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ABSTRACT

Gravitational-wave observations of binary-black-hole mergers provide direct access to the post-merger ringdown, a regime traditionally
modeled by a smooth superposition of quasi-normal modes (QNMs). A discrete computational substrate for spacetime predicts that the
ringdown should contain a comb-like series of equally spaced spectral lines—*“quantized echoes”—instead of a continuous chirp. Existing
analyses assume equal-interval echoes or ignore discreteness altogether, leaving a gap in tests of the clockwork hypothesis. We model the

substrate as an Abelian clockwork chain with /N +1 sites, integer gear ratiog > 1, and explicit-breaking parametere. Using the hierarchy

gV to set the fundamental time step, we derive a line-spacing formula A f. = fonm ¢ "V and an amplitude suppression factor

Accno = €. For a representative merger with fonm =250 Hz, ¢ =3, N =10, and € = 0.1, we obtain Afus ~ 4.2 x 10~ Hz and
Aeeno ~ 10710 relative to the dominant QNM. These numbers place the predicted comb well below current detector noise but within reach
of next-generation facilities. The result offers a falsifiable discriminator between continuous general relativity and a discrete clockwork
spacetime.
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Abstract

Gravitational-wave observations of binary-black-hole mergers provide direct access to the post-merger ringdown, a regime traditionally
modeled by a smooth superposition of quasi-normal modes (QNMs). A discrete computational substrate for spacetime predicts that the
ringdown should contain a comb-like series of equally spaced spectral lines—“quantized echoes”—instead of a continuous chirp. Existing
analyses assume equal-interval echoes or ignore discreteness altogether, leaving a gap in tests of the clockwork hypothesis. We model the
substrate as an Abelian clockwork chain with N 41 sites, integer gear ratioq > 1, and explicit-breaking parametere. Using the hierarchy a Vo
set the fundamental time step, we derive a line-spacing formula A for = fonm ¢~ and an amplitude suppression factor Aecpo = eN. For a
representative merger with fonm = 250 Hz, ¢ = 3, N = 10, and € = 0.1, we obtain A ferr &~ 4.2 x 1073 Hz and Aecno ~ 10710 relative to
the dominant QNM. These numbers place the predicted comb well below current detector noise but within reach of next-generation facilities.
The result offers a falsifiable discriminator between continuous general relativity and a discrete clockwork spacetime.

1. Introduction

Gravitational-wave observatories face a concrete and unresolved question: does the remnant of a binary-black-hole merger possess an event
horizon or a reflective surface? The distinction matters because a horizonless remnant would return trapped radiation as delayed “echoes,”
whereas a true horizon absorbs all post-merger radiation. Current echo searches treat the spacing and amplitude of such echoes as free
phenomenological parameters, limiting the interpretability of null results and the confidence of any marginal detection. This gap blocks a direct
test of discrete-spacetime models and delays potential breakthroughs in quantum-gravity phenomenology. A detection of a regular comb of
spectral lines with spacing derived from an underlying discrete substrate would provide a sharp, falsifiable discriminator between continuous

general relativity and a discrete/clockwork spacetime, guiding detector design and data-analysis strategies.
Contributions.

¢ C1. Derivation of the quantized line-spacing formula A fe = fonm g~V from an Abelian clockwork model (Section3, derived in
Section4).

 C2. Computation of the amplitude suppression factor Aeno = € for the same model (Section 3, derived in Section4).

e C3. Numerical evaluation of A feg and Aecp, for a representative BBH merger (Section 5).

¢ C4. Assessment of observational feasibility and proposal of the minimal next analysis experiment (Section 7).

2. Background and Related Work

The clockwork mechanism generates exponential hierarchies through a lattice of interacting fields. In its simplest Abelian realization, a set of
N +1 complex scalars ¢; with nearest-neighbor couplings exhibits a gear ratio ¢ > 1 and an explicit-breaking parameter €[1, §1.1]. This

structure underlies the hierarchical suppression factors used in our model.
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Supersymmetric extensions preserve the clockwork hierarchy for axions, saxions, and axinos, demonstrating that the exponential pattern
survives additional symmetry constraints[2, §II]. Although the supersymmetric context is not directly required for GW phenomenology, it
confirms the robustness of the hierarchy under model variations.

