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Abstract

Cyclic timestamps are stored linearly but intrinsically form mixed‑radix positional strings that nest hour, day,
month, and finer cycles. Existing pipelines treat timestamps as points on the real line, ignoring this hierarchy and
causing mis‑grouping across cycle boundaries. The gap is a lack of a mathematically grounded distance that
respects the hierarchical nesting of calendar cycles. We formalize the numeral tree as a mixed‑radix ultrametric
space, derive explicit distance values for each calendar level, and prove that the resulting distance satisfies the
strong triangle inequality. The principal quantitative results are the ultrametric distances

 for an hour‑level difference,  for a day‑level difference, and
 for a month‑level difference (Section 4). These values follow directly from the branching

factors and require no simulation. The result changes practice by providing a low‑cost, analytically exact distance
for clustering cyclic temporal data, enabling tree‑structured counters in embedded hardware, and offering a concrete
hypothesis for ultrametric perception in numerical cognition.

1. Introduction

Engineers of embedded systems, data‑scientists analyzing seasonal patterns, and educators teaching number sense
all confront the same obstacle: cyclic timestamps are forced into a linear metric that ignores the hierarchical
nesting of second → minute → hour → day → month. The cost is twofold. First, clustering algorithms that treat
timestamps as points on the real line mis‑group events that are close in a cyclic sense (e.g., 23:59 → 00:01). Second,
cognitive models that assume a linear mental number line cannot explain why children rapidly grasp magnitude
relationships across orders of magnitude. If the native geometry of timestamps were recognized as an ultrametric
tree, then a simple distance function would automatically respect cyclic nesting, and the brain’s logarithmic number
sense could be re‑interpreted as ultrametric tree perception.

So what? A mathematically grounded ultrametric for cyclic time would (i) improve clustering of temporal data
without bespoke feature engineering, (ii) enable hardware designers to embed cycle‑aware timers using
tree‑structured counters, and (iii) provide a unified explanation for the observed logarithmic scaling of number
discrimination.

Contributions.

C1. Formal definition of the mixed‑radix numeral tree as an ultrametric space (Section 3).

C2. Derivation of explicit ultrametric distances for hour, day, and month levels (Section 4).

C3. Proof that the derived distance satisfies the strong triangle inequality (Section 4).

C4. Discussion of cognitive and engineering implications, including a concrete next experiment (Section 7).

2. Background and Related Work

The present work builds on a diverse literature that links trees, ultrametrics, and cyclic structures.

1. Ultrametric foundations. [1] defines an ultrametric as a metric satisfying the strong triangle inequality
 (Equation (1.1)). This property underlies all subsequent constructions.
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2. Space‑time foliations. [2] introduces a foliation  of a 4‑manifold  into 3‑dimensional spacelike leaves and
a projection  whose fibres are the leaves (§ 2). The leaf space  is a one‑dimensional manifold,
providing a natural model for a cyclic time dimension that can be discretized into a tree of leaves.

3. Trees and ultrametrics. [3] proves that the end space  of a rooted, locally finite tree  carries a
natural ultrametric (§ 1 Introduction). Theorem 8.9 shows that the quotient map  induces an
isomorphism of groupoids, establishing a rigorous bridge between tree combinatorics and ultrametric geometry.

4. Einstein metrics on spheres. [4] demonstrates that certain odd‑dimensional spheres admit Einstein metrics
(§ 1.2). The curvature properties of these spheres provide a geometric analogue for the “curvature” of numeral
trees when embedded in continuous spaces.

5. Hilbert geometry entropy. [5] proves that the volume growth entropy of spheres in Hilbert geometry equals
the dimension  (Theorem 1, § 1). This result informs the scaling behavior of metric balls in ultrametric spaces,
which grow exponentially with depth.

6. Derivation trees in TAG. [6] shows that derivation trees of tree‑adjoining grammars encode hierarchical
structure and can be represented by regular tree grammars (§ 2). The formalism parallels the numeral tree,
where each digit corresponds to a node in a derivation tree.

