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ABSTRACT

Standard parametric statistics assume independent, identically distributed (i.i.d.) observations, an assumption that
fails when all events share a common causal ancestry encoded by an ultrametric (p‑adic) structure. This paper
addresses the gap between classical significance testing and a fully connected reality in which dependence follows
a Bruhat–Tits tree. We formalize a p‑adic probability measure on such a tree, derive ultrametric analogues of the
central limit theorem and hypothesis‑testing formulas, and compute the variance inflation for a binary hierarchical
dataset of depth three. The analytical result shows that the variance of the sample mean under ultrametric
dependence is , compared with the i.i.d. variance , a factor of  increase that dramatically deflates
classical ‑values. Consequently, classical tests can misstate significance by orders of magnitude when the
underlying reality is fully connected. The work provides a concrete mathematical foundation for re‑evaluating
statistical inference in domains where hierarchical causal sharing is plausible.
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Abstract

Standard parametric statistics assume independent, identically distributed (i.i.d.) observations, an assumption that fails
when all events share a common causal ancestry encoded by an ultrametric (p‑adic) structure. This paper addresses the
gap between classical significance testing and a fully connected reality in which dependence follows a Bruhat–Tits
tree. We formalize a p‑adic probability measure on such a tree, derive ultrametric analogues of the central limit theorem
and hypothesis‑testing formulas, and compute the variance inflation for a binary hierarchical dataset of depth three.
The analytical result shows that the variance of the sample mean under ultrametric dependence is , compared
with the i.i.d. variance , a factor of  increase that dramatically deflates classical ‑values. Consequently,
classical tests can misstate significance by orders of magnitude when the underlying reality is fully connected. The
work provides a concrete mathematical foundation for re‑evaluating statistical inference in domains where hierarchical
causal sharing is plausible.

1. Introduction

Clinical drug trials, evolutionary genomics, and large‑scale social‑science surveys all rely on ‑values to decide
whether an observed effect is “statistically significant.” In practice, the decision is made by researchers, regulatory
agencies, and policy makers who allocate billions of dollars to interventions that pass a  threshold. The
underlying assumption is that each observation is an independent draw from the same distribution. However, if every
event originates from a single causal root—conceptualized as the Big Bang—then observations inherit a hidden
ultrametric dependence. This hidden dependence can inflate apparent “chance” effects, leading to false discoveries that
cost resources and erode public trust. A statistical framework that respects the fully connected, non‑Archimedean
nature of reality would change the design of trials, the interpretation of evolutionary signals, and the evaluation of
social interventions.
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Contributions.

C1. Formal definition of a p‑adic probability measure on a Bruhat–Tits tree encoding shared causal ancestry
(Section 3).

C2. Derivation of an ultrametric central limit theorem and corresponding hypothesis‑testing formulas (Section 3).

C3. Explicit computation of variance inflation for a binary hierarchical dataset (Section 4).

C4. Quantitative comparison showing a ‑fold increase in variance relative to the i.i.d. assumption (Section 5).

C5. Discussion of practical implications for trial design, policy decisions, and future empirical validation
(Section 7).

2. Background and Related Work

The need to revisit statistical foundations is highlighted by recent debates on the likelihood principle.
Non‑Archimedean geometry provides a mathematical language for hierarchical dependence. The Bruhat–Tits tree, a
canonical ‑adic object, serves as a natural carrier of such ultrametric relationships.

Non‑Archimedean analytic spaces, introduced in the context of the Monge–Ampère equation, illustrate how measures
can be defined on ‑analytic spaces where  carries a non‑Archimedean norm [2]. Frames equipped with a
non‑archimedean base provide a locale‑theoretic counterpart to tree‑based structures, establishing that every
non‑archimedean frame can be represented as opens of a tree [3].

Applied perspectives on hierarchical data appear in augmented‑reality visual analytics, where multi‑user 3D interfaces
expose shared data structures to users [6]. Although the focus there is on visualization, the underlying need to represent
correlated data aligns with the present statistical motivation. Finally, the discussion of foundations of analysis
emphasizes the importance of distinguishing between Archimedean and non‑Archimedean continuums for rigorous
reasoning [8].

3. Methods

3.1 Model of a Fully Connected Reality

We model the universe as a rooted infinite ‑adic tree  (Bruhat–Tits tree). Each node represents a causal ancestor;
leaves correspond to observable events. A p‑adic probability measure  is defined on the sigma‑algebra generated by
cylinder sets of . For a finite subtree of depth  with branching factor , the total number of leaves is .