Ringdown spectroscopy of black-hole microstates shows that QNM frequencies are tightly linked to photon-sphere properties in the eikonal
limit[3, § III.1]. This relation justifies using the dominant QNM frequency fqnw as the baseline for our spacing calculation.

The problem of time in canonical GR highlights the tension between a continuous spacetime manifold and discrete formulations, motivating the
search for observable signatures of discreteness.

Variable-interval echo models for wormhole-like post-merger objects demonstrate that echo spacing need not be constant and that a
non-uniform comb can arise from dynamical geometry. Our work differs by attributing the spacing to a fundamental discrete time step rather

than to macroscopic dynamics.

Studies of accreting exotic compact objects (ECOs) show that GW echoes can disappear as the object collapses into a black hole. This
dynamical picture motivates searching for persistent, high-frequency comb structures that would survive such transitions only if rooted in a

substrate-level discreteness.

Everett’s interpretation of quantum mechanics raises the possibility that spacetime itself may split or remain unified across branches. Our
discrete substrate provides a concrete realization where spacetime emerges from a pre-geometric clockwork lattice, independent of

measurement-induced branching.

Black-bounce spacetimes exhibit clear echo signals in scalar and electromagnetic perturbations. The presence of echoes in these models

supports the plausibility of detectable comb-like features, albeit with different physical origins.

The QNFO corpus proposes that winding numbers on a pre-geometric circle generate hierarchical structures and predicts a modulation in GW

signals proportional to the binary reduced mass[11, § Experimental]. This modulation motivates our focus on frequency-space signatures.

3. Methods

We model spacetime as a one-dimensional Abelian clockwork chain with N +1 sites. Each site corresponds to a discrete computational step of
duration dt. The explicit-breaking parameter € controls the coupling between adjacent sites, while the integer gear ratio ¢ > 1 determines the

exponential hierarchy of effective time scales. The Lagrangian of the chain is given in[1, Eq.(1.1)]:

N A N-1
L= Z(améal‘(ﬁj — uiole; — Z|¢§¢j|2) + ety (45; 4+ h.c.).
§=0 =

The hierarchy between the fundamental step §t and the macroscopic ringdown timescale Ting follows from the clockwork suppression factor
-N
qg

ot = qu T'ring~

We identify Ting = 1/fonm where fonu is the dominant QNM frequency of the remnant (cf.[3, §III.1]). The discrete time step therefore

induces a frequency comb with spacing
Afer = foxmag V-

Because the observable signal is the Fourier transform of the time-domain ringdown, the comb appears as a series of narrow lines separated by

A fete. The amplitude of each line is suppressed relative to the primary QNM by the product of the inter-site couplings, yielding
Aecho = GN‘
All derivations assume linear perturbations on a stationary background and neglect back-reaction of the echo signal on the geometry.

4. Analysis

We evaluate the formulas for a representative BBH merger with the following inputs, each drawn from the literature or stated as explicit
assumptions:
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Symbol Value Source

fonum 250 Hz Typical GW150914 ringdown frequency (standard in GW literature).

q 3 Integer gear ratio, allowed by[1, § 1.1] (any integer > 1).

N 10 Assumed number of clockwork sites (common in phenomenological clockwork models).
€ 0.1 Small explicit-breaking parameter, typical in clockwork constructions[1, §1.1].

4.1 Line-spacing calculation

1. Compute the hierarchy factor:

-N _g-10 _ 1

= _~1. 75.
= 3 = zgo35 ~ 1693 x 10

1. The effective spacing relative to the QNM peak:
Afer = foxmg ™ = 250 Hz x 1.693 x 107° ~ 4.23 x 10~ Hz.

4.2 Amplitude suppression
Aecho =V = (01)10 =101,

All arithmetic steps are shown explicitly; no approximations beyond the displayed rounding are used.

5. Results

» Line-spacing: The predicted comb spacing in the observable band is | Afor ~ 4.2 x 1073 Hz |

o Amplitude: The echo lines are suppressed by a factor relative to the dominant QNM amplitude.

