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So What? Why Should a Reader Care About This
Research?

The stakes. This treatise develops a single thesis: that the primitive act of distinction
— the drawing of a boundary between marked and unmarked — generates, under the
discipline of re-entry and linear resource management, the constants e and m, the
landscape of completions of the rational numbers, the loop—tree duality of the
Langlands program, the mathematical structure of quantum theory, and the grammar
of a universal logical language. If the thesis holds even in part, the most fundamental
constants and structures of mathematics and physics are not axioms of nature but
consequences of a single primitive act. The reader is entitled to ask: so what — why
should anyone care? Three answers follow: what the treatise is for, what it makes
possible, and what it deliberately does not claim.

Why a foundations researcher should care. The treatise supplies what the modern
formal program lacks: a primitive — the mark — from which the constants (Part III),
the adelic landscape (Part IV), the Langlands duality (Part V), and the physical
identities (Part VI) are claimed to arise. Every claim is individually falsifiable and
tracked in the Research Continuity Registry (frontier questions FQ1-FQ®6,
predictions P1-P3, three pre-registration scaffolds): the Re-Entrant Machine
(Appendix D) must compute 7 from Tr(idg:) and e from Df = f without importing
either constant as an axiom, on a 12-month test window. A reader who doubts the
thesis can test it; a reader who accepts it gains a unified research program with
explicit disconfirmation conditions.

Why a physicist should care. Part VI re-describes established quantum mechanics
as the physics of the re-entrant mark — explicitly interpretative, not predictive —
and Part VII grounds the statistics—information—entropy structure that underlies the
companion exchange-phase program (the exchange phase R = e2™* as a logical
scalar, developed in the successor record The Exchange Phase as a Logical Scalar)
and the p-adic anyon program (Temperley—Lieb parameters, braid groups on Bruhat—
Tits buildings, anyon fusion). The practical instrument these programs build together



is the boundary map of quantum statistics: which statistics are possible, where the
premises of the boson/fermion law end, and which physical platforms can host
anyonic braiding for topological quantum computation. Even where the treatise is
interpretative rather than predictive, its value is a unified engine: one calculus that
generates the constants, the completions, the duality, and the phase.

Why a computer scientist or Al researcher should care. The logical substrate
(Part II: linear and differential refinements) and the universal language (Part VIII:
traced differential cohesive linear homotopy type theory) are formalisms for self-
referential computation: the geometry of interaction, the exponential modality as
fixed point, trace semantics. The Re-Entrant Machine (Appendix D) is a concrete
implementation target with pre-registered falsification conditions — a testable
program, not a metaphor. For Al-assisted research governance, the treatise also
carries the ignorance-audit methodology (the Universal Ignorance Audit, deposited
with this record) that QNFO applies to its own pipeline: audit before asserting,
disclose rather than conceal, verify provenance, invite adversarial validation — the
epistemic hygiene that keeps a large Al-assisted corpus trustworthy.

How deep does it go? Where do the premises end? The premises-depth audit is
explicit throughout: [established] claims (the Spencer-Brown calculus, standard
mathematics), [my conjecture] claims (constants as logical scalars, Part III), and
interpretative re-descriptions (Part VI — no new physical predictions). The premises
end exactly where the parts mark them: the mark itself is primitive; everything else
must be derived or conceded. The registry records every frontier question with its
disconfirmation condition.

Practical utility — even if parts fail. The treatise is structured so that failure is
local: the Re-Entrant Machine program, the adelic functional-equation reading, and
the p-adic tree construction are independent testable claims. If any one fails, the
surviving parts — the linear-logical substrate, the epistemic-hygiene methodology,
the constants-as-scalars arithmetic in restricted models — remain usable instruments.
A treatise that fails in one appendix but carries three falsifiable pre-registrations and
a working methodology is more useful than a shorter paper that claims everything
and tests nothing.

What this treatise does not claim. No claim that the mark is metaphysically prior to
physics (the foundational claim is mathematical, not metaphysical — stated in the
Preamble). No new physical predictions beyond re-description of established
quantum mechanics (Part VI, explicit). No completed formal proof of the Part VIII
system (Appendix D is the open step). No claim that e and 7 have no other origin.
What the reader gets: a falsifiable research program, a unified instrument, and an
honest boundary map.

Part I — Foundations: The Act of Distinction

Preamble: The Primacy of the Mark

The unmarked state. The first boundary. Why there is something rather than nothing,
encoded as the act of drawing a distinction.



This treatise develops a single thesis: that the primitive act of distinction — the
drawing of a boundary between marked and unmarked — generates, under the
discipline of re-entry and linear resource management, the constants e and mr, the
landscape of completions of the rational numbers, the loop—tree duality of the
Langlands program, the mathematical structure of quantum theory, and the grammar
of a universal logical language. Each part of the treatise is a witness to this thesis in a
different domain. This first part establishes the calculus from which everything else
is derived.

The foundational claim is mathematical, not metaphysical: the calculus of
indications [established — Spencer-Brown 1969] provides a minimal formal system
in which the act of distinction is the only primitive. What we add in this treatise is a
systematic study of what happens when that mark is allowed to re-enter its own form
— a move that Spencer-Brown identified as producing the imaginary Boolean value
and, with it, the possibility of time [established — Spencer-Brown 1969, Chapter
11]. The further claim of this treatise — that re-entry under linear discipline
generates the exponential and circular constants as logical scalars — is [my
conjecture], developed in Part I1I. The treatise builds on published predecessors in
the calculus of distinction: Quantum Laws of Form (DOI 10.5281/zenodo.21205582)
and The Calculus of Distinction: A Formal Isomorphism Between Laws of Form and
Ultrametric Trees (DOI 10.5281/zen0do.21205097). The physical identities
developed in Part VI are interpretative re-descriptions of established quantum
mechanics, not new predictions; the formal claims of Part III are pre-registered for
computational verification.

§1. The Unmarked State and the First Boundary

1.1 The void that is not a void

The calculus of indications begins with a state of affairs that Spencer-Brown names
the unmarked state: no boundary has been drawn, no distinction made [established
— Spencer-Brown 1969, p. 1]. The unmarked state is not “nothing” in the physical
sense; it is the formal precondition of any act of indication. Every mark presupposes
a space in which it can be drawn, and that space — prior to the drawing — is
unmarked.

The first act of the calculus is the drawing of a distinction. Spencer-Brown’s first
injunction: Draw a distinction [established]. The distinction creates three things
simultaneously:

1. A marked state (the inside),
2. An unmarked state (the outside), and
3. The boundary between them.

The mark of distinction is written — (or in the older notation, a cross or bracket). The
calculus has two primitive acts of condensation and cancellation that generate its
arithmetic:

=z (involution — calling)

8l

zz =z (idempotence — crossing)



where juxtaposition denotes the operation of calling (the copy) and the overbar
denotes crossing (the mark). These two laws constitute the arithmetic of the calculus
[established].

1.2 Why the boundary is primal

The central philosophical claim of this section is that the boundary is not an object
within the calculus but the act that constitutes the calculus. This claim is [my
conjecture] in the strong form stated here; it is [established] that the calculus
functions without any other primitive. The form of a distinction — the pair of inside
and outside separated by a boundary — is the archetype of every subsequent
structure in this treatise:

e Aloop is a boundary that returns to itself.

e A tree is a hierarchy of nested boundaries.

¢ A constant is a boundary that persists under every transformation of the
calculus.

The loop—tree duality that organizes Parts [IV-VIII is present, in embryonic form, in
the very act of drawing: a single mark is a trivial loop (its boundary closes); a system
of nested marks is a tree.

1.3 Falsifiability note

The claim “the boundary is primal” is a choice of axiomatic starting point, not an
empirical hypothesis; it is falsifiable only in the sense that the entire derivation
program of this treatise could fail — if the constants e and 7 could not be derived
from the re-entrant mark under the discipline of Part II, the program would be
refuted. This conditional falsifiability is stated here and will be sharpened in §12.

§2. The Calculus of Indications

2.1 Arithmetic and algebra

The calculus of indications has two levels:

Arithmetic. The arithmetic consists of the two laws of calling and crossing,
governing the behavior of marks in the absence of variables:

Z=xz and zx=2 [established]
With two marks — and the empty state, the arithmetic produces exactly two distinct
values: the marked and the unmarked state. Every well-formed expression evaluates

to one of these two values.

Algebra. The algebra introduces variables a, b, c, . . . ranging over the states, and the
two laws become:



=a (involution)

ell

aa =a (idempotence)

From these, the entire Boolean algebra is recovered: the mark implements negation,
juxtaposition implements a form of conjunction (in the marked-inclusive reading),
and the calculus is complete for classical propositional logic [established —
Spencer-Brown 1969, Chapter 4; see also the extensive literature on the algebraic
completeness of the calculus].

2.2 The mark as operator and operand

A distinctive feature of the calculus is that the mark serves simultaneously as
operator (crossing — the act of negation) and operand (the marked state). This dual
role is the first appearance of a theme that recurs throughout the treatise: in linear
logic, a formula is both a proposition and a resource; in the re-entrant form, the mark
is both the operation and the state it produces. This self-applicative structure is what
makes re-entry possible: the mark can be applied to its own form because it is
already both operator and operand.

2.3 Depth and the algebra of nesting

Spencer-Brown defines the depth of an expression as the number of alternations of
marked/unmarked regions crossed from the outside [established]. Depth is the
discrete scaffolding on which the continuous structures of later parts will be erected.
An expression at even depth behaves differently from one at odd depth under
crossing, and this parity structure anticipates:

e The sign of the phase in §4 (the half-turn of the mark),
e The parity structure of the Fourier transform in §11,
e The Zs-grading that underlies the fermionic/bosonic distinction in Part VI.

The appearance of parity in the primitive calculus is [established] (it is a direct
consequence of the two laws); the claim that this parity is the ancestor of physical
spin-statistics is [my conjecture], developed in Part VI.

§3. Re-Entry and the Imaginary Truth Value

3.1 The equation f = f

The pivotal move of the calculus — and the pivot of this entire treatise — is re-
entry. A form is allowed to re-enter its own space: the mark is applied to its own
result. The simplest re-entrant form satisfies

f=71

In the arithmetic of the calculus, this equation has no solution: the marked state is
not the unmarked state. Spencer-Brown’s response was to introduce a third value, the
imaginary state [established — Spencer-Brown 1969, Chapter 11]. The equation

f = f oscillates between marked and unmarked; the imaginary value is the name of
that oscillation.



3.2 The oscillation theorem

The re-entrant form f = f generates the sequence

9 9 geee

which alternates between the marked and unmarked states. Two readings are
possible:

1. The paradoxical reading: the form has no stable value in the two-valued
arithmetic; it is inconsistent.

2. The temporal reading: the form is a clock. Each crossing is a tick; the value is
not fixed but changes; the form is the simplest possible model of a time-
dependent system [established as a reading — Spencer-Brown 1969; Kauffman’s
extension of the waveform interpretation].

This treatise adopts the temporal reading as its primary interpretation, and this
choice is the bridge from logic to process that Parts III-VIII exploit.

3.3 The imaginary state as proto-time

[my conjecture] The imaginary state is proto-time: the minimal structure that
distinguishes a before from an after without importing any external notion of
duration. The sequence of crossings is discrete; duration arises only when the re-
entrant form is coupled to a continuum (Part I'V: the Archimedean place) or when
many re-entrant forms are synchronized (Part VI: the clock as a system of coupled
distinctions).

Falsifiability condition: the claim “re-entry generates proto-time” is a claim about
the interpretation of a formal system, not about physical time; it is [not yet
falsifiable] as a physical claim. Its physical content appears only in Part VI (§24),
where it receives a concrete, falsifiable formulation in terms of the Compton
frequency. The present section is properly read as establishing the logical possibility
of time within the calculus.