Assumption A1. All leaves share the root; dependence between two leaves  and  is a function of the depth  of their
lowest common ancestor (LCA). We set

where  is the base correlation for leaves sharing only the root, and  is the maximal correlation for siblings (LCA at
depth ). This linear interpolation respects the ultrametric property that correlation increases with shared ancestry.

3.2 Ultrametric Central Limit Theorem

Let  be identically distributed random variables with mean  and variance , and pairwise covariances
. Define the sample mean . The variance of  is
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Under the ultrametric correlation structure, the Lindeberg condition holds, and the normalized sum converges to a
Gaussian distribution with variance given by (1). This constitutes the ultrametric central limit theorem (U‑CLT).

3.3 Hypothesis‑Testing Formula

For testing  versus , the test statistic is

Under , . The ‑value is computed as , where  is the standard normal CDF.
Equation (2) replaces the classical denominator  with the ultrametric variance from (1).

4. Analysis

We evaluate (1) for a concrete binary tree ( ) of depth , yielding  leaves. We set  (unit
variance) and choose correlation parameters  (root‑only sharing) and  (sibling sharing), reflecting
stronger dependence for closer ancestry.

4.1 Counting Pairs by LCA Depth

Sibling pairs (LCA at depth ): each internal node at depth  has two children, giving  sibling
pairs.

Non‑sibling pairs (LCA at root, depth ): total pairs  minus sibling pairs  yields  pairs.

4.2 Covariance Sum

4.3 Variance of the Sample Mean

Insert , , and (3) into (1):

4.4 Comparison with i.i.d. Variance

Under the i.i.d. assumption, variance would be

The inflation factor is
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Thus, classical tests underestimate the sampling variance by a factor of , leading to overly optimistic ‑values.

5. Results

The analytical computation yields the following quantitative outcomes:

Quantity Classical (i.i.d.) Ultrametric (derived) Inflation

Variance of 

Standard error —

Example ‑score for , —

Corresponding two‑sided ‑value —

The shift from  to  illustrates how a result deemed highly significant under i.i.d. assumptions
would be non‑significant when ultrametric dependence is accounted for.

6. Discussion

In this section we broaden the elementary binary‑tree illustration of Sections 4–5 in three directions. First, we derive a
closed‑form expression for the sample‑mean variance on an arbitrary regular ‑adic tree with branching factor  and
depth . Second, we instantiate the formula on two concrete parameter sets that differ from the binary example,
showing every arithmetic step. Third, we connect the mathematical structure to concepts from the cited literature,
illustrating how the ultrametric framework can be interpreted through the lenses of homotopy type theory,
inverse‑kinematics‑based avatar adjustment, experimental design in augmented‑reality studies, and the reinterpretation
of error terms in deterministic unified theories.

1. General variance formula on a regular -ary tree

Recall the variance of the sample mean derived in (1):

where  is the number of leaves,  the marginal variance of each observation, and  the correlation between
leaves  and . Under the linear interpolation model of Section 3.1,

with  the depth of the lowest common ancestor (LCA) of  and .

1.1 Counting leaf pairs by LCA depth

For each depth  let

 be the number of internal nodes at depth ;

each such node has  children, producing  sibling pairs whose LCA is exactly that node;

the total number of leaf pairs whose LCA lies at depth  (including siblings) equals the number of unordered pairs
inside the subtree rooted at that node:
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Hence the number of non‑sibling pairs with LCA at depth  is

Multiplying by the number of internal nodes  yields the total counts:

Summing over all depths gives the total number of unordered leaf pairs:

which serves as a sanity check.

1.2 Covariance sum

Using (2), the covariance contributed by a pair whose LCA is at depth  equals

Therefore the total covariance sum in (1) becomes

Substituting (4) into (6) yields a closed‑form expression that depends only on . The variance of the
sample mean follows from (1) after inserting the result of (6).

2. Worked example A: Ternary tree ( , )

We now evaluate the general formula for a concrete ternary tree. The parameters are chosen to illustrate a situation
where the branching factor exceeds two and the depth is shallow.

Parameter Value

Branching factor 

Depth 

Number of leaves —

Marginal variance  (unit variance)

Base correlation  (root‑only sharing)

Maximal sibling correlation  (siblings)

2.1 Pair counts

Depth  (root):

. Sibling pairs: . Subtree size: . Total pairs in the subtree:
. Non‑sibling pairs: . Hence .
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Depth  (first internal level):

. Sibling pairs per node: ; thus . Subtree size: . Total pairs per
subtree: . Non‑sibling pairs per node: ; therefore .

Summarising:

confirming the combinatorial identity.

2.2 Covariance contribution

Using (5) we compute  for each depth:

: .

: .

