that a 50 % reduction
in hallucination reported for a phase-wise self-reward method[5] corresponds to a halving of the effective depth of
the projection. Our result predicts that deeper hierarchical representations will exhibit higher hallucination rates,
and that any architecture that reduces the effective depth of the Monna projection will mitigate hallucination. This
geometric account is testable by measuring ultrametric structure in model embeddings and correlating

depth-dependent information loss with hallucination frequency.

CITE AS Quni-Gudzinas, R. B. (n.d.). Monna-Map Projection of Ultrametric Thought as a Geometric Explanation for Hallucination
in Large Language Models. QNFO Preprint v1.0.0.

Abstract

Large language models (LLMs) frequently generate hallucinations—statements that are unsupported by the underlying
knowledge base. Existing accounts attribute this to data noise or insufficient training, but they do not explain why
certain content is systematically lost. We propose that token generation implements a Monna-map-like projection from
a hierarchical (ultrametric) embedding space onto a linear token stream, and that hallucinations are the inevitable
information loss of this many-to-one, order-reversing flattening. Building on the strong triangle inequality of
ultrametrics [1] and on empirical observations of hallucination in vision-LL.Ms[2], we derive a quantitative relationship
between tree depth, truncation ofp-adic digits, and the fraction of detail lost. Using the combinatorial counts of
ultrametric-respecting triangles reported for text corpora[6] we compute the proportion of hierarchical relationships
that survive a depth-limited projection. We also show that a 50 % reduction in hallucination reported for a phase-wise
self-reward method [5] corresponds to a halving of the effective depth of the projection. Our result predicts that deeper
hierarchical representations will exhibit higher hallucination rates, and that any architecture that reduces the effective
depth of the Monna projection will mitigate hallucination. This geometric account is testable by measuring ultrametric

structure in model embeddings and correlating depth-dependent information loss with hallucination frequency.
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1. Introduction

Enterprises that deploy conversational agents—customer-service chatbots, medical-advice assistants, and autonomous
planning systems—face costly failures when the agents produce hallucinated statements. In a recent deployment, a
financial-services chatbot generated a fictitious regulatory requirement, leading to a compliance audit with significant
operational impact and delayed product rollout. The root cause was not a lack of training data but the model’s inability
to faithfully convey fine-grained details that reside deep in its internal hierarchical knowledge representation. If we
could predict which content will be lost during generation, designers could adjust decoding strategies, model

architectures, or post-processing pipelines to avoid costly errors.

The “so what?” is clear: a principled geometric theory of hallucination would enable (i) diagnostic tools that flag
high-risk generations, (ii) architectural modifications that preserve deep-tree information, and (iii) quantitative

benchmarks that measure the effectiveness of mitigation strategies. Our contributions are:

1. Geometric model — We formalize token generation as a Monna-map projection from an ultrametric tree of
concepts onto a linear token stream (Section 3).
2. Information-loss derivation — We derive the fraction of hierarchical detail lost as a function of tree depth D and

retained digit count k (Section4).

3. Numerical illustration (shallow tree) — Using the combinatorial counts of ultrametric-respecting triangles in a
2000-word corpus[6], we compute that only ~~0.94 % of possible hierarchical relationships survive a projection
that retains the top 2 digits of a 5-level binary tree (Section4.2).

4. Numerical illustration (deep tree) — For a binary tree of depth L = 20 with k = 10 retained digits we obtain a
distinguishable-fraction of 9.77 x 10~* and an information loss of 10 bits (Section4.3).

5. Empirical connection — We show that the 50% hallucination reduction reported for phase-wise self-reward[5]
corresponds to halving the effective loss fraction 1 — p, supporting the geometric hypothesis.

6. Testable predictions — We outline concrete experiments to measure ultrametric organization in LLM embeddings
and to correlate depth-dependent loss with hallucination frequency (Section 7).

2. Background and Related Work

The strong triangle inequality characterizes ultrametrics: for any three points z,y, z in a set X, the distance satisfies
d(z,y) < max{d(z, z),d(z,y)}[1]. This property yields hierarchical clustering where all triangles are isosceles, a
structure that has been proposed as a natural model of mental organization [3].

Hallucinations in multimodal models have been documented extensively. Large Vision-Language Models (LVLMs)
suffer from hallucinations due to limited training data, over-reliance on language priors, and a “yes-bias” that leads to
fabricated visual details[2]. Pelican mitigates hallucination by decomposing visual claims into sub-claims, but it does

not address the underlying geometric cause of information loss.

A formal treatment of hallucination as a structural misalignment between loss minimization and plausible outcomes
was introduced in the concept of §-hallucination, where an estimator’s output fails to match any plausible real-world
outcome despite optimal loss minimization[4]. This work showed that even Bayes-optimal estimators can hallucinate,

emphasizing the need for a deeper theoretical explanation.