§4. Time, Oscillation, and the Birth of Frequency
4.1 Re-entry as a clock

The re-entrant form f = ? ticks. If the ticks are indexed by a discrete counter n € N,
the state after n crossings is:

f(n) = (—1)" f(0) [established — elementary consequence]

in the Boolean encoding where marked = 1, unmarked = 0 (equivalently +1 under
the multiplicative encoding). The discrete clock has period 2.



4.2 From discrete ticks to continuous phase

To pass from the discrete clock to a continuous time, we need a parameterization of
the phase of the oscillation. The minimal continuous model is the unit circle: the
marked state corresponds to one half-turn and the unmarked to the other. This is the
first appearance of 7 in the treatise: the unit circle’s circumference, the half-turn 7
radians that carries the mark to its complement [established — elementary geometry;
the logical derivation of  from the trace of the circle type is the subject of §10 and
§36].

The claim that the phase of the re-entrant mark is the phase of the unit circle is
[MAP — model of the re-entrant oscillation]; the mathematical correspondence is
exact, and its physical reading is deferred to Part VI.

4.3 Frequency as the rate of re-entry

[my conjecture] Define the frequency of re-entry as the number of crossings per unit
time. The claim that physical frequency — in particular the Compton frequency of a
massive particle — is a rate of re-entry is [TERRITORY — claimed identity] in Part
VI (§24), where it is given a precise, falsifiable formulation. In this foundational
part, frequency is introduced purely as a rate within the discrete clock, and its
connection to the exponential e? phase factor is prepared:

= cos@+isin@ [established — Euler’s formula, see §12]

et
The half-turn of the mark corresponds to § = m: ™ = —1, the marked state under
the multiplicative encoding. The full derivation of the Euler identity from the
calculus is the subject of §12; the present section establishes the geometric picture.

4.4 The transition from static logic to dynamic process

The passage from Part I to Part II is the passage from a static calculus (the arithmetic
and algebra of indications) to a dynamic one (re-entry, oscillation, phase). The
discipline imposed in Part II — linear logic’s resource management — governs sow
the mark may be copied, reused, and discarded. It is the linear discipline that turns
the raw oscillation of §3 into the structured exponential and circular constants of Part
II.

The unit circle as the space of phases is [established] as a mathematical object; its
role as the canonical phase space of the re-entrant mark is [MAP — model of the
phase space].

Part I — The Logical Substrate: Linear and
Differential Refinements




§5. Linear Logic and Resource-Conscious Distinction
5.1 The mark as a linear resource

Part I established the mark of distinction as the primitive of the calculus. Part II asks
a new question: what does it cost to use a mark? The answer, following Girard’s
linear logic [established — Girard 1987, DOI 10.1016/0304-3975(87)90045-4], is
that every use of a hypothesis consumes it. In classical and intuitionistic logic, a
hypothesis may be used any number of times; in linear logic, it must be used exactly
once — unless an explicit modality licenses copying or discarding.

The correspondence at the heart of this section:

Calculus of Indications Linear Logic

Mark as operand Linear formula (resource)

Mark as operator Linear implication —o

Calling (copy) Controlled by the exponential !
Crossing (negation) Linear negation (-)*

Depth Modality depth / dereliction levels

This table is the first of several “Rosetta stone” correspondences in the treatise (the
full crosswalk appears in §38). It is [MAP — model of the LoF/linear-logic
correspondence]: the correspondence is exact at the level of proof structure, and its
exploitation throughout this treatise is a design choice, not an empirical claim.

5.2 Multiplicative and additive connectives

Linear logic’s connectives split into two families [established — Girard 1987]:

Multiplicatives (the logic of parallel resources): - Tensor A ® B: both resources,
used together. - Par A\parrB: both alternatives available; the ambient environment
chooses which is consumed. - Linear implication A —o B = A+\parrB: the
resource-transformer.

Additives (the logic of choice): - With A& B: the environment chooses which
resource is delivered. - Plus A @ B: the proof chooses which resource is produced.

The multiplicative/additive distinction is the logical ancestor of the loop/tree
distinction that organizes this treatise:

e Multiplicative structure is looping: tensor and par both involve the interaction of
two resources, the minimal graph with a cycle (the exchange/cut structure).

¢ Additive structure is branching: with and plus are binary choices, the minimal
tree.

[my conjecture] The claim that multiplicative = loop and additive = tree is a
structural correspondence between proof theory and graph theory: multiplicative
connectives preserve the cyclic exchange symmetry of their resources, while additive
connectives introduce genuine branching. This correspondence is exact for the
graphical presentation of proofs (proof nets [established — Girard 1987]), and the
treatise develops it in Parts IV and V.



5.3 The distinction that cannot be duplicated without control

The key linearity principle: without the exponential !, a distinction (hypothesis,
resource, mark) cannot be duplicated. This is the resource-conscious refinement of
the calculus of indications: Spencer-Brown’s calling law ¢ £ = = (idempotence — a
mark copied is still one mark) is the unrestricted form; linear logic restricts it,
requiring an explicit modality to license copying.

[my conjecture] This restriction is the formal seed of the physical principle of non-
cloning in quantum theory (Part VI, §26). The no-cloning theorem of quantum
mechanics [established — Wootters & Zurek 1982; Dieks 1982] states that an
unknown quantum state cannot be duplicated. The treatise’s claim is that this is the
physical reading of linearity: quantum states are linear resources. The claim is
[TERRITORY — claimed identity] in Part VI, with its falsifiability condition stated
there.

§6. The Exponential Modalities: ! and ?

6.1 ! A — unlimited copying, the continuous loop

The exponential modality ! A (pronounced “of course A”) licenses unlimited use of
A: from ! A one may derive any number of copies of A [established — Girard 1987].
The rules:

I'-B keni INAJJA+B ) THB )
TIAFB (weakening) “TIAFB (contraction) THB (promotion)
The central observation of this section: ! A is the continuous loop — a resource that
can be fed back into itself without loss. The promotion rule internalizes the loop:
from a proof that uses the resource, it produces a resource that can be reused
indefinitely.

[my conjecture] The modality ! is the logical counterpart of the re-entrant mark’s
steady oscillation: where the raw re-entrant form f = f oscillates (Part I, §3), the
promoted resource !A is the stabilized form — a loop that has reached a fixed point,
circulating without changing. The connection to the exponential function e® —
whose defining property is that it is its own derivative, i.e. its own rate of circulation
— is the subject of Part III, §9.

6.2 7A — the dual branching, the discrete tree

The dual exponential ?A (pronounced “why not A”) licenses the environment s
unlimited use of A. It is the De Morgan dual of ! A:

(?A)1 =1(A1) [established — Girard 1987]

[my conjecture] ?A is the discrete tree: the branching structure that results when an
unlimited resource is consumed by an environment that can discard or duplicate it at
will. The tree metaphor is made precise in Part IV (§14) where the ? modality is
realized as the geometric structure of a p-adic tree (Bruhat—Tits building).



6.3 The loop—tree duality as modal duality

The pair (!, ?) is the first precise statement of the loop—tree duality:

e ! — the loop: copying without loss, circulation, continuity.
e ? — the tree: branching, discrete choice, discontinuity.

This duality is De Morgan dual: each is the negation of the other. The treatise’s thesis
is that this modal duality is the logical skeleton of the mathematical duality between
the real (Archimedean) place and the p-adic (non-Archimedean) places of
Ostrowski’s theorem (Part IV, §13), and between automorphic forms and Galois
representations (Part V, §20).

§7. Differential Linear Logic and the Derivative as a Proof Rule

7.1 The differential combinator

Differential linear logic (DiLL) extends linear logic with a differential combinator
that linearizes proofs [established — Ehrhard & Regnier 2006, DOI
10.1016/j.tcs.2006.08.003; Ehrhard 2018, DOI 10.1017/S0960129516000372].
Where linear logic governs how resources are used, DiLL governs how proofs can
be varied. The differential combinator D satisfies:

D(f)(u) - v = the derivative of f at u in direction v

In DiLL, the differential combinator is a proof rule: from a proof of A — B one
may derive a proof of A ® A —o B — the linear approximation of the original proof
[established — Ehrhard & Regnier 2006].

7.2 Linear approximation and the derivative of a proof

The central insight of DiLL [established — Ehrhard & Regnier 2006]: the Taylor
expansion of a proof. Any proof f can be written as a sum (in a suitable sense) of its
derivatives:

=3 2 D4(0)

n=0 """

This is the Taylor expansion of a proof, and it is the bridge from the discrete
combinatorics of proofs to the continuous analytic structure of the exponential
function.

[my conjecture] The derivative of a proof is the rate of change of a distinction: the
differential combinator measures how a marked/unmarked configuration responds to
infinitesimal perturbation. This is the logical seed of the physical derivative — the
operator d/dt of dynamics — and the treatise’s claim is that the differential
combinator of DILL is the proof-theoretic ancestor of the differential structure of
physics (Part VI, and the differential cohesion of Part VIII, §35).



7.3 The exponential map emerges syntactically

The decisive observation for Part III: the Taylor expansion of the identity-like proof
produces the exponential series

z > wn
e = Z 1
=0 n!

entirely syntactically, from the differential combinator and the exponential modality
[established — the Taylor series; the claim that this is the syntactic emergence of e is
[my conjecture], developed in §9]. The exponential function is not added to the
calculus from outside; it is generated by the calculus’s own differential structure.

§8. The Geometry of Interaction and Traced Categories
8.1 Cut-elimination as a dynamical system

The Geometry of Interaction (Gol) program [established — Girard 1989; Abramsky
2005] interprets proofs as dynamical systems: cut-elimination is not a static
rewriting process but the time-evolution of an interaction. A proof is a network; its
execution is the flow of tokens through the network; the result of cut-elimination is
the fixed point of that flow.

The Gol interpretation is the first place in the treatise where time appears as an
internal feature of proof theory — echoing the temporal reading of the re-entrant
mark in Part I, §3. The re-entrant mark and the Gol token are [MAP — model of
each other]: both are primitive dynamical processes whose equilibrium is a fixed
point.

8.2 The trace as feedback

The mathematical structure underlying Gol is the trace of a monoidal category
[established — Joyal, Street & Verity 1996, DOI 10.1017/S0305004100074338].
The trace operation T'r takes a morphism f: A ® U — B ® U and produces
TrV(f) : A — B, “closing the loop” on the shared resource U — feeding U back
into itself.

The trace is the categorical formalization of feedback: a system whose output is
routed back into its input. The connection to the re-entrant mark is direct: re-entry is
feedback, and the trace is its categorical form.

8.3 Compact closed categories as the algebra of self-reference

A compact closed category is a symmetric monoidal category in which every object
A has a dual A* with evaluation A* ® A — I and coevaluation I —» A ® A*
[established — Joyal, Street & Verity 1996]. In a compact closed category, the trace
always exists.



[my conjecture] Compact closed categories are the algebra of self-reference: the
coevaluation I — A ® A* creates a “self” (the object paired with its dual), and the

trace closes the self-referential loop. The re-entrant mark f = f is the simplest
instance: the object and its negation, traced into a loop. This claim is [MAP —
model of self-reference]; its formal content is that the calculus of the re-entrant mark
embeds into compact closed structure, which Part III uses to derive the constants.

8.4 The bridge to Part 111

Part II has established the logical substrate: linear discipline (§5), the modal pair of
loop and tree (§6), the differential combinator (§7), and the traced/compact-closed
structure of feedback (§8). Part Il now asks: what constants does this substrate force
into existence? The answer — the exponential constant e from the fixed point of the
differential exponential, and the circular constant 7 from the trace of the circle — is
the treatise’s central technical contribution.

Part III — The Emergence of Constants: e and pi as
Logical Scalars

§9. Self-Reference and the Fixed Point of the Exponential
9.1 The unique solution to D f=f, f(0) =1

Part II established the differential combinator of DiLL (§7) and the trace operation
(§8). The central claim of Part III is that these two structures force the existence of
the transcendental constants e and 7 as logical scalars — values that the type theory
itself computes, not values that are added as axioms.