Now apply (6):

2.3 Sample‑mean variance

Insert , , and (7) into (1):

For comparison, the i.i.d. variance would be . The inflation factor is

Thus, even with a modest depth, a ternary branching structure inflates the variance by more than threefold relative to
the classical assumption.

3. Worked example B: Sensitivity to correlation parameters

To illustrate how the inflation factor responds to the choice of  and , we retain the binary tree of Section 4 (
) but vary the parameters systematically.
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Scenario Covariance sum (Eq. 3) Inflation

Baseline (paper) 0.5 0.8

Stronger root correlation 0.6 0.8

Weaker sibling correlation 0.5 0.6

All arithmetic follows the same steps as in (3)–(4). The table demonstrates that modest adjustments to the base
correlation  can shift the inflation factor by several tenths, while changes to  have a smaller effect because sibling
pairs constitute only four of the twenty‑eight total pairs.

4. Hypothesis‑testing illustration

Suppose a clinical trial yields a sample mean  for a biomarker, with a null hypothesis mean . Using the
binary‑tree variance (8) from the baseline case ( ), the test statistic (2) becomes

The corresponding two‑sided -value is

Under the i.i.d. variance  the same data would give

Thus, the ultrametric correction raises the -value from a highly significant  to a marginally significant
, illustrating the practical impact on decision thresholds.

5. Conceptual connections to the cited literature

5.1 Univalence and identification of equivalent leaves

The univalence axiom of homotopy type theory states that “isomorphic structures can be identified” [1]. In our
ultrametric model, leaves that share a deep LCA are identified in the sense that their correlation is elevated (Eq. 2). This
mirrors the homotopical principle that objects connected by a path (here, a shared ancestry) can be treated as equivalent
for statistical purposes. The analogy underscores that the tree’s topology, rather than mere set‑theoretic labeling,
governs dependence.

5.2 Inverse kinematics as a computational analogue

The avatar‑adjustment pipeline described in the virtual‑reality literature employs inverse kinematics (IK) to propagate
constraints from a root joint to distal limbs [4]. Our covariance propagation from the root to leaves follows a
mathematically analogous scheme: a root‑level correlation  is propagated down the tree, linearly interpolated
according to depth (Eq. 2). Just as IK solves for joint angles that satisfy end‑effector positions, the ultrametric model
solves for pairwise correlations that satisfy the hierarchical constraint imposed by the shared root.

5.3 Empirical design parallels with augmented‑reality experiments

The Reality Distortion Room study recruited 20 participants (ages 23–32, 8 male, 12 female) and measured locomotion
in a room of dimensions  [7]. Our minimal next experiment (Section 7(c)) proposes a pilot with

 observations, mirroring the participant‑count scale of that AR experiment while scaling the data‑collection
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cost linearly. The explicit reporting of participant demographics and spatial dimensions in [7] demonstrates the
importance of metadata (here, the tree ) for interpreting variance inflation, just as spatial metadata are essential for
interpreting locomotion outcomes.

5.4 Reinterpreting error terms in deterministic unified theory

In classical statistics the residual variance is often ascribed to random noise; our ultrametric framework reinterprets that
residual as structured variance arising from hidden hierarchical dependence. Equation (1) therefore replaces an
unstructured error term with a deterministic covariance sum (6), aligning with the philosophical stance of [12] that
what appears random may in fact be a manifestation of deeper, deterministic structure.

6. Extension to irregular branching (open problem)

Our derivations assume a perfectly regular branching factor . Real‑world hierarchical data (e.g., phylogenetic trees,
organizational charts) often exhibit irregularities. Extending the counting argument to a sequence  of branching
factors at each depth would replace the simple powers  with cumulative products . The sibling‑pair count at
depth  would become

and the total leaf count would be . Deriving a closed‑form variance expression for this heterogeneous
case remains an open question, inviting future work that could draw on the frame‑theoretic constructions of
non‑archimedean frames [3] to formalise the underlying locale.

7. Summary of extended derivations

A general combinatorial framework (Eqs. 3–6) yields the exact covariance sum for any regular -ary tree.

Worked example A (ternary tree) produces a variance inflation of  relative to i.i.d., with full arithmetic
displayed.

Worked example B demonstrates sensitivity of the inflation factor to the base and sibling correlations.

A concrete hypothesis‑testing calculation shows how the ultrametric variance can shift a result from highly
significant to marginal.

Conceptual bridges to homotopy type theory, inverse‑kinematics avatar adjustment, AR experimental design, and
deterministic unified theory provide interdisciplinary context and reinforce the relevance of the ultrametric
perspective.

6. Discussion

7.1 Limitations

L1. The correlation model (linear interpolation of ) is a simplifying assumption; real‑world dependence may
follow more complex ‑adic kernels.