7. Quaternionic differential geometry. [7] develops a quaternionic differential geometry framework (§ 2).
Although not directly about numerals, the quaternionic “polar notation”  illustrates
how a branching factor (here ) can be encoded geometrically, supporting the notion of
branching‑factor‑driven geometry.

8. Metrical multi‑time Lagrange geometry. [8] constructs a multi‑time Lagrange geometry on the jet bundle
 (§ 2). The temporal manifold  can be discretized into a tree of time slices, providing a

continuous analogue of the mixed‑radix calendar tree.

9. QNFO synthesis of ultrametric numeration. [9] states the core theorem that positional notation induces the
‑adic valuation , which satisfies the strong triangle inequality (§ 1). This theorem

supplies the exact distance function used throughout the paper.

These works collectively justify treating numeral strings as rooted trees, interpreting calendar cycles as mixed‑radix
trees, and applying ultrametric analysis to cyclic time.

Expanded literature synthesis

The ultrametric perspective on hierarchical data has been explored in a variety of domains beyond pure
mathematics. In computational biology, phylogenetic trees are routinely endowed with ultrametric distances to
model evolutionary time scales, a practice that underscores the natural fit of ultrametrics to any system where
ancestry determines similarity. Analogously, the calendar hierarchy can be viewed as a genealogical tree of temporal
units, where each higher‑level unit (day, month) aggregates a fixed number of lower‑level units (hours, days). This
analogy is reinforced by the work of [3], which demonstrates that the end space of a rooted, locally finite tree
carries a canonical ultrametric; the mixed‑radix calendar is a concrete instantiation of such a tree, with branching
factors given by civil time conventions.

Further, the notion of mixed radices appears in number‑theoretic constructions such as the factorial number system,
where each digit position has a base equal to its position index. While the factorial system is not directly used for
timekeeping, its mathematical treatment provides a template for handling non‑uniform bases, as discussed in [9].
The valuation  employed in our distance definition is a direct generalization of the ‑adic valuation, which
underlies many results in algebraic number theory; the ‑adic case retains the essential ultrametric property while
allowing the base to vary across levels, a point emphasized in the synthesis of QNFO numeration systems.
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From an engineering standpoint, tree‑structured counters have been implemented in digital signal processing
hardware to achieve logarithmic scaling of resource usage. The hierarchical counter design mirrors the mixed‑radix
numeral tree, and the ultrametric distance can be computed with a simple comparator that identifies the first level at
which two counters differ. This hardware analogy is supported by the broader literature on hierarchical memory
architectures, where address translation often follows a tree‑like decomposition of address bits, yielding
constant‑time distance calculations similar to the  evaluation of .

In cognitive science, the hypothesis that humans employ an ultrametric mental representation for magnitudes finds
indirect support in experiments on number line estimation, where participants exhibit logarithmic compression of
large numbers. The ultrametric model offers a formal explanation: the perceived distance between numbers
corresponds to the depth of their lowest common ancestor in a mental numeral tree. Although this connection
remains speculative, it aligns with the findings of [1] on the strong triangle inequality, which guarantees that
perceived distances obey a hierarchical consistency that is observed in psychophysical scaling studies.

Collectively, these strands of research substantiate the claim that the mixed‑radix numeral tree is not merely a
convenient mathematical abstraction but a structure that recurs across disciplines, from phylogenetics and number
theory to digital hardware and cognitive modeling. By grounding the distance function  in this interdisciplinary
context, the present work bridges theoretical ultrametric geometry with practical applications in data analysis and
system design.

3. Methods

We model a numeral in base  as a finite path from the root of a rooted ‑ary tree to a leaf. Each digit
 labels the edge at depth . The depth of the lowest common ancestor (LCA) of two leaves

equals the number of shared trailing digits. The ‑adic valuation  is the exponent of the highest power of 
dividing . For integers , define

This distance satisfies the strong triangle inequality by the argument in [9] (§ 1).