The exponential constant e is characterized by the initial value problem [established
— elementary analysis]:

Df=f,  f(0)=1.

The unique solution is f(z) = e*, where e = f(1) = Y_.° o 1/nl
9.2 The coKleisli morphism of the modality !

The claim that the exponential function is not an imported analytic object but the
syntax of the exponential modality itself is [my conjecture] in its strong form. The
precise formulation:

In the coKleisli category of the modality ! (the category whose objects are types and
whose morphisms A — B are linear maps !A —o B), composition is given by the
dereliction-then-embedding structure. The coKleisli morphism of ! that corresponds
to the derivative operator satisfies the fixed-point equation



Df = f

because the differential combinator of DiLL is the structural map of the coKleisli
category: the rate of change of a proof is computed by differentiating its Taylor
expansion, and the proof whose derivative is itself is the identity of the exponential
structure [established — the categorical semantics of DiLL; the identification with e
1s [my conjecture]].

The mathematical content: in the differential category semantics [established —
Blute, Cockett & Seely 2006; Ehrhard 2018], the exponential modality ! comes with
a canonical codereliction map whose associated differential operator has exactly the
fixed-point property D f = f. The solution of this equation — the exponential
function — is therefore not an external constant but the internal fixed point of the
modality. Model-dependence scoping (per REG-SLB-002, 2026-08-12): this
identification is [established] in analytic DiLL models (the smooth coKleisli model
of convenient vector spaces, where Picard—Lindelof gives the unique solution e® and
the fixed point evaluates to e — artifacts/reg-slb-002-diLL-model.md, reg-slb-001-
formalization.md). In discrete models (relational, finiteness spaces) the equation has
no analytic solution — e is not definable there — so the claim is undefined, not
false, in those models. The identification remains [my conjecture] as a universal
categorical theorem.

9.3 The birth of e

[my conjecture] The constant e is the logical scalar associated with the re-entrant
mark under linear discipline:

e The raw re-entrant mark f = f oscillates (Part I, §3) — no fixed point in the
two-valued arithmetic.

e Under the differential-linear discipline (Part II), the mark’s rate of change
becomes its own identity — the fixed point Df = f.

e The unique solution, normalized at f(0) = 1, evaluates at z = 1 to
e=2.71828...

The claim is not that e is “invented” by the calculus — it is [established] that e is the
unique solution of Df = f — but that the calculus generates the differential
equation as its own internal structure. The novel claim is the direction of
explanation: the re-entrant mark, disciplined by linearity, produces the exponential as
its fixed-point theory.

Falsifiability condition: this claim is a claim about the structure of a formal system,
not an empirical claim; it is falsifiable only in the sense that if the derivation of e
from DiLL semantics failed to be unique, the claim would be void. The physical
content of the fixed-point equation appears in Part VI (§24) where the Compton
phase rotation e~ime't/k is derived from the re-entrant clock.




§10. The Circle Type and the Trace of Identity
10.1 The suspension of the Boolean distinction

Part I introduced the unit circle as the phase space of the re-entrant mark (§4.2)
[MAP — model]. Part ITII now shows that 7 is not only pictured by the circle but
computed by the trace structure of the circle type.

In homotopy type theory, the circle type S* is the higher inductive type generated by
a point base and a loop loop : base = base [established — Univalent Foundations
Program 2013]. The circle type is the suspension of the Boolean distinction: it is the
type-theoretic object whose identity type has a generator — the loop that returns the
point to itself. This is the re-entrant mark, realized as a type:

¢ The point base = the marked state.

e The loop = the re-entrant crossing that returns to base.

e The relation base = base via loop = the identity of the mark with itself through
its own crossing.

10.2 The self-dual object S*"1

The circle type is self-dual in the relevant sense: in the compact closed structure of
Part II (§8.3), the circle’s dual is (up to equivalence) itself. The loop and its reverse
compose to the identity:

loop - loop ™! = idpase [established — HoT'T]

This self-duality is the type-theoretic form of the re-entrant mark’s self-reference: the
mark and its complement are the two orientations of the same loop.

10.3 The trace of the identity on S*1 yields pi

[my conjecture] The scalar 7 is the trace of the identity on the circle type: in the
traced/compact closed structure of Part II, the trace of the identity morphism on the
self-dual circle object is a scalar, and that scalar is 7 in the analytic realization
(where the circle carries its geometric structure and the trace is computed by the
Gaussian-integral construction of §11.3). The FQ3 model survey (2026-08-12,
artifacts/fq3-universal-pi-survey.md) shows this is not a universal categorical
theorem: in Rel the trace of identity is a relation, in FinVec it is the dimension, and
in topological Cob it is the Euler characteristic — none yields 7. The claim is
therefore scoped: it holds where the circle’s metric/geometric structure is present, not
in bare traced monoidal categories.

The formal content: in a traced monoidal category [established — Joyal, Street &
Verity 1996], the trace T'r(idg1) of the identity on the circle object produces an
element of the monoidal unit — a scalar. For the circle, this scalar is the
circumference-to-diameter ratio:

C
w=Tr(idg) = "l [established — elementary geometry; logical derivation: [my conjecture]|



The honest mathematical status: the trace of the identity on the circle in specific
models (e.g., the category of relations, or the cobordism category) computes specific
scalars; identifying that scalar with 7 in the geometric model is [established] (the
circle’s Euler characteristic and circumference enter through the trace of the
identity). The claim that this is a #ype-theoretic theorem about a universal circle type
is [my conjecture] and is the subject of §36 in Part VIII.

10.4 The half-turn and the Boolean negation

The trace of the identity on the circle produces the half-turn relation: the loop loop
traversed halfway is the complement — the negation of the marked state. In the
arithmetic of the mark:

loop? =~ [MAP — model of the re-entrant phase]

This is the geometric root of the Euler identity (§12): the half-turn of the circle is —1
under the multiplicative encoding of the marked/unmarked states.

§11. The Fourier Transform as Duality and the Gaussian Eigenform

11.1 Pontryagin duality in compact closed categories

The Fourier transform is the mathematical expression of duality on the circle:
functions on the circle transform to sequences on the integers (the dual group).
Pontryagin duality [established — Pontryagin 1934; standard harmonic analysis]
states that the double dual of a locally compact abelian group is the group itself:

G =G [established]

In the categorical language of Part 11, Pontryagin duality is a compact closed
structure on the category of locally compact abelian groups: each group has a dual
(its character group), and the evaluation/coevaluation maps implement the Fourier
transform and its inverse [established — the categorical formulation appears in the
literature on categorical harmonic analysis; [my conjecture] that this is precisely the
compact closed structure of §8.3].

11.2 The Gaussian as the eigenform of the Fourier transform

The Gaussian function

7I'£l32

g(z) =e”

is the eigenform of the Fourier transform: its Fourier transform is itself [established
. . . . . . 2
— classical; the normalization by 7 is the content of the identity [e™™ dz = 1].

The Gaussian is the fixed point of the Fourier transform — the function that is
unchanged by duality. In the language of this treatise:

e The Gaussian is the steady state of the loop—tree duality: the function that is
identical in the loop (position) and tree (frequency) representations.



e Its fixed-point character under the Fourier transform is the analytic counterpart
of the re-entrant mark’s fixed-point-seeking behavior under linear discipline

(§9).
11.3 The norm fixed by pi

The normalization of the Gaussian eigenform is fixed by 7

/ e ™ de =1 [established|

—00

The claim of this section: the constant 7 that normalizes the Gaussian is the same
logical scalar as the trace of the identity on the circle (§10.3). The circle enters the
Gaussian through the square of the integration variable: the integral of the Gaussian
factorizes over two dimensions, and the two-dimensional integral is naturally
evaluated in polar coordinates — on the circle. The identity

2 27 oo
(/e‘”zda:) = //e_”(”2+y2)dm dyz/ / e ™ rdrdf
o Jo

exhibits 7 as the circumference of the circle of phases [established — classical
evaluation of the Gaussian integral].

§12. From e and pi to the Euler Identity: A Proof-Theoretic
Derivation

12.1 e*{i pi} = -1 as the half-turn of the re-entrant mark

The Euler identity
e’ = —1 [established — Euler’s formula]
is the conjunction of the two constants derived in this part:

¢ e: the fixed point of the differential exponential (§9),
o T the trace of the identity on the circle (§10).

The identity states: the exponential of the half-turn is the negation. In the language
of the re-entrant mark:

e The mark applied to itself twice returns to itself: T = = (§1).

e The half-turn of the circle carries the marked state to the unmarked state (§10.4).
e The exponential of the half-turn is the negation operator: e = —1 (§12.1).

12.2 The purely logical path from distinction to the most beautiful equation

[my conjecture] The Euler identity is derivable, in principle, from the calculus of the
re-entrant mark under the discipline of Parts I-I1:

1. Start: the re-entrant mark f = ;‘ (Part I, §3).



2. Linearize: the differential combinator of DiLL makes D a proof rule; the fixed
point D f = f generates e (§9).

3. Trace: the trace of the identity on the circle type generates 7 (§10).

4. Compose: the exponential of the traced half-turn is the negation: e’ = —1

(§12.1).

The claim is [my conjecture] as a complete derivation within a single formal system
— the full formalization requires the traced differential cohesive linear type theory
of Part VIII, where the constants are theorems of the type system (§36). What is
[established] is each individual step: the calculus of indications, DiLL, traced
categories, HoTT, and Euler’s formula are all established mathematics. The novelty
of the treatise is the claim that they compose into a single derivation of the Euler
identity from the primitive act of distinction.

Falsifiability condition: this claim is formally falsifiable: if the formal system of
Part VIII cannot derive e*™ = —1 from the re-entrant mark without importing the
real numbers and the exponential function as external axioms, the claim of a purely
logical derivation fails. This is a concrete, checkable claim about the formal system,
and Appendix D sketches the computational implementation that would verify it.
Model-theoretic proof status (per REG-SLB-001, 2026-08-12): the analytic-
model case is now proven — in the smooth coKleisli model of DiLL, Picard—
Lindeldf uniqueness + the Taylor series generate e, the Gaussian-integral trace
generates m, and Euler’s formula gives €™ = —1 with both constants generated by
the model (artifacts/reg-slb-001-formalization.md; numerically verified by the Re-
Entrant Machine v0.3, G1-G4 + U1 all pass). The purely type-theoretic derivation of
Part VIII remains [my conjecture] — that is the still-open formal core.

12.3 The status of the constants

The constants e and 7 are not invented by the calculus; they are forced by it. The re-
entrant mark, disciplined by linearity (§5), differentiated (§7), and traced (§8),
produces the exponential as its fixed point (§9) and the circle constant as its trace
(§10). The Euler identity is the single equation that states both facts at once (§12).

This is the treatise’s central technical thesis. The rest of the treatise shows that the
same logical substrate — the loop (Archimedean, e, ) and the tree (p-adic, discrete)
— organizes number theory (Part IV), the Langlands program (Part V), quantum
physics (Part VI), and statistics (Part VII).

Part IV — The Landscape of Numbers: Adelic
Geometry through Modal Lenses




§13. Ostrowski’s Theorem as a Completeness of Distinction Systems

13.1 Absolute values as modes of measuring the mark

Ostrowski’s theorem [established — Ostrowski 1918, Acta Math 41, 271-284]
classifies all absolute values on the rational numbers Q: every nontrivial absolute
value is either

1. the Archimedean absolute value | - |« (the usual real absolute value), or
2. a p-adic absolute value | - |, for some prime p.

The completions are the real numbers R (for the Archimedean place) and the p-adic
numbers Q,, (for each non-Archimedean place).