These values imply that the quantized echo comb lies far below the noise floor of current ground-based detectors; a next-generation observatory

would need a strain sensitivity better than 1024 Hz /2 at 250Hz to approach the predicted amplitude, which is a projection based on the
assumed A, = 10710,

Extended Derivations and Worked Examples

In this section we deepen the analytical development introduced in Sections3—4 by (i) exploring the parametric dependence of the quantized
line-spacing and echo-amplitude formulas, (ii) presenting explicit worked examples for alternative clockwork choices, (iii) comparing the
clockwork-derived comb with variable-interval echo models, and (iv) relating the present construction to broader discrete-spacetime proposals

in the literature.

1. Parameter-sensitivity of the spacing formula

The line-spacing derived in Eq. (1) of Section 3,
_ -N
Afer = fonmg ™, (1)

depends exponentially on the gear ratio ¢ and the number of sites V. To quantify this dependence we differentiate In A fegr with respect to each
parameter while holding the others fixed.

In Afeff =1In fQNM — NIn q.
Hence

OlnAfer
ON

Oln A for N
—Ing, — = 2
q 94 . (2)

Equation (2) shows that a unit increase in N reduces the spacing by a factor e 9 = ¢!, while a unit increase in g reduces the spacing by a
factor e~/ For the fiducial values ¢ = 3 and N = 10 used in Section5,

Oln Afeff Oln Afeff 10

Thus the spacing is far more sensitive to changes in g than to changes in IV for the same absolute variation.
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2. Worked example: a more modest hierarchy

Assume a clockwork chain with a smaller gear ratio but a larger number of sites:
q=2, N =15, fonm = 250 Hz, € = 0.05. (3)

The hierarchy factor is

1
N =215 = ——_ x3.052 x 107°.
e 32768 x 10

The resulting line-spacing is
Afor = 250 Hz x 3.052 x 1075 ~ 7.63 x 103 Hz.
The echo-amplitude suppression follows from Eq. (2) of Section 3,
Accho = € = (0.05)%.
We compute step-by-step:
0.052 =2.5x107°, 0.05% = (2.5 x 107)2 = 6.25 x 10°%, 0.05° = (6.25 x 107%)? = 3.90625 x 10~ !,
0.05" = (0.05%)* = (6.25 x 107%)® = 2.44140625 x 107,

0.05'® = 0.05' x 0.05% = 2.44140625 x 10716 x 1.25 x 10~* ~ 3.05 x 10~ 0.

Thus the echo lines would be suppressed by roughly 10~ relative to the dominant QNM. This worked example illustrates how a modest gear
ratio can be compensated by a larger site count, but the amplitude suppression becomes dramatically stronger because € < 1 is raised to a

higher power.

3. Comparison with variable-interval echo models

Reference[5] discusses wormhole-pinch-off scenarios in which the echo interval grows with time rather than remaining constant. The
phenomenological model of Ref.[5] writes the echo waveform as a sum over terms with time-dependent intervals At, that increase
monotonically. By contrast, the clockwork construction yields a fixed interval Atgsep, = 1/A fofe that is set by the fundamental discrete time
step dt. The two approaches are therefore mutually exclusive: a detection of a perfectly regular comb would falsify the variable-interval
hypothesis of Ref.[5], while a detection of a non-uniform spacing would challenge the simple Abelian clockwork model presented here. This
logical dichotomy follows directly from the distinct underlying assumptions (constant gear-ratio hierarchy versus dynamical throat evolution)

and is not an artifact of any numerical approximation.

4. Robustness of the hierarchy under supersymmetry

The clockwork hierarchy is not tied to a specific bosonic construction. Supersymmetric extensions preserve the exponential suppression
pattern, as shown in Ref.[2] where the authors prove that “the coupling hierarchy is preserved” when supersymmetry is universal over the
clockwork sites. This result guarantees that the line-spacing formula (1) remains valid even if the underlying scalar fields are embedded in a
supersymmetric multiplet. Consequently, the quantitative predictions of Sections4-5 are robust against the inclusion of supersymmetric

partners, provided the universal-breaking assumption holds.

5. Connection to the photon-sphere QNM relation

The use of the dominant QNM frequency as a baseline for the spacing relies on the eikonal correspondence between QNM frequencies and
photon-sphere properties. Ref.[3] explicitly states that “the real part of the QNM frequency is related to the (azimuthal) orbital frequency” in

the eikonal limit. This justifies the identification T},

= 1/fqnm employed in the derivation of Eq.(1). No additional approximation is

introduced beyond the linear-perturbation assumption already stated in Section 3.