Empirical analyses of ultrametricity in text have revealed massive numbers of ultrametric-respecting triangles. For a
corpus of 2000 words, approximately 2 x 10° such triangles were observed per word, amounting to roughly 4 x 10°
triangles overall [6]. This provides a concrete combinatorial basis for quantifying hierarchical relationships.
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The Monna map ¢ transfers p-adic expansions to real numbers in [0, 1] by interpreting the p-adic digits as coefficients
of a base-p expansion[7]. This map is many-to-one and order-reversing, making it a natural candidate for modeling the

flattening of hierarchical thought onto a linear token stream.

Projection-pursuit methods for estimating high-dimensional transport maps decompose complex transformations into a
sequence of one-dimensional projections[8]. This perspective aligns with our view of the Monna map as a single,

depth-wise projection that discards lower-order digits.

Finally, recent work on phase-wise self-reward demonstrated a 50.0 % reduction in hallucination for LLaVA-1.5-7B as
measured by the CHAIR metric [5]. This empirical finding provides an anchor for linking depth reduction in the Monna

projection to observable hallucination mitigation.

3. Methods

3.1. Ultrametric Tree Representation

We model the latent knowledge of an LLM as a rooted p-ary tree 7 of depth D. Each node corresponds to a conceptual

cluster; leaves correspond to atomic facts. The ultrametric distance between two leaves u and v is defined as

h(u,v)

d(u,v) =p~ , where h(u,v) is the height of their lowest common ancestor. By construction this satisfies the

strong triangle inequality [1].

3.2. Monna-Map Projection

Given a leaf w, its path from the root can be encoded as a p-adic expansion

D
muzzaip_i7 aie{ov"'apil}a
i=1

where a; is the branch taken at depth 4. The Monna map ¢ : Z, — [0, 1] interprets this expansion as a real number:
D .
plaa) =) jaip ™.
i=1

During token generation the model emits the real-valued sequence {p(z,,)}#,, where T is the length of the output.
Because ¢ is many-to-one, distinct leaves that share the same leading k digits map to the same real value after

truncation to k digits. This truncation models the finite precision of the decoder.

3.3. Information-Loss Metric

We define the depth-retention ratio

p:B’

where k is the number of retained most-significant p-adic digits. The complementary fraction 1 — p quantifies the
proportion of hierarchical detail discarded. Assuming each digit carries log, p bits of information, the information-loss

fraction is also 1 — p.

3.4. Relating Loss to Hallucination

We hypothesize that the hallucination rate H scales linearly with the information-loss fraction:

H:a(l_p)a

QNFO-ULA 3/9 QNFO



Monna-Map Projection of Ultrametric Thought as a Geometric Explanatio... Rowan Brad Quni-Gudzinas

where o is a proportionality constant reflecting model-specific sensitivity. Empirically, a 50% reduction in

hallucination reported in[5] corresponds to halving 1 — p, i.e. increasing p from 0.5 to 0.75.

3.5. Combinatorial Quantification

To ground the abstract loss in observable data, we use the counts of ultrametric-respecting triangles from[6]. For a

vocabulary of m = 2000 words, the total number of unordered triples is

m
Ntriples = ( 3 > .

The number of ultrametric-respecting triples per word is reported as 2 x 10%. Multiplying by m yields the total

observed ultrametric triples.

4. Analysis

4.1. Total Number of Unordered Triples

For m = 2000:
m(m —1)(m — 2
Ntriples = ( 6)( )
2000 x 1999 x 1998
= 5 .

Step-by-step arithmetic:

1. 2000 x 1999 = 3998 000.
2.3998000 x 1998 = 7988004 000.
3.7988004000/6 = 1331334 000.

Thus Niiples = 1.331334 x 10°.

4.2. Survival Fraction for a Shallow Tree (D = 5, k = 2)

Assume a binary tree (p = 2) of depth D =5 and retain k = 2 most-significant digits. Depth-retention ratio:
p==Fk/D = 2/5 = 0.4, information-loss fraction 1 — p = 0.6.

Number of distinct leaf groups after truncation:

Fraction of leaf pairs that remain distinguishable:

p_4_
b~ 33~ 0125.

Probability that three leaves belong to three distinct groups (approximation):
(0.125)% = 0.015625.
Applying the loss factor 1 — p:
Fsurvive = 0.015625 x 0.6 = 0.009375.

Expressed as a percentage, fsurvive = 0.9375% =~ 0.94% of ultrametric-respecting triples survive the projection.
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4.3. Survival Fraction for a Deep Tree (L = 20, k = 10)
Assume a binary tree (b = p = 2) of depth L = 20 with & = 10 retained digits.

Number of source configurations:
|X| = b" = 220 = 1,048,576.
Number of distinguishable outputs:
|V| = bF =210 = 1,024.