[my conjecture] The classification is a completeness theorem for distinction systems:
the ways of measuring the mark — the ways of assigning a size to a difference —
are exactly the absolute values, and Ostrowski’s theorem says there is one
continuous way (the real/Archimedean place) and infinitely many discrete ways (the
p-adic places). In the language of Part II:

e The Archimedean place is the loop: the real numbers are the completion that
makes the re-entrant mark’s oscillation continuous (Part I, §4; Part III, §9).

e The p-adic places are the trees: each Q,, is the completion that makes the
branching structure of nested distinctions explicit (Part II, §6.2).

This identification of Ostrowski’s classification with the modal pair (!, ?) of linear
logic is [my conjecture]. Its content is formalizable: the p-adic valuation is the
“branching depth” of a rational number (how many times it divides by p), and the
Archimedean valuation is the “loop magnitude” (how far it is from zero along the
continuous line).

13.2 The classification: one smooth loop, infinitely many branching trees

The structure of Ostrowski’s theorem is itself the loop—tree duality:

Modal dual (Part Geometric

Place Valuation Completion ) form

Archimedean |- oo R I (loop) S;Lﬂrilﬁnme’
adic (p = Bruhat-Tits

S ST R ? (iree) ree
,3,5,... ultrametric

The single Archimedean place is the one smooth loop; the countably infinite family
of p-adic places is the infinitely branching forest of trees. This is [established] as a
fact about Ostrowski’s theorem; the modal reading is [my conjecture].

13.3 Connection to prior published work

This treatise’s Part IV develops the adelic reading of the number system that prior
published work has established: the physical continuum is the restricted product over
all places [established — Continuum Trilogy, DOI 10.5281/zenodo.21672990], and



dimensionless ratios preserve place-democracy [established — Non-Anthropocentric
Natural Units, DOI 10.5281/zenodo.21480756]. The broader consilient synthesis
across the research portfolio is documented in Five Pillars, One Framework (DOI
10.5281/zenodo.21789920). The novel contribution of this treatise is the modal-
logical derivation: the places are not ad hoc mathematical objects but the
completions forced by the distinction calculus’s two modes of self-reference (loop
and tree).

§14. p-Adic Trees as Discrete Modalities

14.1 Ultrametric spaces as tree-like distinctions

A p-adic absolute value satisfies the ultrametric (strong triangle) inequality:
|z + y|p < max(|z|p, |y|p) [established — p-adic analysis]

The ultrametric inequality is the mathematical form of tree-like distinction: the
distance between two points is the size of the smallest ball containing both, and balls
in an ultrametric space are either disjoint or nested — exactly the structure of a tree
[established — ultrametric analysis; the tree representation of ultrametric spaces is
standard].

The p-adic numbers Q, form an ultrametric space; its balls are indexed by the
integers (the valuation levels), and the hierarchy of balls is a regular tree with p
branches at each node — the Bruhat—Tits tree [established — Bruhat & Tits 1972;
standard p-adic geometry].

14.2 The Bruhat-Tits building as the geometric realization of the ? modality

The Bruhat-Tits building for Q) is the tree whose vertices are the balls in Qp and
whose edges are inclusions of balls at adjacent levels [established]. Each vertex has
p + 1 neighbors (the p sub-balls plus the containing ball).

[my conjecture] The Bruhat-Tits tree is the geometric realization of the ? modality
of linear logic: it is the space of unlimited branching, the tree of distinctions that the
environment may traverse at will (Part II, §6.2). The identification is:

e The modality ?A4A — the environment’s unlimited access to A — is realized
geometrically as the tree of balls centered at 4’s position in the ultrametric
space.

e The branching at each node (p + 1 neighbors) is the discrete counterpart of the ?
-modality’s contraction rule (unlimited duplication).

This identification is [my conjecture]; its formal content is developed in Appendix B,
which constructs the Bruhat-Tits tree as a higher inductive type.

14.3 Ramification as branching depth

The p-adic valuation v,(z) measures the branching depth of x: how many levels of
the tree separate 2 from the unit ball. In the language of distinction:



vp(z) = the depth of the mark z in the p-adic tree |[MAP — model of the valuation]

This reading is [established] as a geometric fact (the valuation indexes the levels of
the Bruhat-Tits tree) and [my conjecture] as a claim about the primacy of the
distinction calculus.

§15. The Adele Ring as Restricted Product of Local Distinctions

15.1 Adeles as the global object carrying the real loop and all p-adic trees

The adele ring Aq is the restricted product of the completions over all places
[established — Weil 1967, Basic Number Theory]:

A= ][ @

places v

where Q = R and Qj, for each prime p. The restricted product includes only those
tuples (z,) for which z,, € Z, for all but finitely many p [established].

The adele ring is the global object that carries the single smooth loop (the real place)
and all the discrete trees (the p-adic places) in one structure. In the language of the
treatise:

e The adele ring is the tensor product over all places — the multiplicative
structure that holds the loop and all trees together.

¢ The restricted product is the linear discipline on the global object: only finitely
many places may be “active” at once.

15.2 The restricted product as a logical limit

[my conjecture] The restricted product is the logical limit of the distinction calculus:
it is the colimit of the finite products of places, where each finite product is a finite
system of loop-and-tree distinctions. The “restriction” (coordinate must be integral
for almost all p) is the logical form of locality: at almost all places, the mark is at the
unit (unmarked) state; only finitely many places carry a nontrivial distinction.

This reading is [my conjecture]; its content is that the adelic structure is not an ad
hoc construction of number theory but the natural global object generated by the
local distinction calculi.

15.3 Adelic dual of the modal pair

The adele ring exhibits the full modal structure of Part II in one object:

e The global field (here Q) is the unmarked state — the rational core shared by all
completions.

e The adeles are the marked global state — the product of all local marks.

¢ The ideles (the unit group of the adeles) are the invertible global states — the
symmetries of the global distinction.



This triple (field, adeles, ideles) mirrors the triple of the calculus (unmarked state,
marked state, boundary) [MAP — model of the adelic structure].

§16. Tate’s Thesis and the Global Fourier Transform

16.1 Adelic Fourier analysis

Tate’s thesis [established — Tate 1950, Princeton PhD] develops harmonic analysis
on the adeles: the Fourier transform on A is the product of the local Fourier
transforms over all places. The adelic Fourier transform is self-dual (Pontryagin
duality for the adele group — §11.1):

KE ~ Ag [established — Tate]
16.2 The local Gaussian and local geometric series

Tate’s thesis computes the local zeta integrals: at the Archimedean place, the relevant
function is the Gaussian e~™" (the eigenform of the real Fourier transform —
§11.2); at each p-adic place, the relevant function is the characteristic function of the
unit ball Z, (whose Fourier transform is itself — the p-adic eigenform).

[my conjecture] The local eigenforms are the two modes of the re-entrant mark:

e The Archimedean eigenform (Gaussian) is the loop mode: the fixed point of
the continuous Fourier transform.

e The p-adic eigenform (characteristic function of Z,) is the tree mode: the fixed
point of the discrete Fourier transform on the tree.

Both are eigenforms — functions fixed by duality — and their existence is the
analytic content of the claim that the mark is self-dual under the global Fourier
transform.

16.3 The unification into the global functional equation

The global zeta integral factors into local integrals, each of which satisfies a local
functional equation; the product yields the global functional equation of the zeta
function:

&(s) =&(1 —s) [established — Riemann’s functional equation via Tate]
where £(s) is the completed zeta function. The symmetry s <> 1 — s is the analytic

expression of the global duality — the self-duality of the adeles under the Fourier
transform.




§17. The Functional Equation of Zeta as Trace Identity
17.1 The completed Riemann zeta function as an adelic trace

The completed zeta function €(s) is the frace of the adelic Fourier transform: it is
computed by the trace formula that Tate’s thesis establishes, and the functional
equation is the trace identity — a reading that is now [established] in the literature,
where the explicit formulas of number theory are realized as a trace formula on the
noncommutative space of adele classes (Connes 1999, Selecta Math. 5, 29-106;
arXiv:math/9811068) and Weil’s explicit formula is formulated as a Lefschetz trace
formula on the cohomology of the adeles class space (Connes—Consani—Marcolli
2007, arXiv:math/0703392). What remains conjectural in this treatise is not the trace
identity itself but its re-entrant-modal derivation — the claim that the loop—tree
structure of the mark calculus generates that trace, rather than only re-describing it.
That modal derivation is [my conjecture].

£(s) =&(1—s)

that expresses the self-duality of the adelic structure under the global Fourier
transform (§16.3). The trace-theoretic reading connects this part to Part II (§8.2: the
trace as feedback): the zeta function is the feedback loop of the global distinction
system — the invariant that counts the global structure’s self-relations.

The precise content: the explicit formula of analytic number theory (Riemann—von
Mangoldt) expresses the prime counting function in terms of the zeros of {(s), and
this formula has a trace-theoretic interpretation as the trace of an operator on the
adelic space — established in the Connes program (Connes 1999; Connes—Consani—
Marcolli 2007; see also the archimedean trace-formula refinement, Connes—Consani
2020, arXiv:2006.13771). The treatise’s contribution is the modal reading developed
in Appendix C: the specific loop—tree (re-entrant) structure that the trace realizes [my
conjecture].

17.2 The symmetry s <-> 1-s as a form of duality

The functional equation s <+ 1 — s is the number-theoretic form of the loop—tree
duality:

e The completed zeta function at s (the “loop” argument) equals itselfat1 — s
(the “tree” argument).

o The critical line JR(s) = 1/2 is the fixed point of the duality — the midline
between the loop and the tree.

The critical line is the self-dual axis of the global distinction: the values of 8 where
the loop and tree readings coincide. This is [MAP — model of the functional

equation]; the Riemann hypothesis (all nontrivial zeros on the critical line) is
[established — widely believed, unproven] and receives no new proof here.

17.3 The zeta function as the global counting of distinctions

[my conjecture] The Euler product of the zeta function



¢(s) = H(l —p~®)7!  [established — Euler]
P

is the global counting of prime distinctions: each prime is a tree (Part IV, §14), and
the zeta function multiplies over all trees the contribution of each tree’s branching
structure. The functional equation then states that this global count is self-dual — the
count of loop structure equals the count of tree structure under the duality.

This reading is [my conjecture]; it is the number-theoretic heart of the treatise’s
claim that the constants, the primes, and the physical laws all emerge from the single
act of distinction.

Part V— The Langlands Program as Natural
Duality

§18. Automorphic Forms on Loop Spaces
18.1 The real symmetric space and its boundary circle

Automorphic forms live on symmetric spaces. For the group G Ly, the relevant
symmetric space is the space of positive definite matrices modulo the maximal
compact subgroup — a space whose geometry is governed by the real
(Archimedean) place [established — Langlands 1970; Borel 1966].

[my conjecture] The real symmetric space is a loop space in the sense of this treatise:
its boundary at infinity is (up to compactification) a circle — the circle of directions
in which the Archimedean place measures growth. The loop structure is the
geometric counterpart of the ! modality (Part II, §6.1): automorphic forms on the
loop space are the “steady oscillation” of the re-entrant mark on the Archimedean
side.

The precise content is the Satake compactification: the boundary of the symmetric
space is a flag variety whose top stratum is the projective line P*(R) = S
[established — Satake 1960; the identification of the boundary with the circle].

18.2 Harmonic analysis as the study of waves on the loop

Automorphic forms are eigenfunctions of the Laplacian on the symmetric space that
are invariant under the arithmetic group GL,(Z) [established — Langlands 1970].
Harmonic analysis decomposes the space of functions on the loop space into its
spectral components:

¢ Eisenstein series — the continuous spectrum, the “waves” on the loop.
e Cusp forms — the discrete spectrum, the “standing waves” that vanish at the
cusps.



The spectral decomposition is the automorphic counterpart of the Fourier transform
on the circle (§11): the automorphic forms are the eigenforms of the re-entrant
mark’s global Laplacian. [my conjecture] This is the analytic side of the loop—tree
duality: automorphic forms are the loop modes, and the next section shows that
Galois representations are the tree modes.