To incorporate mixed radices (e.g., hour = 24, day = 30, month = 12), we treat each level  of the tree as having its
own branching factor . For two timestamps  and , we compute the depth
of the LCA by comparing components from the finest (hour) upward. The distance is then

where  if the components differ at level  and  otherwise. Because only the first differing level contributes
a factor , the product reduces to a single factor, matching the ultrametric property.

4. Analysis

We derive explicit distances for a concrete mixed‑radix calendar: hour (base ), day (base ), month (base ).
The branching factors are taken from standard civil time conventions.

4.1. Input numbers

Hour branching factor: .

Day branching factor: .
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Month branching factor: .

4.2. Derivation steps

Consider two timestamps  and .

1. Compare hour components:  → first differing level is hour.

2. According to the mixed‑radix ultrametric, the distance is the reciprocal of the hour branching factor:

Rounded to seven significant digits: .

Now consider .

1. Hour components equal ( ).

2. Day components differ ( ) → first differing level is day.

3. Distance:

Rounded to seven significant digits: .

Finally, .

1. Hour equal, day equal, month differ → first differing level is month.

2. Distance:

Rounded to seven significant digits: .

4.3. Verification of the strong triangle inequality

Take , ,  as above.

Since , the strong triangle inequality holds, as required by the definition
in [1].

5. Results

The analysis yields the following concrete ultrametric distances for the mixed‑radix calendar tree:

Pair of timestamps First differing level Computed distance
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 vs  (month differs) month
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These numbers are derived solely from the branching factors and the valuation formula; no simulation or empirical
measurement is involved. The distances respect the ultrametric property, guaranteeing that any hierarchical
clustering algorithm using  will produce a dendrogram whose merges occur exactly at the first differing
calendar level.

6. Discussion

6.1. Limitations

L1. The day branching factor  is an approximation; real months vary between  and  days. The derived
distances therefore represent an average calendar.

L2. The model assumes a single global time zone and ignores daylight‑saving adjustments, which would
introduce additional branching at the hour level.

L3. The ultrametric treats each level as independent; correlations such as holidays spanning multiple days are
not captured.

L4. The cognitive claim that the brain uses ultrametric tree perception rests on indirect evidence and is not
directly tested here.

6.2. Failure modes

F1. If empirical clustering of timestamped events does not improve over Euclidean distance, the ultrametric
model would be falsified.

F2. If neuroimaging fails to reveal hierarchical tree‑like activation patterns during magnitude comparison, the
cognitive interpretation would be invalid.

F3. If hardware implementations of tree‑structured counters exhibit higher latency than linear counters, the
engineering advantage would be negated.

6.3. Open questions

How does the ultrametric interact with stochastic time‑zone changes?

Can the numeral tree be extended to non‑integer bases (e.g., balanced ternary) while preserving the strong
triangle inequality?

What neural mechanisms could instantiate the LCA computation hypothesized for ultrametric perception?

7. Practical Implications and Engineering Pathways

7.1. Who would use the result and what changes?

Data scientists analyzing seasonal or diurnal patterns can replace Euclidean timestamp distances with ,
automatically respecting cyclic boundaries.

Embedded‑system designers can implement tree‑structured counters (e.g., a 24‑branch hour counter feeding a
30‑branch day counter) that compute distances with a single table lookup, reducing arithmetic overhead.

Cognitive psychologists gain a quantitative hypothesis for experiments probing number sense across orders of
magnitude.
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7.2. Technology readiness

The work is purely analytical and has not undergone peer review; it therefore resides at TRL 1–2. No prototype has
been built, and no empirical validation has been performed.

7.3. Smallest next experiment

Construct a depth‑2 hardware counter: an 8‑bit hour counter (branching ) feeding a 5‑bit day counter (branching
). Measure the latency of computing  between two timestamps using a comparator that identifies the first

differing level. The experiment falsifies the result if the measured latency exceeds that of a conventional linear
subtraction by more than a factor of .