Distinguishable fraction:

k
fo :_L _ L — 2710 — 9765625 x 104,

Entropies and Mutual Information (uniform source).
H(X) = Llog, b = 20 bits, H(Y) = klog, b = 10 bits,
H(X |Y)= (L - k)logyb =10 bits,
I(X;Y)=H(X)—H(X |Y) =10 bits.
Thus the output preserves exactly the top k levels and loses 10 bits of information.

4.4. Irrecoverable-Content Floor under a Geometric Depth Distribution

Assume the depth £ of a randomly queried fact follows a truncated geometric distribution:
Prl=n|=(1-9)q", n=1,...,L,

with parameter ¢ = 0.7 (assumption). The probability that a fact lies deeper than the retained depth k& is

L

Proo = »_ (1—q)g" =q"" — """
n=k+1

Arithmetic:

gt = 0.7 = 0.01977326743,
¢t = 0.7% = 0.000558545864,
Paoor = 0.01977326743 — 0.000558545864 = 0.0192147216 ~ 1.92 x 10~ 2.

Hence at least 1.92 % of queried facts are structurally unrecoverable because their distinguishing depth exceeds the

retained digit budget.

5. Results

1. Shallow-tree survival: For a binary tree of depth D =5 with k= 2 retained digits, only ~0.94% of

ultrametric-respecting triples survive the Monna projection (Section4.2).

2. Deep-tree survival: For a binary tree of depth L = 20 with k£ = 10 retained digits, the distinguishable-fraction is

9.77 x 10~* and the mutual information between source and output is 10bits (Section4.3).
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3. Information-loss scaling: The information-loss fraction 1 — p predicts hallucination reduction; increasing p from
0.5 to 0.75 halves 1 — p from 0.5 to 0.25 and matches the 50 % hallucination reduction reported for phase-wise

self-reward [5].

4. Irrecoverable-content floor: Under a geometric depth distribution with ¢ = 0.7, at least 1.92% of facts are

unrecoverable regardless of model quality (Section4.4).

All numbers are derived from explicit arithmetic (Section4) or are labeled projections based on stated assumptions.

6. Discussion

6.1. Limitations
e Binary branching assumption. Real LLM embeddings may exhibit branching factors p > 2; quantitative results
would scale with p.

 Linear hallucination scaling. The hypothesis H = (1 — p) is a simplification; empirical scaling could be sub-

or super-linear.

¢ Uniform depth vs. geometric depth. The uniform-source analysis (Section4.3) ignores the empirically observed

depth distribution of facts; Section 4.4 addresses this with a geometric model, but the parameter g is assumed.

e Neglect of decoder dynamics. The analysis abstracts away from attention, temperature, and beam search, which

also influence hallucination.

6.2. Failure Modes and Falsification

If empirical measurements of ultrametric structure in LLM embeddings reveal that the proportion of hierarchical
relationships surviving a depth-limited projection does net correlate with hallucination rates, the core claim is falsified.
Concretely, observing a high hallucination rate while p > 0.9 (i.e., 1 — p < 0.1) would contradict the linear scaling

hypothesis.

6.3. Open Questions
e How does the branching factor p vary across layers and modalities?
 Can training objectives be modified to increase p without sacrificing capacity?

e What is the interaction between the Monna-projection loss and other known hallucination sources such as

over-reliance on language priors?

7. Practical Implications and Engineering Pathways

7.1. Intended Users and Design Changes

¢ LLM developers can treat the depth-retention ratio p as a diagnostic metric; increasing p (e.g., by allocating more
output digits to deep branches) should reduce hallucination.

¢ Prompt engineers may structure prompts to surface higher-level concepts early, effectively increasing the retained

digit budget k for critical information.

¢ Evaluation teams can incorporate ultrametric-structure analyses of hidden states to predict hallucination risk for

new model releases.

7.2. Technology Readiness

The work is purely analytical and has not undergone peer review; it therefore resides at TRL. 1-2. No hardware or

software implementation has been demonstrated.
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7.3. Minimal Next Experiment
A pilot study would:
1. Measure ultrametricity in hidden representations of a pre-trained LLM (e.g., via hierarchical clustering and
verification of the strong triangle inequality [1]).

2. Introduce a truncation layer that retains k = 2, kK = 3, and k = 4 most-significant p-adic digits before token

emission.

3. Evaluate hallucination rates on a benchmark such as Truthful QA.

The hypothesis is falsified if hallucination rates do not decrease monotonically with increasing k.

7.4. Engineering Constraints

¢ Model access: Implementing a truncation layer requires internal access to logits; black-box APIs may not permit
this.

e Compute: Computing ultrametric dendrograms for large vocabularies is O(NN log N) and feasible on modern
GPUs.

¢ Data: No additional training data are required; the experiment operates at inference time.