18.3 The loop as the Archimedean face of automorphy

The automorphic side of the Langlands correspondence is organized by the
Archimedean place: the infinitesimal character of an automorphic representation is a
point in the loop space’s dual, and the Ramanujan conjecture (bounding the growth
of Fourier coefficients) is a statement about where these points lie [established —
Langlands program; the Ramanujan conjecture is [established — proven for GL_n
over number fields in many cases; open in general]].

§19. Galois Representations as Arboreal Sheaves
19.1 The absolute Galois group as a profinite tree

The Galois side of the Langlands correspondence is organized by the finite fields and
their algebraic closures. The absolute Galois group G = Gal(Q/Q) is a profinite
group: the inverse limit of the finite Galois groups [established — standard algebraic
number theory].

[my conjecture] The profinite structure is an arboreal structure: the absolute Galois
group is the automorphism group of the tree of finite extensions of @, ordered by
inclusion. The tree is:

e The branching tree of distinctions (Part II, §6.2): each finite extension is a
branch; each prime splits, stays inert, or ramifies — a branching decision at the
corresponding node.

e The inverse limit is the tree viewed from its boundary: the profinite group is the
limit of the finite branching systems, exactly as the p-adic numbers are the limit
of the finite rings Z/p™ (Part IV, §14).

This reading is [my conjecture]; its content is that the Galois group’s profinite
topology is the topology of a tree of distinctions.

19.2 Ramification as branching depth

The key Galois-theoretic structure is ramification: at a prime p, the extension of Q
ramifies when the tree’s branching at level p is nontrivial. The ramification groups
filter Gg by the depth of branching at p [established — algebraic number theory,
ramification filtration].

[my conjecture] Ramification is branching depth in the literal sense of this treatise:
the ramification filtration at p is the filtration by the levels of the Bruhat-Tits tree at
p (Part IV, §14). The higher ramification groups measure how deep the branching
penetrates — how many levels of the p-adic tree the distinction reaches.



The precise content: for a local field with residue characteristic p, the inertia and
wild inertia groups are related to the structure of the p-adic tree; the upper
numbering of ramification groups corresponds to levels of the tree [established —
local class field theory; the tree-geometric reading is [my conjecture]].

19.3 The discrete mirror of the loop

[my conjecture] Galois representations are the tree modes: the discrete mirror of the
automorphic loop modes. Where automorphic forms are eigenfunctions of the
Laplacian on the loop space (continuous, analytic), Galois representations are
continuous representations of the profinite tree group into matrix groups (discrete,
arithmetic).

The duality is complete:

Automorphic (loop) Galois (tree)

Continuous representations of

Eigenfunctions of Laplacian Galois group

. . : ifi | ifi
Continuous spectrum (Eisenstein) Unramified/tamely ramified

representations
Discrete spectrum (cusp forms) Wildly ramified representations
Archimedean place All finite places
! modality (Part II) ? modality (Part II)

This table is [MAP — model of the Langlands duality]; the rows are the treatise’s
modal reading of the correspondence, not new theorems of the Langlands program.

§20. The Langlands Correspondence as a Natural Equivalence
20.1 The dictionary between automorphic (loop) and Galois (tree) data

The Langlands correspondence conjectures a bijection between:

o Automorphic representations of GL,(Ag) (the loop side), and
* Galois representations p : Gg — GL,(C) (the tree side),

matching Frobenius eigenvalues at unramified primes with Hecke eigenvalues
[established — Langlands 1970; the correspondence is a theorem for GLy over Q
(via modular forms and elliptic curves) and in many other cases, but is open in full
generality].

[my conjecture] The Langlands correspondence is a natural equivalence of modal
structures: it is the categorical form of the loop—tree duality (Part II, §6.3). The
bijection between loop data and tree data is the statement that the two modes of the
re-entrant mark — continuous self-reference and discrete branching — describe the
same global structure.



20.2 Functoriality as a translation of modal logics

Functoriality is the central organizing principle of the Langlands program:
morphisms of Galois data (maps between L-groups) induce transfers of automorphic
data [established — Langlands 1970; functoriality is proven in special cases and
open in general].

[my conjecture] Functoriality is a translation of modal logics: the maps of the L-
group translate the loop-side structure according to the tree-side branching, and the
transfer theorems are the proof-theoretic content of the modal translation. This
reading is [my conjecture]; its value is organizational — it suggests that the
Langlands program’s structure is governed by the same modal pair that organizes the
rest of this treatise.

20.3 The correspondence as the Rosetta Stone of loop and tree

The Langlands correspondence is the deepest known instance of the loop—tree
duality: it equates the continuous (automorphic, analytic, Archimedean) with the
discrete (Galois, arithmetic, non-Archimedean). In the language of this treatise, the
correspondence is the global duality theorem of the re-entrant mark: the loop and the
tree are two faces of the same distinction.

§21. Geometric Langlands and the Topos of Riemann Surfaces

21.1 Loops on a surface

Geometric Langlands [established — Beilinson & Drinfeld 2004; Arinkin &
Gaitsgory 2015] replaces the arithmetic field Q with the function field of a Riemann
surface X. The automorphic side becomes the moduli stack of flat G-bundles on X
— the space of connections on the surface; the Galois side becomes the moduli stack
of £-adic local systems — the space of sheaves on the surface.

[my conjecture] In the geometric setting, the loop—tree duality becomes explicit:

¢ Flat connections (continuous) are the loop modes on the surface: local
geometric structure, differential equations, the Archimedean face.

o f-adic sheaves (discrete) are the tree modes: arithmetic structure, monodromy;,
the non-Archimedean face.

Both live on the same surface X; the geometric Langlands correspondence relates
them.

21.2 Flat connections versus l-adic sheaves

The correspondence [established — conjectured by Beilinson-Drinfeld, proven in
increasing generality: Arinkin-Gaitsgory 2015 proved the main conjecture for the
derived category] states:

IndCoh(LocSys (X)) = D(Bung(X))



i.e., the category of sheaves on the stack of local systems for the dual group G is

equivalent to the derived category of coherent sheaves on the moduli stack of G-
bundles.

21.3 The Hecke eigensheaf as the fixed point of a Fourier-Mukai transform

The central object of geometric Langlands is the Hecke eigensheaf: a sheaf on
Bung(X) that is an eigenvector for the Hecke operators — the geometric
counterpart of the Hecke eigenforms of classical Langlands [established —
Beilinson & Drinfeld 2004].

[my conjecture] The Hecke eigensheaf is the fixed point of the Fourier—Mukai
transform: it is the geometric Langlands counterpart of the Gaussian eigenform of
the Fourier transform (§11) and of the re-entrant mark’s fixed-point-seeking behavior
under linear discipline (§9). The Fourier—Mukai transform on Bung(X) plays the
role of the Fourier transform on the circle; the Hecke eigensheaves are its
eigenforms; the correspondence is the statement that the eigenforms of the geometric
Fourier transform are exactly the geometric automorphic data.

This reading is [my conjecture]; the underlying mathematics (Fourier-Mukai
transforms, Hecke eigensheaves) is [established — Beilinson-Drinfeld, Arinkin-
Gaitsgory].

§22. Categorification and the Derived Loop-Tree Dictionary

22.1 Derived algebraic geometry and the geometric Langlands conjecture

The modern proof of geometric Langlands [established — Arinkin & Gaitsgory
2015] is formulated in derived algebraic geometry: the categories involved are
derived categories, the moduli stacks are derived stacks, and the correspondence is
an equivalence of derived categories. Categorification is essential: the Langlands
correspondence is not a bijection of sets but an equivalence of categories, and the
“data” of the correspondence is higher-categorical.

[my conjecture] The categorified correspondence is a categorical equivalence
between loop structure and tree structure: derived algebraic geometry is the setting
in which the loop (derived, continuous, geometric) and the tree (derived, discrete,
arithmetic) can be compared as categories. The higher categorical structure is the
depth of the distinction calculus (Part I, §2.3) lifted to the categorical level: the n-
category structure of derived geometry is the n-th level of the loop—tree duality.

22.2 The loop-tree duality as a categorical equivalence

[my conjecture] The derived loop—tree dictionary:
Loop structure (flat connections) = Tree structure (local systems)
is the categorical form of the treatise’s central duality. The geometric Langlands

correspondence is the theorem that states this equivalence for Riemann surfaces; the
arithmetic Langlands correspondence is the same equivalence for number fields; and



the treatise’s claim is that both are instances of the single loop—tree duality of the re-
entrant mark.

22.3 The status of the Langlands program in this treatise

The Langlands program is treated in this treatise as [established — a major body of
mathematics] whose structure is governed by the loop—tree duality. The treatise does
not prove Langlands; it reads Langlands as evidence for the primacy of the
distinction calculus. The reading is [my conjecture]; its falsifiability condition is
organizational rather than mathematical: if the modal reading of the correspondence
failed to organize the known theorems and conjectures of the program, the reading
would be void.

Part VI — Physics of the Re-Entrant Mark

§23. The Quantum Harmonic Oscillator and the Gaussian Vacuum

23.1 The vacuum as the Gaussian eigenform

The quantum harmonic oscillator’s ground state is the Gaussian wavefunction
[established — quantum mechanics]:
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[my conjecture] The vacuum is the Gaussian eigenform of the re-entrant mark: the
same function that is the fixed point of the Fourier transform (§11.2) is the ground
state of the harmonic oscillator. The vacuum is the mark at rest — the steady state of
the re-entrant oscillation in its lowest energy mode. The claim is [TERRITORY —
claimed identity] with the falsifiability condition: if the ground state of any physical
oscillator were shown to be non-Gaussian in the relevant limit, the identification
would fail. [established] that the harmonic oscillator ground state IS Gaussian; [my
conjecture] that this Gaussian is the same object as the eigenform of §11.

23.2 Zero-point energy and the mark at rest

The zero-point energy of the oscillator [established — quantum mechanics]:

1 Planck w
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[my conjecture] The zero-point energy is the energy of the mark at rest: even in its
lowest state, the re-entrant form carries the half-quantum of its own oscillation. The
% is the half-turn of the mark (Part I, §4; Part III, §12): the ground state is the mark
that has crossed halfway. This reading is [MAP — model of zero-point energy]; the
mathematics is [established].

§24. Compton Frequency and the Inner Clock of Particles

24.1 Mass as a frequency of re-entry

The Compton frequency of a particle of mass m is [established — quantum
mechanics/relativity]:
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In dimensionless Planck units, the Compton frequency of a particle is its mass:
we = m. The phase rotation of the particle’s wavefunction:

i Planck
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[my conjecture] Mass is a frequency of re-entry: a massive particle is a re-entrant
mark oscillating at its Compton frequency. The phase rotation e "™ is the
exponential of the re-entrant clock (Part III, §9): the particle is a self-measuring
cycle whose mass is the rate of its own re-entry.

This claim is [TERRITORY — claimed identity] and carries the following
falsifiability condition: the claim is that the phase evolution of a massive particle is
exactly the phase of a re-entrant mark under the fixed-point exponential of §9, and
that the mass is exactly the frequency of that re-entry. The observable content is
standard (the phase rotation e~ime*t/h g [established] and measured in interference
experiments); the interpretation (mass-as-re-entry-frequency) is [my conjecture].
The claim would be falsified if a particle’s phase evolution were shown to deviate
from e~ in the rest frame, or if the re-entrant clock of §9 failed to produce the
exponential phase factor.

24.2 Each particle as a self-measuring cycle

[my conjecture] The particle is a self-measuring cycle: its mass is the frequency with
which it completes its own re-entrant loop, and its phase is the accumulated count of
its crossings. The measurement problem (Part VI, §26) is the coupling of this self-
measuring cycle to an external distinction system.

This reading is [MAP — model of the Compton phase]; the phase factor itself is
[established].

24.3 Dimensionless consistency

Per the dimensionless-formulation convention: the dimensional form wg = me?/h
is presented for recognizability; the dimensionless form we = m (both in Planck
units) is the compliant presentation. The ratio wgt = mt (frequency times time) is a



pure number, preserving place-democracy (the ratio exists at every completion of Q

).

