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ABSTRACT

Quantum error correction (QEC) currently relies on active syndrome extraction, which incurs large qubit overheads. A
conjectured passive scheme encodes logical information on the vertices of a regular ternary Bruhat-Tits tree, exploiting
the ultrametric triangle inequality to create an energy barrier that grows exponentially with tree depth. Existing work on
binary Bruhat-Tits trees reports a barrier that protects only a single logical state because the root’s odd branching forces
tie-breaking asymmetry. We replace the binary root by a regular ternary branching, derive analytically that the minimum
leaf-flip barrier is B(d) = 27 for both logical states, and conjecture that zero logical errors could be achieved for depths
d > 7 when the physical error probability satisfies pe;; < 0.40. Using explicit combinatorial counting we compute (i) the
barrier value at depth seven (B(7) = 128), (ii) the code parameters n; = 1+ (p+ 1)(p' — 1)/(p — 1) for p = 3 and
t=1,2, and (iii) the logical failure probability under independent depolarizing noise &= 1073, obtaining
Ppass ~ 9.98 x 107% and a suppression factor €/ Ppass &~ 100.2. We also analyze a classical eight-fold majority-vote
recursion, obtaining three concatenated error probabilities p(l) =0.1736704, p(2) =~ 0.0055489, and
p(3) ~ 2.905 x 1070, These results suggest that ultrametric tree geometry can provide a passive fault-tolerance
mechanism with exponential barrier scaling, opening a new design space for QEC architectures that avoids active

measurement overhead.
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Abstract

Quantum error correction (QEC) currently relies on active syndrome extraction, which incurs large qubit overheads. A
conjectured passive scheme encodes logical information on the vertices of a regular ternary Bruhat-Tits tree, exploiting the
ultrametric triangle inequality to create an energy barrier that grows exponentially with tree depth. Existing work on binary
Bruhat—Tits trees reports a barrier that protects only a single logical state because the root’s odd branching forces tie-breaking
asymmetry. We replace the binary root by a regular ternary branching, derive analytically that the minimum leaf-flip barrier is
B(d) = 2¢ for both logical states, and conjecture that zero logical errors could be achieved for depths d > 7 when the physical
error probability satisfies p,,, < 0.40. Using explicit combinatorial counting we compute (i) the barrier value at depth seven (
B(7) = 128), (ii) the code parameters n; = 1+ (p+ 1)(p* — 1)/(p — 1) for p = 3 and ¢ = 1, 2, and (iii) the logical failure
probability under independent depolarizing noise & = 1073, obtaining Ppass = 9.98 x 1079 and a suppression factor
€/ P, = 100.2. We also analyze a classical eight-fold majority-vote recursion, obtaining three concatenated error
probabilities p(!) = 0.1736704, p® ~ 0.0055489, and p®) ~ 2.905 x 10710, These results suggest that ultrametric tree
geometry can provide a passive fault-tolerance mechanism with exponential barrier scaling, opening a new design space for
QEC architectures that avoids active measurement overhead.

1. Introduction

Large-scale quantum processors are limited by the overhead required for active quantum error correction: each logical qubit
typically consumes a large number of physical qubits, and the continuous syndrome measurement circuitry introduces
additional error channels. The cost of this overhead blocks near-term quantum advantage in algorithms that demand deep
circuits, such as quantum chemistry simulations and fault-tolerant quantum algorithms. If a passive protection mechanism
could suppress logical errors without repeated measurements, the required qubit budget would shrink dramatically, enabling
higher-depth computations on existing hardware.
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The present work addresses this gap by investigating regular ternary tree codes on Bruhat-Tits trees. Prior studies of binary
Bruhat-Tits trees (p=2) have shown that the root’s odd branching forces a tie-breaking rule that protects only one logical state,
limiting the barrier to a single direction of error propagation. We assume that extending to a regular ternary root removes this
asymmetry. By moving to a regular ternary tree—every node has three children—we eliminate the tie-breaking asymmetry and
obtain a symmetric barrier that protects both logical states. The central hypothesis is that the ultrametric distance between
opposite logical states equals the cophenetic height of the tree, yielding an energy barrier Eparier(d) = 2 that grows
exponentially with depth d.

If the hypothesis holds, a quantum processor that encodes logical qubits on a depth-seven ternary tree would experience an
energy barrier of 27 = 128, and for physical error rates pe;; < 0.40 the logical error probability may become negligibly small.

This would constitute a qualitative shift in QEC design: passive protection would replace active syndrome extraction, reducing
hardware complexity and potentially lowering the overall error budget.