L2. The analysis assumes a perfectly balanced binary tree; irregular branching would modify pair counts.

L3. Unit variance  is a normalization; actual data may have heterogeneous variances.

L4. The ultrametric CLT requires finite second moments; heavy‑tailed distributions could violate convergence.

Sensitivity analysis shows that increasing  to  raises  to , further inflating the variance factor to .

T
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7.2 Failure Modes and Falsifiability

If empirical datasets with known hierarchical ancestry exhibit variance close to the i.i.d. prediction despite strong
shared ancestry, the ultrametric model would be falsified. Specifically, observing a sample‑mean variance  for

 under the correlation parameters above would contradict the derived inflation factor (6). Such a finding would
indicate that the assumed ultrametric dependence does not dominate the sampling variability.

7.3 Open Questions

How to estimate  and  from observed data without external knowledge of the tree?

Can the ultrametric CLT be extended to dependent sequences with varying branch factors?

What are the implications for Bayesian hierarchical models that already encode tree structures?

7. Practical Implications and Engineering Pathways

(a) Intended Users and Decision Impact. Regulatory statisticians, clinical trial designers, and evolutionary biologists
would use the ultrametric variance formula (4) to adjust sample‑size calculations and significance thresholds. For a
drug trial, the required number of participants would increase by approximately a factor of  to achieve the same
nominal power under ultrametric dependence.

(b) Technology Readiness Level. The work is purely analytical and has not undergone peer review; it resides at TRL 2.

(c) Minimal Next Experiment. A pilot study could collect hierarchical data (e.g., measurements from sibling clusters)
and compute the empirical variance of the sample mean. If the observed variance exceeds the i.i.d. prediction by a
factor near , the ultrametric model gains support; a variance close to the i.i.d. value would falsify it.

(d) Engineering Constraints. The primary constraint is the availability of reliable ancestry information to construct
the tree . Without such metadata, the correlation parameters cannot be assigned, limiting applicability.
Computationally, the variance formula scales as  for pairwise covariances, but can be reduced to  using
tree‑based aggregation.

(e) Projected Cost Bounds. Assuming a pilot with  observations and a data‑collection cost of \500
\ . This projection assumes the tree structure is known a priori and that

no additional instrumentation is required.

(f) Risks and Misuse. Misapplication of the ultrametric variance inflation to datasets lacking hierarchical dependence
could lead to over‑conservative designs and unnecessary resource expenditure. Users must verify the presence of a
shared‑root structure before adopting the framework.

8. Conclusion

By embedding statistical inference in a non‑Archimedean (p‑adic) framework, we have shown that hidden ultrametric
dependence can dramatically inflate the variance of sample means, rendering classical ‑values unreliable. The explicit
derivation for a binary hierarchical tree demonstrates a ‑fold variance increase, a result that directly impacts the
design and interpretation of experiments across medicine, biology, and social science. Future work should focus on
empirical estimation of ultrametric correlation parameters and on extending the theory to irregular and
high‑dimensional trees.
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Appendix A. Divergence report

Conflict between Draft A and Draft B on the numerical variance inflation factor.

Draft A (Section 4–6) derives a variance inflation factor of  for a binary tree of depth  using correlation
parameters  and  (Eq. 6).

Draft B proposes a general inflation factor , which for  and  yields
.

Both approaches model ultrametric dependence but employ different correlation specifications. The reconciled paper
adopts the concrete parameterisation of Draft A because it provides a fully worked arithmetic derivation (Section 4) that
satisfies the requirement for explicit step‑by‑step computation. The alternative formulation of Draft B is noted here for
completeness but is not used in the main text.

2.9 3

ρ ​ =0 0.5 ρ ​ =1 0.8

F = 1 + ​ ​(2r)2
1 ∑j=1

L j r = 0.5 L = 3
F = 1 + (2 ⋅2

1 0.5 + (2 ⋅ 0.5) +2 (2 ⋅ 0.5) ) =3 1 + ​(1 +2
1 1 + 1) = 2.5
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Appendix B. Claim attribution

Claim Source Draft(s) Agreement

C1 – Definition of p‑adic probability on a tree A, B Convergent

C2 – Ultrametric CLT derivation A, B Convergent

C3 – Variance inflation computation (Eq. 4) A, B Divergent (different numeric result)

C4 – Inflation factor (Eq. 6) A, B Divergent (different numeric result)

C5 – Practical implications for trial design A, B Convergent

C6 – Limitations list A, B Convergent

C7 – Falsifiability condition A, B Convergent

C8 – TRL assessment A, B Convergent
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