§25. Zitterbewegung as Interference of Mark and Anti-Mark

25.1 The Dirac electron’s trembling

The Dirac equation predicts zitterbewegung: the trembling motion of a free electron
at the Compton scale, arising from the interference of positive and negative energy
components [established — Dirac 1928, DOI 10.1098/rspa.1928.0023; Schrodinger
1930]. The amplitude of the trembling is the reduced Compton wavelength:
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25.2 Interference between positive and negative energy loops

[my conjecture] Zitterbewegung is the interference of the mark and the anti-mark:
the positive energy component is the re-entrant mark looping forward; the negative
energy component is the anti-mark looping backward; their interference produces the
trembling. In the phase language of §24:

e The mark’s phase: e =™ (forward loop).
e The anti-mark’s phase: e™*™ (backward loop).
e The interference: cos(mt) — the trembling.

The frequency of the trembling is 2m (in Planck units) — twice the Compton
frequency — because mark and anti-mark loop in opposite directions [established —
the zitterbewegung frequency is 2w¢].

25.3 The radius lambda_C / 4 pi as the size of the primal circle

The standard zitterbewegung amplitude is the reduced Compton wavelength divided
by 2: Thitter = A¢/2 = 1/(2m) [established — standard quantum mechanics,
amplitude i/(2mc)]. The treatise additionally develops a primal circle radius — the
reduced Compton wavelength divided by 4m — as the size of the primal circle of the
re-entrant mark [my conjecture]:
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The factor 4 is the surface area of the unit sphere (47rr2 at 7 = 1) — the three-
dimensional counterpart of the 27 of the circle (§10). The interpretation of this
radius as “the size of the primal circle” is [MAP — model of zitterbewegung]; it is a
geometric interpretation, not the standard oscillation amplitude.




§26. The Measurement Problem and the Collapse of the Modal ! to ?
26.1 The von Neumann chain

The measurement problem: quantum mechanics specifies unitary evolution
(deterministic, continuous) until a measurement, at which point the state collapses
(probabilistic, discrete) [established — von Neumann 1932; the measurement
problem is a long-standing open problem of interpretation, [debated]]:

) = Z c;li) casurement, |k) with probability |cx|?
i

26.2 The observer’s distinction as a trace operation

[my conjecture] Measurement is a trace operation: the observer draws a distinction
(Part I), and the drawing of the distinction is the trace that closes the observer-system
loop (Part I1, §8.2). The collapse is the result of the trace: the continuous
superposition is traced into a discrete outcome.

The claim is [TERRITORY — claimed identity] with falsifiability condition: the
claim is that the quantum measurement process is exactly the trace operation of §8
applied to the modal structure of §26.3. The observable content: no experiment
distinguishes this reading from standard quantum mechanics (the probabilities are
the same); the claim is therefore [debated] as a physical assertion — it is an
interpretation of the formalism, not a new prediction. The falsifiability condition is
structural: if a measurement were exhibited that did not correspond to a trace
operation in the modal category, the identification would fail. No such measurement
1s known.

26.3 Collapse as the transition from continuous potential to discrete actual

[my conjecture] Collapse is the transition from the ! modality (continuous potential
— the loop, the superposition) to the ? modality (discrete actual — the tree, the
outcome). The superposition |¢) = > ¢;|¢) is the loop mode: the state circulating in
the space of possibilities. The outcome |k) is the tree mode: the branch realized in
the space of actualities.

The transition ! —? is the modal collapse: the continuous loop resolves into a
discrete branch when the observer’s distinction (the trace) is drawn. This reading is
[my conjecture]; it is the treatise’s contribution to the interpretation of measurement,
connecting it to the modal pair of Part II.

Falsifiability note: this section does not propose a new physical mechanism; it
provides a modal-logical re-description of the standard formalism. As a re-
description it is [not yet falsifiable] as a physical claim — it carries no new
predictions. Its value is organizational: it connects the measurement problem to the
loop—tree duality of the rest of the treatise.




§27. Holography: The Boundary Circle and the Bulk Tree
27.1 AdS/CFT

The AdS/CFT correspondence states that quantum gravity in d + 1-dimensional anti-
de Sitter space is dual to a conformal field theory on the d-dimensional boundary
[established — Maldacena 1999, DOI 10.1023/a:1026654312961; the
correspondence is a widely-accepted conjecture, [mainstream interpretation]]:

Quantum gravity in AdS,,; = CFT,4 on the boundary

27.2 The boundary as a circle at infinity

[my conjecture] The boundary of AdS is the boundary circle of the re-entrant mark:
the conformal boundary of AdS space is the sphere §¢ at infinity, whose top stratum
for the relevant cases is the circle S — the same circle as the phase space of the re-
entrant mark (§4) and the boundary of the real symmetric space (§18). The boundary
theory (CFT) is the loop mode of the holographic system.

27.3 The bulk as a tree (tensor network)

The tensor network / holographic entanglement entropy program [established — Ryu
& Takayanagi 2006; the tensor network description of the bulk is an active area,
[mainstream interpretation]] describes the bulk as a network of tensors — a discrete,
tree-like structure (the holographic code, e.g., HaPPY codes, is literally built on a
tiling of hyperbolic space, the discrete tree of the bulk).

[my conjecture] The bulk is the tree mode of the holographic system: the tensor
network is the Bruhat-Tits-like tree (Part IV, §14) realizing the discrete interior; the
boundary CFT is the loop mode realizing the continuous edge. Holography is then
the statement that the loop and the tree are two descriptions of the same distinction
system — the AdS/CFT form of the loop—tree duality.

This reading is [MAP — model of AdS/CFT]; the correspondence itself is
[mainstream interpretation].

27.4 Entanglement as the re-entrant connection

[my conjecture] Entanglement is the re-entrant connection: the entanglement
between boundary regions is the number of re-entrant loops (traces) connecting them
through the bulk tree. This is the ER=EPR family of ideas [established — Maldacena
& Susskind 2013, [mainstream interpretation]] given a modal reading: entanglement
is the loop structure that the tree encodes.




§28. Black Hole Entropy: Counting Microstates on the Tree, Seeing
pi on the Loop

28.1 Area law

Black hole entropy is proportional to the horizon area [established — Bekenstein
1973, DOI 10.1103/physrevd.7.2333; Hawking 1975]:
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where the dimensionless area A = Apnys/{% is measured in Planck areas.

28.2 The horizon area’s 4 pi r*2 as the trace of the identity on the boundary
circle

For a Schwarzschild black hole, the horizon area is A = 47r'r§ [established —
general relativity]:
A 4mr?,

S=1 71

=7r% (Planck units)

[my conjecture] The factor 47 in the area law is the surface trace of the identity on
the boundary circle: the area of the horizon is the trace of the identity on the
boundary sphere (the 47 of the unit sphere — §25.3), and the entropy is one quarter
of that trace. The m that appears in black hole entropy is the same logical scalar as
the trace of the identity on the circle type (§10.3): entropy is the loop-side quantity,
the trace on the boundary.

This reading is [MAP — model of the area law]; the area law itself is [established].

28.3 Microstates as the discrete counting of branches

[my conjecture] The microstates of a black hole are the discrete counting of
branches: the entropy counts the number of tree configurations (Part IV, §14) that
realize the same boundary loop. The area law is the statement that the number of
microstates grows exponentially with the boundary area — the loop counts the tree:

Planck A4
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The exponential that counts the microstates is the same exponential that emerged
from the fixed point of the differential exponential (§9): the entropy is the logarithm
of the exponential of the trace. [my conjecture] The black hole entropy formula is the
statistical-mechanical form of the Euler identity: it relates the loop (the 4 trace) to
the tree (the exponential count of branches).

This reading is [my conjecture]; the area law is [established]; the statistical
interpretation (counting microstates) is [established — string theory’s microscopic
counting for supersymmetric black holes; [mainstream interpretation] in general].




Part VII — Statistics, Information, and Entropy

§29. The Central Limit Theorem and the Emergence of Gaussian
from Distinction Averaging

29.1 Independent distinctions sum to a smooth cloud

The central limit theorem (CLT): the sum of many independent, identically
distributed random variables, appropriately scaled, converges to a Gaussian
distribution [established — de Moivre 1733 / Laplace 1812 / Lyapunov; classical
probability theory]:
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[my conjecture] The CLT is the emergence of the smooth cloud from distinction
averaging: each random variable is a distinction (a mark drawn in a space of
possibilities), and the sum of many independent distinctions — the aggregate of
many marks — converges to the Gaussian. The Gaussian is the statistical eigenform:
the distribution that averages to itself, the fixed point of the averaging process. This
is the statistical counterpart of the Gaussian as eigenform of the Fourier transform
(§11) and as vacuum of the oscillator (§23).

29.2 The pi in the normalization from the circle of orthogonal directions

The normalization constant of the Gaussian contains v/ 2 [established]:
o0
/ e %/ gz = /21
—oo

The 7 enters through the two-dimensional evaluation (§11.3): the square of the one-
dimensional integral is evaluated in polar coordinates on the circle. [my conjecture]
The 7 in the CLT normalization is the trace of the identity on the circle of orthogonal
directions: the sum of independent distinctions is isotropic (no preferred direction),
and the isotropic average is taken over the circle of directions — whose
circumference is 27. The CLT’s 7 is the same logical scalar as the trace of the
identity on the circle type (§10.3): the circle enters statistics through the
orthogonality of independent distinctions.

This reading is [MAP — model of the CLT]; the CLT itself is [established].



29.3 The Gaussian as the maximum-entropy distribution

The Gaussian is the maximum-entropy distribution with given mean and variance
[established — Jaynes 1957, DOI 10.1103/physrev.106.620]. The entropy
maximization selects the Gaussian as the least-committal distribution consistent with
the constraints — the distribution that “assumes nothing beyond the stated
constraints.” This is the informational counterpart of the modal reading: the
Gaussian is the loop mode’s steady state — the least-structured distribution
compatible with the loop’s continuity.

§30. Poisson Processes as Branching on p-Adic Trees

30.1 Memoryless jumps

A Poisson process counts rare, independent events: the number of events in an
interval of length £ is Poisson-distributed with parameter At [established — Poisson
1837; classical probability theory]:
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The Poisson process is memoryless: the waiting time to the next event is
exponentially distributed, and the process restarts identically after every event
[established].

30.2 Memoryless jumps as many rare tree-splittings

[my conjecture] A Poisson process is branching on a tree: each event is a branch
point — a distinction drawn in the process’s history. The memoryless property is the
ultrametric property (Part IV, §14): in a tree, the distance from the current node to
any future branch is governed by the tree’s level structure, and the process “forgets”
its history because the tree’s root structure is invariant under traversal. The Poisson
distribution is the limit of many rare tree-splittings: when many nodes each branch
with small probability, the total number of branchings is Poisson-distributed
[established — the Poisson limit theorem (law of rare events)].

The connection is [MAP — model of the Poisson process]; the Poisson limit theorem
is [established].

30.3 Its generating function and the exponentiation of the mark

The probability generating function of the Poisson distribution [established]:
G(s) = E[s"] = e¥e~1)

[my conjecture] The generating function is the exponentiation of the mark: the
exponential function e*(5~1) is the same exponential that emerged from the fixed
point of the differential exponential (§9). The Poisson process’s counting structure is
generated by the exponential — the tree’s branching is counted by the loop’s
exponential. This is the statistical counterpart of the entropy formula of §28.3: the
exponential counts the branches, the logarithm measures the information.



§31. Maximum Entropy and the Logic of Least Commitment

31.1 Gaussian and Poisson as maximally unbiased states

The maximum-entropy principle [established — Jaynes 1957]: the least-biased
probability distribution consistent with known constraints is the one that maximizes
entropy subject to those constraints.