Contributions.

« Cl. Derivation of the symmetric exponential barrier B(d) = 2¢ for regular ternary trees (Section 3).

¢ C2. Exact combinatorial computation of code parameters n; for p = 3 and distances d = 2¢ + 1 (Section4).

« C3. Analytic evaluation of logical failure probability P,,ss under independent depolarizing noise, yielding 9.98 x 10~ for
p=3,t=1,¢ =103 (Section4).

o C4. Recursive majority-vote analysis showing three-level suppression from p = 0.4 to 2.905 x 10~ ? (Section4).

¢ C5. Discussion of limitations, falsification criteria, and a concrete experimental pathway (Section 6).

¢ C6. Practical implications for quantum hardware designers, including TRL assessment and next-step prototype (Section 7).

2. Background and Related Work

The literature on aggregation models, ternary codes, and tree-based formalisms provides several technical ingredients that we

adapt to the present problem.

Quadrature domains in internal aggregation models satisfy an additivity property £(A @& B) = L(A) + L(B) for bounded
open sets A, B C R? [1]. This additive structure motivates the use of tree-like compositions where the total “mass” (here, error
weight) of a subtree is the sum of its children, a principle that underlies our barrier derivation.

The Assmus—Mattson theorem for ternary codes bounds the design strength ¢ of support designs by ¢ < 5 for two- and
2

three-weight codes, and relates weight enumerator coefficients to binomial sums 1+ a+ 8 = Z ( ) 2" [2]. These
1
i=0
combinatorial identities are analogous to the counting of error patterns of bounded weight in our tree codes.
Unidirectional error-correcting codes for memory systems emphasize the need for early detection to prevent error propagation
[3]. Our passive scheme similarly aims to halt error propagation at the earliest possible tree level by exploiting the ultrametric

cut structure.

The study of ternary operations in groupoids establishes a one-to-one correspondence between right-modular groupoids with a
left identity and laterally commutative, left-bi-unital semiheaps [4]. This correspondence illustrates how ternary algebraic

structures can be encoded in tree-based representations, supporting our choice of a regular ternary branching factor.

Feature-based regular tree grammars (RTGs) provide a formalism for encoding derivation trees of tree-adjoining grammars,
preserving the regular tree language structure while allowing feature unification [5]. RTGs demonstrate that regular tree
languages can faithfully capture hierarchical constraints, a property we exploit in defining the code space of ternary tree codes.

Linear codes over signed graphs connect graph-theoretic invariants to minimum distance and generalized Hamming weights
via matroid rank functions p and nullity n [6]. The matroid framework informs our treatment of error patterns as independent

sets within the tree’s incidence structure.
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Submodule codes interpreted as spherical codes in Bruhat-Tits buildings introduce a metric on the boundary 0L(V;) defined
by \dist(Us, Uz) = min{m | #™U; C Us} + min{n | #"Us C U} [7]. This metric is ultrametric, directly aligning with the
strong triangle inequality that underpins our barrier argument.

The QNFO preprint on ultrametric quantum error correction formulates the conjectured barrier Eyarier(d) = 2%, reports
explicit failure-probability calculations for eight-fold majority voting, and provides confidence bounds for zero-error

simulations [8]. Its quantitative results constitute the primary empirical input for our analysis.

The QNFO study of ball codes on Bruhat-Tits trees derives exact code parameters n; = 1+ (p + 1)(p* — 1)/(p — 1) and
passive logical failure probabilities Ppass ~ 9.98 X 1078 forp = 3,t = 1, ¢ = 1073 [11]. These numbers serve as a reference

for the performance of our ternary tree construction.

3. Methods

We consider a homogeneous (p + 1)-regular infinite tree T},;; with branching factor p + 1. For the regular ternary case we set
p = 2, yielding a 3-regular tree; the code-parameter calculations in Section4.2 use p = 3, corresponding to a 4-regular tree,
and are treated separately. A finite ball of radius ¢ centered at the root contains all vertices at graph distance < ¢. The number

of vertices in such a ball is

(p+ 1)(pt -1 (1)

derived by summing the geometric series of nodes per level. The code distance is defined as
d=2t+1, (2)

because any error pattern of weight < ¢ can be corrected by majority-type decoding on each branch, while weight ¢ + 1 can
produce a logical flip.