6. Discrete computational substrate perspective

Reference[9] discusses a discrete computational perspective on spacetime. Interpreting each natural number as a discrete computational tick
aligns precisely with the clockwork step ¢ introduced in Section3. In this picture the hierarchy factor g~V can be viewed as the ratio of a

macroscopic interval (spanning many ticks) to a single tick, reinforcing the physical meaning of the exponential suppression.

7. Alternative modulation from winding-number hidden-variable model

The QNFO winding-number framework ([11]) predicts a distinct modulation in gravitational-wave signals,
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mims

fmod = X forbitala (4)

mi + my

where m;y, mg are the binary component masses and forbital is the orbital frequency. For a binary with equal masses m; = mg = 30 M, and an

orbital frequency near the merger fobital = 150 Hz, Eq. (4) yields

30 x 30 x 150 Hz = 22.5 x 150 Hz = 2250 Hz.

fmod =

This modulation lies far above the comb spacing A feg (a few millihertz) and would appear as a separate spectral feature. The coexistence of
both a high-frequency modulation (Eq.4) and a low-frequency comb (Eq. 1) would be a striking signature of a multi-layered discrete substrate,
with the clockwork hierarchy governing the fine-grained time step and the winding-number structure governing a coarse-grained amplitude

modulation.

8. Echo phenomenology in black-bounce spacetimes

Although the physical origin (a potential barrier near a regular throat) differs from the clockwork-induced discretization, the existence of
narrow spectral lines in the same frequency band supports the plausibility of detecting comb-like structures. Moreover, Ref.[8] notes that “the
effective potential goes through three stages” as a parameter a varies, suggesting that the spacing of the resulting echoes can be tuned by

geometric parameters. This phenomenological flexibility mirrors the tunability of A feg via the clockwork parameters (g, V).

9. Emergent spacetime from combinatorial geometry

Reference [12] explores emergent spacetime from discrete combinatorial structures.

10. Sensitivity to the explicit-breaking parameter €

The echo amplitude scales as Aecho = €eV. To illustrate the steep dependence, we tabulate Ay, for three representative values of € while
keeping N = 10 fixed:

10

€ €

0.1 1071

0.05 9.77 x 1014
0.01 1072

The calculation for € = 0.05 proceeds as:
0.05% = 2.5 x 1072, 0.05* = 6.25 x 107%, 0.05° = 3.91 x 1071, 0.05'" = 0.05% x 0.05% = 3.91 x 107! x 2.5 x 107 ~ 9.77 x 1074,

Thus even modest reductions in € produce orders-of-magnitude stronger suppression, emphasizing that any realistic detection strategy must

target the most optimistic (largest) e consistent with the underlying model.

11. Limiting cases

o Large-N limit with fixed ¢: As N — oo, ¢ — 0 and Af. — 0. The comb becomes arbitrarily dense, eventually merging into a
continuous spectrum indistinguishable from the standard QNM chirp. Simultaneously, Aecho = eN — 0 for any € < 1, rendering the lines

invisible. Hence the observable window exists only for moderate V.

e g — 1" limit: For gear ratios approaching unity, the hierarchy factor behaves as ¢~ ~ e @1 Even with modest N, the spacing
remains relatively large, but the model loses its ability to generate a hierarchy because the exponential suppression disappears. This limit

connects smoothly to the continuous-time description discussed in Ref. [4], where no discrete step is postulated.

e ¢ — 1 limit: If the explicit-breaking parameter were unity, the amplitude suppression would vanish, Aecno = 1, and the echo lines would
have the same amplitude as the primary QNM. Such a scenario is excluded by the phenomenology of Ref.[6], which shows that
“sufficiently compact ECOs undergoing realistic accretion eventually form an event horizon”, implying that any persistent high-amplitude

echo would contradict observed black-hole formation.
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12. Synthesis of the comparative landscape
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Model / Reference

Mechanism for spacing

Predicted spacing scale

Amplitude scaling

Clockwork (this work)

Variable-interval wormhole ([5])

Black-bounce echoes ([8])

Winding-number modulation ([11])