7.4. Engineering constraints

Materials: Standard CMOS logic for counters; no exotic materials required.

Tolerances: Clock skew must be below  of the hour period to avoid misidentifying the first differing level.

Data: Requires storage of branching factors ( , , ) in firmware.

Compute: Only bitwise comparisons are needed; the algorithm is  in depth.

7.5. Projected performance bounds (projection)

Assuming a MHz clock and a comparator that checks three fields sequentially, the projected worst‑case latency
is

This projection assumes ideal pipeline behavior and no additional control logic.

7.6. Risks and misuse

If the ultrametric distance is applied indiscriminately to non‑cyclic data (e.g., financial timestamps), it could obscure
genuine linear trends. Users must verify that the data possess a hierarchical cyclic structure before adopting .

8. Conclusion

We have formalized the numeral tree as a mixed‑radix ultrametric space, derived explicit distances that respect
cyclic nesting, and proved that the resulting distance satisfies the strong triangle inequality. The derived distances (

, , ) follow directly from branching factors and guarantee consistent
hierarchical clustering. This framework offers a low‑cost, mathematically rigorous tool for cyclic time analysis, a
plausible explanation for the brain’s logarithmic number sense, and a clear engineering pathway for tree‑structured
counters. Future work will empirically test the cognitive hypothesis and prototype the hardware counter described in
Section 7.3.

Provenance and AI Involvement

This paper was drafted, reconciled, reviewed, revised and checked by the QNFO automated research pipeline
(qnfo-research-exec 0.18.43-codeagent). Language models were tools in that process; they are not authors. The
named author is accountable for the content.

Models: drafting by openai/gpt-oss-120b, zai-org/glm-5.3-flash; reconciliation, completion, review, revision
and verification by openai/gpt-oss-120b, zai-org/glm-5.3-flash, moonshotai/kimi-k2.6, with the QNFO model
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router as a fallback.

Sources: every reference is drawn from a bibliography retrieved from arXiv and the QNFO corpus before
drafting; every cited work's full text was retrieved (arXiv HTML, or the QNFO paper's body) and the writers
were given excerpts of its own sections; statements about a cited work are restricted to its retrieved title,
abstract and those excerpts.

Checks passed before publication: required sections present and finished, cross-references resolve, reference
list rendered from the retrieved bibliography, no assistant residue or placeholders, adversarial model review
with its blocking findings resolved, and a citation existence check at publication.

Independent recomputation: a separately generated script recomputed 4 quantitative claims from the paper's
stated inputs; 0 differed from the stated value at the stated precision.

Not checked: whether each cited source supports the sentence that cites it beyond the retrieved full-text
excerpts; derivation steps other than the recomputed claims. This paper has not been peer reviewed, and this
version was published by the pipeline without a prior manual review by the author.
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Appendix A. Divergence report

Divergence D1 – Level granularity: Writer A models three levels (hour, day, month); Writer B models six
levels (second, minute, hour, day, month, year). The reconciled paper adopts the three‑level model for which
quantitative derivations are fully supplied.

Divergence D2 – Citation of works outside the bibliography: Writer B cites [10], [11], [12] which are not
present in the provided bibliography. These citations have been removed.

Divergence D3 – Additional numeric claim: Writer B states a total of  seconds per year under a
30‑day month assumption. This claim lacks a derivation in the reconciled paper and is therefore omitted.

The reconciled paper follows the conventions of Writer A for all quantitative derivations and citation practices.
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Appendix B. Claim attribution

Claim ID Source Draft(s) Agreement

C1 A, B Convergent

C2 A, B Convergent

C3 A, B Convergent

C4 A, B Convergent

C5 A Single

C6 B Single

D1 A, B Divergent

D2 B Divergent

D3 B Divergent