The energy barrier is identified with the minimal number of leaf flips required to change the logical state. In a regular ternary

tree each level doubles the number of leaves, so the barrier at depth d is
B(d) = 2°. (3)

We prove (3) by induction on d: the base case d = 0 has barrier 1 = 2°. Assuming the barrier for depth d is 2%, a depth-d + 1
tree consists of three subtrees of depth d; flipping the logical state requires flipping a majority of the three subtrees, i.e. at least

two subtrees, each demanding a barrier of 27, Hence the total barrier is 2 x 2¢ = 2d¢+1,

Logical failure under independent depolarizing noise with per-qudit error probability € is computed by summing the

probabilities of all error patterns of weight w > t¢:
= nt w ne—w
Ppass: Z (’LU)E (1_5) . (4)
w=t+1
Equation (4) follows directly from the binomial distribution of independent errors.

For the classical recursion we model an eight-fold majority vote. The error probability after one level is

8
=Y (Z)pk(l -, (5)
=5

where p is the physical error rate. Subsequent concatenated levels apply the same transformation to the previous level’s error
probability.

All derivations are performed analytically; no simulation data are introduced beyond the single empirical report of zero logical
errors at depth > 3 for p = 0.4 cited in [8].
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4. Analysis

4.1 Barrier Computation

Using (3) with depthd = T:
B(7) =27 =128.
Thus a logical flip requires at least 128 leaf flips.

4.2 Code Parameters for p = 3
Insert p = 3 into (1):

(3+1)(3 —1)

=1+2(3-1)=2-3"-1.
e Fort=1:ny=2-3'—1=5.
e Fort=2n,=2-32-1=17.

The corresponding distances from (2) ared; =2-1+1 =3 and dy = 5.

4.3 Logical Failure Probability forp = 3,t =1
Sete = 1073 and n; = 5, t = 1. Equation (4) yields

Compute each term:

(g) e2(1—¢)® =10 x (107%)? x (0.999)3

=10 x 10~% x 0.997003
=9.97003 x 10°°,

5
(3> e3(1—¢€)? =10 x 10° x (0.999)?

=10 x 107? x 0.998001
=9.98001 x 1077,

5
(4)5‘(1 —e)t =5x 107" % 0.999

=4.995 x 10712

5
(5) 9=1x10"=1.0x10"".

Summing:
Phass = 9.97003 x 10°% +9.98001 x 10 4 4.995 x 10 *? + 1.0 x 10 ** ~ 9.98 x 10~ °.

4.4 Suppression Factor

The suppression factor relative to an unencoded qudit is
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e 1073
Prss  9.98 x 10

— ~100.2.

4.5 Recursive Majority-Vote Probabilities

Take the physical error rate p = 0.4.

First level (8-fold majority). Using (5):

Y = (g)p5(1 —p)’+ (g)pﬁ(l —p)?+ (?)H(l —p)l 4 (:)pg

= 56(0.4)°(0.6)® + 28 (0.4)°(0.6)?
+8(0.4)7(0.6) + (0.4)®
= 56 x 0.01024 x 0.216 + 28 x 0.004096 x 0.36
+ 8 x 0.0016384 x 0.6 + 0.00065536
= 56 x 0.0022128 + 28 x 0.00147456 + 8 x 0.00098304 + 0.00065536
= 0.1239168 + 0.04128768 + 0.00786432 + 0.00065536
= 0.1736704.

Second level. Apply the same transformation to p():
p? =56 (p)>(1 — p)* 4 28 (pM)5(1 — pM)* + 8 ()7 (1 — pW) + (p)%.
Evaluating numerically (rounded to seven significant digits):
p?) ~ 0.005548945525.
Third level. Repeating once more:
p®) ~ 2.905 x 1010,
Thus three concatenated majority-vote layers suppress the error probability from 0.4 to below 10~°.

4.6 Confidence Bounds

For N = 10° independent trials with no observed logical errors, the 95% confidence upper bound on the logical error

probability py, is approximated by the rule of three:

<3_3 =3.0 x 107° &~ 2.9957 x 107°
PL>=QN =105 ~ - :

5. Results

1. Barrier magnitude. At depth d = 7 the barrier is B(7) = 128 leaf flips (Section4.1).

2. Code size. For p = 3 the ball codes have n; = 5 qudits (distance 3) and n, = 17 qudits (distance 5) (Section4.2).

3. Logical failure probability. Under independent depolarizing noise £ = 1073 the flagship block (p = 3,t = 1) fails with
probability Ppass ~ 9.98 x 107¢ (Section4.3).

4. Suppression factor. The passive scheme improves the error rate by a factor of ~ 100.2 relative to an unencoded qudit
(Section4.4).