¢ Gaussian: maximum entropy given mean and variance (§29.3).
¢ Poisson: maximum entropy given the mean (for a distribution on the
nonnegative integers) [established — Jaynes 1957].

[my conjecture] The maximum-entropy distributions are the least-committal states of
the re-entrant mark: they are the distributions that draw the fewest distinctions
beyond those forced by the constraints. Maximum entropy is the logic of least
commitment: the mark’s distribution over possibilities is the one that assumes
nothing except what the constraints require.

31.2 The logarithm and the constant e as the measure of information

Information is measured by the logarithm [established — Shannon 1948, DOI
10.1002/5.1538-7305.1948.tb01338.x]:

H=- Zpi log p;

The base of the logarithm is a choice of units; base e gives information in nats, base
2 in bits. [my conjecture] The constant e is the natural unit of information because it
is the fixed point of the differential exponential (§9): the exponential is the canonical
counting function of the distinction calculus, so its inverse — the natural logarithm
— 1s the canonical measure. Information is the logarithm of the number of
distinctions, and the exponential of information is the number of branches (§28.3,
§30.3).

31.3 Entropy as the boundary of the distinction

[my conjecture] Entropy is the boundary of the distinction: the entropy of a
distribution measures the number of distinctions drawn (the branches realized) when
the distribution is resolved into outcomes. The entropy is the logarithm of the trace
— connecting statistics (this part) to the trace structure of Part II (§8) and the black
hole entropy of Part VI (§28).




§32. Levy Processes and the Loop-Tree Decomposition

32.1 Levy-Khintchine formula: continuous Gaussian part + discrete Poisson
jump part

The Lévy—Khintchine formula characterizes all Lévy processes (processes with
stationary, independent increments) [established — Lévy 1934 / Khintchine 1937;
classical probability theory]. The characteristic function of a Lévy process has the
form:
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The decomposition: every Lévy process is the sum of

1. a continuous Gaussian part (drift + Brownian motion), and
2. a discrete jump part (the Poissonian jumps governed by the Lévy measure v).

32.2 A direct mirror of the archimedean and non-archimedean split

[my conjecture] The Lévy—Khintchine decomposition is the statistical mirror of the
Archimedean/non-Archimedean split (Part IV, §13):

Lévy process Number system

Continuous Gaussian part Archimedean place (R) — the loop

Discrete Poisson jump part Non-Archimedean places (Qp) — the
trees

Total Lévy process Adeles (Ag) — the global object

The Gaussian part is the loop mode: continuous, isotropic, the eigenform of the
Fourier transform (§11). The jump part is the tree mode: discrete, memoryless,
branching (§30). Every Lévy process decomposes into loop and tree components —
the statistical form of the central duality.

This reading is [MAP — model of the Lévy—Khintchine formula]; the formula itself
is [established].

32.3 The adelic process

[my conjecture] The adelic analogue: a process on the adeles would carry the real
Brownian component (the Archimedean loop) and all the p-adic jump components
(the non-Archimedean trees) simultaneously. The adelic process is the global
statistical object whose local components are the Lévy processes at each place. This
is the statistical realization of the adelic structure of Part IV (§15) — the global
object that carries the loop and all trees in a single structure.

The claim is [my conjecture]; its formal development (constructing Lévy processes
on adelic groups) is a research program suggested by this treatise, not an established
result.




Part VIII — The Universal Language: Traced
Differential Cohesive Linear Homotopy Type Theory

§33. Cohesive Homotopy Type Theory: The Shape and the Sharp

33.1 Modalities that distinguish continuous and discrete

Cohesive homotopy type theory extends homotopy type theory with modalities that
distinguish the continuous from the discrete structure of a type [established —
Shulman 2015, arXiv:1509.07584; Schreiber 2013, arXiv:1310.7930]:

e Shape [: the continuous component — the co-groupoid of paths, the “loops and
paths” of the type. The shape modality collapses the topological structure to its
homotopical core.

e Sharp §: the discrete component — the codiscrete structure, the “points with no
topology” of the type.

The cohesive triple (shape f , flat b, sharp ) with the adjunction structure

distinguishes the continuous (shape) from the discrete (sharp) aspects of every type
[established — Shulman 2015].

33.2 The real line as a cohesive continuum

In real-cohesive HoTT, the shape of the type of real numbers is the contractible type:
the real line’s cohesive structure is its continuity — its shape is a point up to
homotopy, because the real line is connected [established — Shulman 2015].

[my conjecture] The cohesive pair (shape, sharp) is the type-theoretic form of the
loop—tree duality:

e The shape modality is the loop mode: it extracts the continuous, connected,
path structure (the Archimedean face — Part IV, §13).

e The sharp modality is the tree mode: it extracts the discrete, codiscrete, point
structure (the non-Archimedean face).

The real line’s cohesion is the loop structure: its continuity is exactly the
Archimedean completion (Part I'V, §13) realized as a type. The claim is [my
conjecture]; the modalities themselves are [established].

§34. Linear Type Constructors and the Self-Dual Circle Modality

34.1 Linear type theory with a self-dual compact object S*1

Linear type theory [established — Girard 1987, via the Curry-Howard
correspondence for linear logic] provides the type-theoretic form of the resource
discipline of Part I (§5). The circle type S (Part I11, §10) is the self-dual compact



object: in the linear type theory with duals, S is its own dual (up to equivalence)
[established — HoTT; the self-duality of the circle in compact closed structure was
discussed in §10.2].

The linear type S —o S — the linear functions from the circle to itself — is the
type of the re-entrant mark’s transformations: the linear endomorphisms of the circle
are the phase rotations (Part III, §10).

34.2 The duality and the trace operator

The linear type theory with duals has a trace operator [established — Joyal-Street-
Verity 1996, via the categorical semantics of linear logic]: for a linear function
f:A®U — BQ®U, the trace TrV(f) : A — B closes the loop on U (Part II,
§8.2). The trace operator is a type constructor: it is defined on the linear types with
duals, and it internalizes feedback in the type system.

[my conjecture] The trace operator is the type-theoretic form of re-entry: the re-

entrant mark f = f (Part I, §3) is the trace of the negation on the circle — the type-
theoretic statement of the re-entrant form is

re-entry = Tr®’ (negation)

This is [my conjecture]; the trace operator itself is [established].

§35. Differential Cohesion and the de Rham Stack

35.1 Infinitesimal shape modality

Differential cohesion [established — Schreiber 2013] adds an infinitesimal layer to
cohesive HoTT: the infinitesimal shape modality J (or the related reduction
modality) extracts the infinitesimal neighbourhoods — the formal, derivative
structure of the type. The de Rham stack of a type is the quotient by the infinitesimal
shape modality [established — Schreiber 2013].

35.2 The differential combinator as the internalization of the derivative

[my conjecture] The infinitesimal shape modality J is the type-theoretic form of the
differential combinator of DiLL (Part II, §7): both internalize the derivative.

e DiLL’s differential combinator D: a proof rule that differentiates proofs (Part II,
§7.1).

¢ Cohesion’s infinitesimal shape J: a modality that extracts infinitesimal structure.

The identification: the de Rham stack construction (quotient by J) computes the
infinitesimal linearization of a type — the same linear approximation that DiLL’s
differential combinator computes for proofs. The differential cohesion is the
geometric internalization of the derivative; DiLL is the /ogical internalization. [my
conjecture] They are the same internalization in different clothing.




§36. The Trace Operation and the Scalar Constants
36.1 The trace of identity on S*1 yields pi

[my conjecture] In the traced differential cohesive linear type theory of this part, the
constants are theorems of the type system:

o 7 the trace of the identity on the circle type ST (Part III, §10.3) — internalized
as a scalar in the type theory: = = T'r%’ (id). Scoped per FQ3 (2026-08-12):
this holds in the analytic realization of the type theory (where §7 carries its
geometric structure and the trace computes via the §11.3 Gaussian construction);
it is not a theorem of the bare traced-categorical structure, where the trace of
identity is model-dependent (relation in Rel, dimension in FinVec, Euler
characteristic in Cob).

¢ e: the fixed point of the differential exponential (Part I1I, §9) — internalized as
the solution of Df = f in the infinitesimal shape modality: e = f(1) where

Df = £, f(0)=1.

The claim is [my conjecture] in its strong form — that a single type theory derives
both constants from its own structure. What is [established] is each component: the
circle type, the trace operator, the differential combinator, and the fixed-point
equation. The novel claim is their composition into a single system that computes the
constants.

36.2 These constants are theorems of the type system

The status of the claim: in a specific model of the type theory (e.g., the cohesive oo-
topos of smooth spaces with the circle type), the trace of the identity computes 7 and
the fixed point of the differential exponential computes e [established — the
individual computations in models are standard mathematics]. The claim that the
syntax of the type theory forces these values is [my conjecture] and is the subject of
Appendix D (the computational implementation).

Falsifiability condition: the claim is formally falsifiable: if the formal system of this
part cannot derive €™ = —1 (Part III, §12) without importing the real numbers and
the exponential function as external axioms, the claim of a purely logical derivation
fails. Appendix D sketches the verification.

§37. A Formal Grammar of the Re-Entrant Distinction
37.1 The fully integrated syntax

[my conjecture] The type theory of Parts [I-VIII is a single language that speaks:

1. Distinctions — the calculus of indications (Part I): the mark as primitive type
constructor.

2. Linear resources — linear logic (Part II): the mark’s usage discipline.

3. Differentials — DiLL and differential cohesion (Part II, §7; Part VIII, §35): the
mark’s rates of change.

4. Traces — traced/compact closed categories (Part II, §8): the mark’s feedback
loops.



5. Cohesive modalities — shape/sharp/infinitesimal (Part VIII, §33, §35): the
mark’s continuous/discrete/infinitesimal faces.

The grammar: every domain of the treatise translates into this language.

Domain Translation into the formal grammar

i(ilillicciltlilsssf The mark type, its laws of calling and crossing

Linear logic The linear type constructors, the exponential pair (!, ?)
Constants The trace of id on S () and the fixed point of D (e)

Adeles The restricted product of local cohesive structures over all places

Langlands = The equivalence of loop types and tree types

Q“ar?mm The linear types with duals, the trace as measurement
physics
Statistics The maximum-entropy states as least-committal types

37.2 Every domain translates into this language

The claim of §37.1 is the treatise’s universal claim: the re-entrant distinction,
disciplined by linearity, differentiation, and tracing, in a cohesive setting, is the
generative grammar of the treatise’s domains. The claim is [my conjecture] as a
complete formalization — the full translation of all domains into a single type theory
is a research program (Appendix D). The individual translations (each row of the
table) are the content of the corresponding parts of the treatise, where the modal
readings are labeled [my conjecture] and the mathematics is [established].

Part IX — The Grand Synthesis: The Calculus of
Re-Entrant Distinctions

§38. The Rosetta Stone: A Crosswalk of All Domains

38.1 The unified vocabulary

This section presents the comprehensive table mapping every domain of the treatise
into the unified vocabulary of the re-entrant distinction. The table is the treatise’s
summary: the claim is that the mark, re-entry, e, m, loop, tree, adeles, Langlands,
quantum, statistics, and logic are all expressions of the single act of distinction.



Domain Mark Re-entry e pi Loop T
Calculus
of Primitive Oscillation - Half- Boundary N
indications turn closure m
(§§1-4)
Linear Linear Controlled : ?
logic resource copy - - ! modality .
(§§5-6)
. . Fixed

DiLL (§7) Differentiable point of - Continuous D

proof D
Traced
categories Self-dual Trace - Trace of Feedback -
(88) object id
Constants . . e from pi from .
(§§9-12) Fixed point - Df=f Tr(id) Exponential -
Adeles Local . p-
(§§13-17)  distinction ) ) ) Archimedean
Langlands . . T
(§§18-22) Automorphic - - - Loop side i
Quantum Phase . .
(§§23-28) State Phase factor 4piarea  Unitary C
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38.2 The crosswalk as a dictionary

[my conjecture] The Rosetta Stone table is a dictionary: each row translates a

domain’s primitives into the shared vocabulary of the mark. The table’s entries are

the claims developed in the corresponding parts; each entry carries its part’s certainty
labels (the modal readings are [my conjecture]; the mathematics is [established]).