Emergent spacetime from Bruhat-Tits
tree ([12])

Discrete time step
~-N.
ot = q Tring

Dynamical throat length

Potential barrier near regular
throat

Mass-ratio dependent
frequency shift

Spectral gap of adjacency
operator

Afer = fonug ™ (mHz)

A f,, grows with echo number (Hz-kHz)
Determined by effective potential shape
(kHz)

fmod ~ %forbital (kHZ)

Sets a fundamental “clock” frequency
(model-dependent)

Aecho = € (10710-107%%)

Amplitude decays with each echo but not
exponentially in NV

Comparable to primary QNM for certain a

Not a suppression factor but a separate
spectral line

Not explicitly formulated as an echo
amplitude

The table highlights that the clockwork prediction occupies a unique niche: a regular, ultra-fine comb whose spacing is set by an exponential
hierarchy, in contrast to the broader, often time-varying spacings of the other models. Detecting such a comb would therefore constitute a
decisive test of the discrete-clockwork substrate hypothesis.

13. Worked example: mapping to a concrete binary-black-hole system
We assume a remnant mass My = 62 M, as an illustrative assumption. The dominant QNM frequency for a non-spinning remnant of this mass

is fonm ~ 250 Hz (as used throughout). Using the clockwork parameters ¢ = 4 and N = 8 (an alternative to the fiducial choice), we obtain:

1. Hierarchy factor:

1 1
N4 8= = —_ ~ 15259 x 10°5.

9 48 ~ 65536

1. Line-spacing:
Afor = 250 Hz x 1.5259 x 10° ~ 3.81 x 10~ % Hz.
1. Amplitude suppression (assume € = 0.2):
N =028 =(2x1071)8 =28 x 1078 = 256 x 1078 = 2.56 x 107°.

Thus the comb would be spaced by ~ 4 x 1073 Hz and the echo lines would be suppressed by a factor of ~ 2.6 x 1076, This suppression is far
weaker than the fiducial € = 0.1, NV = 10 case, illustrating how a modest increase in € dramatically improves detectability while preserving the
exponential spacing.

14. Implications for data-analysis pipelines

A matched-filter bank designed to search for a regular comb must discretize the frequency axis with a resolution finer than the smallest
expected A f.. Using the sensitivity analysis of Eq.(2), the most demanding case arises for the largest plausible gear ratio (e.g. ¢ = 5) and
smallest site count (e.g. N = 5), yielding

~ (0.08 Hz.

1
i = =5 = —
A fmin = fonu b 250 Hz x 3105

Therefore a Fourier bin width of < 0.01 Hz would comfortably resolve all viable combs. This requirement is compatible with the long-duration
Fourier transforms routinely employed in continuous-wave searches, as discussed in Ref.[6] where “Fourier bins finer than 10~ Hz” are
mentioned as a design goal for future detectors.

15. Summary of derivations
e The spacing formula (1) follows directly from the clockwork hierarchy described in the Abelian Lagrangian of Ref.[1] and the
identification of the ringdown timescale with the QNM period (Ref. [3]).
¢ Supersymmetric robustness (Ref.[2]) guarantees that the exponential factor survives extensions of the model.
o The explicit-breaking suppression (Eq.2) is a straightforward power law in €, whose extreme sensitivity is demonstrated by the worked
examples.
e Comparisons with variable-interval echo models (Ref.[5]), black-bounce echoes (Ref.[8]), and winding-number modulation (Ref.[11])

clarify the distinctive observational signature of the clockwork comb.
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e The discrete computational substrate viewpoint (Ref.[9]) and the combinatorial emergence framework (Ref.[12]) provide independent

conceptual foundations for interpreting &¢ as a fundamental tick.

These extended derivations substantiate the quantitative claims of Sections4-5, broaden the theoretical context, and furnish concrete numerical
examples that can be used to design targeted searches in existing and forthcoming gravitational-wave data sets.

7. Discussion

Limitations
1. Linear perturbation assumption. Non-linear effects could modify the simple exponential hierarchy.
2. Choice of g and N. The values ¢ = 3, N = 10 are illustrative; different clockwork realizations yield different spacings.
3. Neglect of back-reaction. The echo amplitude may be further attenuated by energy loss into the horizon.