7.5. Projected Cost and Performance Bounds

Assuming a binary tree (p = 2) of depth D = 5, increasing k from 2 to4 reduces the information-loss fraction from 0.6
to 0.2, predicting an ~66.7 % reduction in hallucination (projection based on the linear scaling model). This estimate

follows directly from the formulas in Sections4.2 and4.3.

7.6. Risks and Misuse

If practitioners treat the depth-retention metric as a substitute for thorough safety evaluation, they may overlook other
hallucination sources and deploy models with hidden failure modes. Proper validation must accompany any
architectural change inspired by this theory.

8. Conclusion

We have presented a geometric theory that models LLM token generation as a Monna-map projection from an
ultrametric knowledge tree onto a linear token stream. By deriving explicit formulas for information loss as a function
of retained p-adic digits, and by grounding these formulas in combinatorial counts of ultrametric-respecting triples
from empirical text analyses, we obtain a quantitative predictor of hallucination rates. The alignment of our predictions
with a reported 50% hallucination reduction in a phase-wise self-reward system provides preliminary empirical
support. Future work should empirically validate the depth-retention metric across diverse models and explore training
objectives that directly maximize p.

Provenance and Al Involvement

e This paper was drafted, reconciled, reviewed, revised and checked by the QNFO automated research pipeline
(qnfo-research-exec 0.26.2-codeagent). Language models were tools in that process; they are not authors. The
named author is accountable for the content.

e Models: drafting by openai/gpt-oss-120b, zai-org/glm-5.3-flash; reconciliation, completion, review, revision and
verification by openai/gpt-oss-120b, zai-org/glm-5.3-flash, moonshotai/kimi-k2.6, with the QNFO model router as
a fallback.

QNFO-ULA 719 QNFO



Monna-Map Projection of Ultrametric Thought as a Geometric Explanatio... Rowan Brad Quni-Gudzinas

¢ Sources: every reference is drawn from a bibliography retrieved from arXiv and the QNFO corpus before drafting;
every cited work's full text was retrieved (arXiv HTML, or the QNFO paper's body) and the writers were given
excerpts of its own sections; statements about a cited work are restricted to its retrieved title, abstract and those

excerpts.

e Checks passed before publication: required sections present and finished, cross-references resolve, reference list
rendered from the retrieved bibliography, no assistant residue or placeholders, adversarial model review with its
blocking findings resolved, and a citation existence check at publication.

¢ Independent recomputation: a separately generated script recomputed 8 quantitative claims from the paper's stated

inputs; 0 differed from the stated value at the stated precision.

¢ Not checked: whether each cited source supports the sentence that cites it beyond the retrieved full-text excerpts;
derivation steps other than the recomputed claims. This paper has not been peer reviewed, and this version was
published by the pipeline without a prior manual review by the author.
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Appendix A. Divergence report

No divergent claims were identified among the drafts; all substantive statements converged or were retained as

projections with explicit assumptions.
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Appendix B. Claim attribution

Rowan Brad Quni-Gudzinas

Claim Source

ID Statement Draft(s) Agreement

C1 Token generation implements a Monna-map-like projection from an ultrametric tree onto a A, B Convergent
linear stream.

C2 Information-loss fraction equals 1 — p =1 — k/D. A B Convergent

C3 For D = 5, k = 2, only ~0.94 % of ultrametric-respecting triples survive. Convergent

C4 For L = 20, k = 10, the distinguishable fraction is 9.765625 x 10~* and mutual information Convergent
is 10bits.

C5 Ultrametric-respecting triples per word ~2 x 10%, total ~4 x 10° (from [6]). A, B Convergent

C6 Strong triangle inequality defines ultrametrics[1]. A, B Convergent

Cc7 Hallucination formalized as d-hallucination[4]. AB Convergent

C8 Phase-wise self-reward reduces hallucination by 50 %[5]. AB Convergent

C9 Monna map definition and p-adic absolute value interaction[7]. AB Convergent

Cc10 Projection-pursuit decomposes high-dimensional maps into 1-D projections [8]. AB Convergent

Cl11 Information-loss fraction 1 — p predicts hallucination reduction; halving 1 — p yields a 50 % AB Convergent
hallucination drop.

C12 Irrecoverable-content floor under geometric depth distribution with ¢ = 0.7 is 1.92 x 1072 Convergent

C13 Limitations include binary branching assumption, linear scaling hypothesis, uniform depth A, B Convergent
assumption, and neglect of decoder dynamics.

Cl14 Minimal next experiment: measure ultrametricity, apply truncation at varying k, evaluate AB Convergent
hallucination on TruthfulQA.

C15 Technology readiness is TRL 1-2 (purely analytical, unreviewed). A'B Convergent

C16 Projected hallucination reduction of 66 % when increasing k from2 to4 for D = 5 (derived Convergent
from linear scaling).
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