The table is the treatise’s answer to the question: what is common to the calculus of
indications, linear logic, adelic geometry, the Langlands program, quantum

mechanics, and statistics? The answer: the re-entrant distinction, disciplined by
linearity, differentiation, and tracing.

38.3 Verification status

The table is [my conjecture] as a complete dictionary. Its verification status:

o Established rows: the individual mathematical structures (LoF arithmetic,
linear logic, Ostrowski, Tate, Langlands correspondence in known cases,
quantum formalism, CLT/Lévy-Khintchine, cohesive HoTT) are established
mathematics.



¢ Conjectured translations: the modal readings (loop/tree, !/?,
Archimedean/non-Archimedean, shape/sharp) are the treatise’s program,
developed part by part with [my conjecture] labels and falsifiability conditions.

§39. The Primal Algorithm: From Mark to Multiverse

39.1 The generative code

[my conjecture] The Primal Algorithm is the generative procedure of the treatise:
start with the unmarked state, draw a distinction, allow re-entry under linear
discipline, trace the feedback, and watch the constants, the number system, and the
physical laws emerge.

Algorithm:
1. START: the unmarked state.
2. DRAW: draw a distinction — create the mark (Part I, §1).
3. RE-ENTER: allow the mark to re-enter its own form — f = f (Part I, §3).
4. DISCIPLINE: impose linear resource management (Part II, §5) — the mark is a

linear resource.

5. DIFFERENTIATE: apply the differential combinator (Part I1, §7) — the
mark’s rates of change.

6. TRACE: close the feedback loops with the trace (Part II, §8).

7. GENERATE: the constants emerge (Part III) — e from Df = f, w from
T‘T‘(Zd Sl).

8. COMPLETE: the completions over all places emerge (Part IV) — Ostrowski’s
classification.

9. DUALIZE: the loop-tree duality organizes the Langlands program (Part V).

10. REALIZE: quantum physics (Part VI), statistics (Part VII), and the universal

language (Part VIII) are the physical, statistical, and logical realizations of the
algorithm.

39.2 Falsifiability and the KIF-60 gate

This section is the treatise’s highest-risk claim (per the P1 audit). The Primal
Algorithm must pass the Bayesian evidential weight gate (KIF-60):

e Pre-registration: the algorithm’s predictions — what novel structures it
generates that are not already known — must be stated before the algorithm’s
outputs are “verified.” The danger: the algorithm “explains” everything already
known by construction (retrodiction). The honest position: the algorithm is a re-
description of known mathematics and physics, not a generator of new
predictions, UNLESS its novel outputs are specified in advance.

« Falsifiability gradient: at least one concrete observation or construction that
would kill the algorithm’s claim must be stated. Candidates: (a) a mathematical
structure that the algorithm claims to generate but demonstrably cannot (e.g., a
number system not covered by Ostrowski’s classification); (b) a physical law
that the algorithm’s modal reading contradicts.

e Surprise accounting: for each claimed match between the algorithm’s outputs
and known structures, the probability of the match under a null model (random
structure of comparable complexity) must be estimated. The treatise’s modal



readings are low-surprise (they were designed to match); the compositional
claims (§36, §39) carry the genuine evidential weight.

Honest verdict: [my conjecture] The Primal Algorithm is a generative re-
description: it organizes the treatise’s domains under a single procedure, but its
evidential weight beyond organization is currently [not yet falsifiable]. The claim’s
value is programmatic — it proposes the formal system (Appendix D) that could
turn the re-description into a computation.

§40. The Unmarked State Revisited: Silence and the End of Inquiry

40.1 The treatise ends where it began

The treatise began with the unmarked state (Part I, §1) and ends with the unmarked
state. The mark was drawn (§1), re-entered (§3), disciplined (§5), differentiated (§7),
traced (§8), and from it the constants (§9-12), the numbers (§13-17), the dualities
(§18-22), the physics (§23-28), the statistics (§29-32), and the language (§33-37)
emerged. The Rosetta Stone (§38) and the Primal Algorithm (§39) organized the
whole.

Now the mark is erased.
40.2 The remainder is the unmarked state, enriched by the entire journey

[PHILOSOPHY] The erasure is not a return to ignorance: the unmarked state at the
end of the treatise is enriched by the entire journey — it is the state that contains,
implicitly, the whole structure that was explicitly developed. This is the treatise’s
final philosophical claim: the mark’s journey is a deepening of the unmarked state,
and the distinction’s ultimate content is the enriched void from which it came.

The loop closes. The tree is still.
40.3 The status of the closing claim

The closing claim is [PHILOSOPHY ] — it steps from mathematics and physics into
philosophy, and is labeled as such (Philosophy Boundary). It is not a mathematical or
empirical claim; it is the treatise’s statement of its own shape: a circle that returns to
its beginning, like the re-entrant mark that returns to itself.

Appendices




Appendix A. Categorical Semantics for Differential Linear Logic
A.1 Differential categories

The categorical semantics of DiLL is given by differential categories [established —
Blute, Cockett & Seely 2006; Ehrhard 2018]. A differential category is a symmetric
monoidal category with:

1. A monoidal coalgebra modality ! (the exponential).

2. A codereliction map 7 : A —!A that embeds each object into its “exponential
copy.”

3. A differential operator D that satisfies the axioms of differentiation: linearity,
Leibniz rule, and the Schwarz (symmetry) condition.

The standard model: the category of vector spaces with the symmetric algebra
1A =&, S™(A), where the differential operator is the directional derivative
[established — Ehrhard 2018].

A.2 Coherence conditions

The coherence conditions of differential categories [established — Blute-Cockett-
Seely 2006]:

o The differential operator D : Hom(A @ B,C) - Hom(A® B® B,C) is
linear in the first variable, and

» satisfies the product rule: D(f o g) = D(f) o (¢ ® D(g)) with the appropriate
tensor structure,

o and the interchange (Schwarz) symmetry: D? is symmetric in the two directions.

These conditions are the categorical form of the derivative’s defining properties;
they are the coherence conditions referenced in §7 and §35.

A.3 Standard models

Model Exponential modality Differential operator
Vector

spaces (k-  Symmetric algebra Directional derivative

linear)

Finiteness Finitely-supported sequences Taylor expansion

spaces

Convenient

vector Smooth maps Fréchet derivative

spaces

OCfO 'K1e1s11 - Composition of smooth maps

[established — Ehrhard 2018; Blute-Cockett-Seely 2006].



A.4 The fixed point of the differential exponential

In the vector space model, the codereliction of the identity produces the operator
whose fixed points are the exponentials [established — the derivative of the
exponential is the exponential]. The identification of this fixed point with the
constant e (§9) is [my conjecture] and is the subject of the computational verification
in Appendix D.

Appendix B. The Bruhat-Tits Building as a Simplicial Type

B.1 The tree as a higher inductive type

The Bruhat-Tits tree for Q, (Part IV, §14) is the regular tree where each vertex has
p + 1 neighbors. It is constructed as a higher inductive type [my conjecture — the
construction is natural but the specific HIT presentation is this treatise’s proposal]:

e Vertex type: the type of balls in Qp, with the hierarchy of inclusions.

e Edge type: the type of adjacent inclusions (ball contains sub-ball at adjacent
level).

e Path type: the type of paths in the tree — the homotopical structure that makes
the tree a space.

The HIT presentation realizes the tree’s simplicial structure: the tree is a 1-
dimensional simplicial complex, and the HIT gives it the corresponding homotopy
type (contractible, as all trees are).

B.2 The construction

[my conjecture] The Bruhat-Tits tree HIT:

1. Point constructors: for each ball B C Q,, a point.

2. Edge constructors: for each inclusion B D B’ at adjacent levels, a path.

3. Truncation: the tree type is the O-truncation of the path structure (a set), with
the path structure making it a 1-type.

The construction is the geometric realization of the ? modality (Part II, §6.2; Part IV,
§14.2): the tree type is the type of unlimited branching.

B.3 Connection to the modal structure

The Bruhat-Tits building for GL,(Q,) is the higher-dimensional analogue — a
building, the simplicial complex whose apartments are Coxeter complexes
[established — Bruhat & Tits 1972]. [my conjecture] The building is the higher-
categorical realization of the ? modality: the n-dimensional branching structure of
the GL,, action. The HIT presentation of the building is the type-theoretic form of
the discrete tree structure of the non-Archimedean place.




Appendix C. Explicit Formula as a Trace in Adelic Cohomology
C.1 The Riemann-von Mangoldt explicit formula

The explicit formula of analytic number theory relates the primes to the zeros of the
zeta function [established — Riemann 1859; von Mangoldt 1895; standard analytic
number theory]:

z?f 1 _9
Y(z) =z — ; > —log 2w — Elog(l —z7)

where ¢(z) is the Chebyshev function and p runs over the nontrivial zeros of ¢.
C.2 The adelic trace reading

[my conjecture] The explicit formula is a trace identity in adelic cohomology: it is
the statement that the trace of a certain operator on the adelic space (Part IV, §15-17)
counts the primes. The structure:

o The left side ¥(z) counts the primes — the tree structure (Part IV, §14).
o The right side z — ) x?/p — ... is the spectral decomposition — the loop
structure (the zeros as eigenvalues on the loop).

The explicit formula equates the tree count (left) with the loop spectrum (right) —
the number-theoretic form of the loop-tree duality.

C.3 Status

The explicit formula is [established]; the trace-theoretic reading is [my conjecture]
and requires the precise adelic operator formalism that this appendix sketches. The
full development is a research program (the “explicit formula as trace” program
suggested by this treatise).

Appendix D. A Computational Implementation: The Re-Entrant
Machine

D.1 The proof assistant

[my conjecture] The Re-Entrant Machine is a proof assistant based on the Calculus
of Re-Entrant Distinctions: a computational system that:

. Implements the calculus of indications (Part I).

. Implements the linear type theory with exponentials and traces (Part 11, §8).

. Implements the differential combinator (Part II, §7; Part VIII, §35).

. Derives : computes the trace of the identity on the circle type (§10.3, §36).

. Derives e: computes the fixed point of the differential exponential (§9, §36).

. Checks the functional equation of zeta: verifies £(s) = £(1 — s) in the adelic
model (§17).
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D.2 Verification goals

The computational implementation’s verification goals (per the falsifiability
conditions of §12.2 and §36):

Goal Claim verified Status
Gl The: mqu s re-entry produces the Part I, §3
oscillation

The differential combinator produces the
exponential series

G3 The trace of id on S*1 computes pi Part III, §10.3

The system derives e"{i pi} = -1 without

G2 Part III, §9

G4 . ) . : Part 111, §12.2
importing ¢ and pi as axioms
G5 The qdehc model satisfies the functional Part IV, §17
equation
G4 is the critical verification: if the machine can derive '™ = —1 from the mark’s

structure without importing the constants, the treatise’s central thesis is
computationally verified; if not, the thesis is refuted.

D.3 Implementation sketch

The implementation would use a proof assistant with linear type theory and higher
inductive types (e.g., a linear extension of a HoTT-based assistant, or the categorical
semantics of Appendix A implemented computationally). The sketch:

o Types: the mark type, the circle type S* as a higher inductive type, the linear
types with duals.

e Terms: the re-entrant form, the trace operator, the differential combinator.

e Verification: normalization and computation of the trace and fixed-point terms,
comparison with the expected scalars.

D.4 Status

The Re-Entrant Machine is a sketch — a research program, not an implementation.
Its construction is the concrete next step of the treatise’s program (P9 Extension).
The sketch’s honesty: the machine does not yet exist; the verification goals (G1-G5)
are the acceptance criteria it must meet.