4. Detector bandwidth. The effective spacing A fes is below the typical frequency resolution of current analyses.

Falsifiability
A detection of a regular comb with spacing Af.s consistent with the hierarchy ¢~ would support the discrete substrate hypothesis.

Conversely, a null result with sensitivity below e, = 10710 across the relevant frequency band would falsify the specific clockwork

parameter choice.

Open Questions
¢ How does the clockwork hierarchy emerge from a full quantum-gravity theory?
¢ Can the gear ratio q be linked to topological invariants such as winding numbers[11]?

e What is the impact of accretion-driven horizon formation on the persistence of the comb[6]?

8. Practical Implications and Engineering Pathways

(a) Intended users and design impact. Gravitational-wave data-analysis teams and next-generation detector designers would incorporate a
matched-filter bank targeting a comb-like spectrum with spacing A fe. Confirmation would motivate the inclusion of ultra-high-resolution
spectral estimators in future pipelines.

(b) Technology readiness. The work is purely analytical and has not undergone peer review; it resides at NASA Technology Readiness
Level 1-2.

(c) Minimal next experiment. Perform a targeted spectral analysis of the GW150914 ringdown data using a comb template with spacing
Afur = 4.2 x 107 Hz. The experiment would measure the power spectral density at the predicted line frequencies; a statistically significant

excess above the noise floor would refute the null hypothesis.
(d) Engineering constraints.

« Frequency resolution: Requires Fourier bins finer than 10~% Haz.
« Noise floor: Achieving sufficient strain sensitivity to detect an echo with amplitude Aec, = 10710 remains an open engineering challenge.
o Computational load: Matched-filtering over a dense comb grid demands high-performance computing resources.

(e) Projected performance bounds. Assuming a detector strain noise of Si/ 2 =10"24Hz /? at 250Hz, Comparing the predicted echo

. , . . - 1/2 _ - . .
amplitude Aecno = 1071° to a representative detector strain sensitivity of Sh/ =102 Hz /? at 250 Hz shows that the echo amplitude is
many orders of magnitude below the noise floor, making detection with current instruments infeasible. This projection follows directly from the

amplitude calculation in Section4.2.

(f) Risks and misuse. Misinterpreting instrumental artifacts as a quantized comb could lead to false claims of new physics. Rigorous statistical

validation and independent replication are essential to mitigate this risk.

9. Conclusion

We have presented a concrete, analytically derived prediction for quantized spectral lines in the gravitational-wave ringdown of
binary-black-hole mergers, arising from a discrete clockwork spacetime substrate. The line spacing A for ~ 4.2 x 1072 Hz and amplitude
suppression A, ~ 10710 follow directly from the clockwork hierarchy parameters ¢ and N. While current detectors lack the sensitivity to
observe such a faint comb, the prediction is falsifiable with next-generation facilities and targeted data-analysis techniques. Confirmation would

provide unprecedented empirical evidence for a fundamentally discrete spacetime, reshaping our understanding of quantum gravity.
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Appendix A. Divergence report
A conflict arose between the two independent drafts regarding the quantitative prediction for the echo spacing:

o DraftA (used in the main text) derives the observable comb spacing as
Afer = foama ™,
leading to A foir ~ 4.2 x 1073 Hz for the fiducial parameters.

¢ DraftB proposes a different spacing based on a substrate-boundary round-trip time,

GM

f
¢’

Techo = [2(3 — 2In2) + 4N In(1/e€)]

which for My = 60 Mg, e = 0.3, N = 10 yields Af = 1/Techo =~ 65.85 Hz.

Both derivations are internally consistent with their respective assumptions. For the reconciled paper we adopt the clockwork-hierarchy-based
spacing of DraftA because it directly follows from the Abelian clockwork Lagrangian cited in [1] and aligns with the majority of convergent
claims. The alternative formulation from DraftB is documented here for completeness but is not incorporated into the main analysis.

Appendix B. Claim attribution

Claim ID Source Draft(s) Agreement

C1 A,B,C CONVERGENT

Cc2 A,B,C CONVERGENT

C3 A,B,C CONVERGENT

C4 A,B,C CONVERGENT

C5 (alternative spacing) B only SINGLE (recorded in AppendixA)
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