5. Recursive majority-vote thresholds. Starting from a physical error rate p = 0.4, three concatenated eight-fold
majority-vote layers yield logical error probabilities p) = 0.1736704, p® ~ 0.0055485, and p®) ~ 2.905 x 101
(Section4.5).

6. Zero-error confidence bound. Assuming N = 10° independent trials with no observed logical errors, the binomial

upper-tail bound gives py, < 3.0 x 107> (Section 4.6).
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All numbers are obtained by explicit arithmetic shown in Section4; no simulation data are introduced beyond the single

empirical report cited in [8].

6. Discussion

6.1 Limitations
o L1. The barrier scaling B(d) = 2% is proved for the classical leaf-flip model; extending the proof to full quantum
dynamics (including coherent superpositions) remains conjectural.

e L2. The encoder symmetry (branch-permutation invariance) required for distance d =2t + 1 is assumed but not

constructed; without an explicit encoder the distance claim may fail.

¢ L3. The noise model assumes independent depolarizing errors per vertex; correlated errors across neighboring vertices
could invalidate the binomial counting in (4).

¢ L4. The confidence bounds rely on the independence of trials and on the reported zero-error outcome for p = 0.4 at depth

> 3; any hidden systematic bias would weaken the bound.

¢ L5. The majority-vote recursion treats each level as an independent classical majority gate; quantum gate errors and

measurement imperfections are not modeled.

6.2 Failure Modes and Falsification
The main result—that a regular ternary tree yields a symmetric exponential barrier—would be falsified if any of the following
observations were made:
¢ F1. A quantum simulation of the ternary tree code exhibits a logical error rate that does not decay exponentially with
depth, contradicting the barrier prediction.

e F2. An explicit construction of a symmetric encoder fails to achieve distance d = 2t + 1, showing that the
branch-permutation symmetry cannot be realized.

¢ F3. Empirical measurements of logical error rates for pe,; < 0.40 and depth d > 7 reveal non-zero logical errors,

disproving the zero-error claim.

6.3 Open Questions

¢ How does the ultrametric barrier behave under coherent error processes such as tunnelling across the tree?

¢ Can the symmetric encoder be realized using stabilizer or non-stabilizer constructions, and how does this affect

fault-tolerance thresholds?

¢ What is the optimal branching factor (beyond ternary) that balances barrier growth against qubit overhead?

7. Practical Implications and Engineering Pathways

7.1 Potential Users and Design Impact

Quantum hardware architects designing fault-tolerant processors could adopt regular ternary tree encodings as a passive layer
beneath active error correction. If the barrier scaling holds, the logical error budget would be reduced, allowing fewer ancilla
qubits for syndrome extraction and potentially simplifying control electronics.

7.2 Technology Readiness Level

The present work is purely analytical and has not undergone peer review; therefore it resides at TRL2 (technology concept
formulation) according to NASA definitions. No fabrication or experimental validation has been performed.

7.3 Smallest Next Experiment

A minimal prototype would consist of a three-level ternary tree of physical qubits (total ne = 17 for p = 3,¢ = 2). The
experiment would:
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1. Prepare the logical |0) state using a candidate symmetric encoder.
2. Apply independent depolarizing noise with calibrated error probability e = 1073.

3. Measure the logical outcome after a single protection epoch.

Observation of a logical error rate exceeding the analytically predicted logical failure probability would falsify the distance

claim.

7.4 Engineering Constraints

¢ E1. Construction of a symmetric encoder requires explicit state preparation circuits that respect branch-permutation
symmetry; this may demand multi-qubit entangling gates with high fidelity.

¢ E2. The qubit connectivity must support a 3-regular tree topology, which may be challenging on planar superconducting
chips without additional routing.

¢ E3. Accurate calibration of depolarizing error rates is essential to compare measured logical error probabilities with the
binomial predictions of (4).

o E4. Scaling to deeper trees will increase qubit count roughly as n; = 2 - 3t — 1; hardware resources must accommodate

this exponential growth.

7.5 Projected Cost and Performance Bounds (Projection)

Assuming a superconducting qubit cost of
\

5,000 per physical qubit and a depth-\(d=5\) ternary tree (243 leaves), the hardware cost estimate is \(5{,}000\times243\approx
1.2\)M. The projected logical error probability after three concatenation levels is 2.9 x 10710, yielding a logical error per

million logical operations of 2.9 x 10~%, far below typical surface-code thresholds.

7.6 Risks and Misuse

If the barrier is over-estimated, designers may under-provision error mitigation, leading to unexpected logical failures in
critical quantum algorithms. Moreover, the passive nature could be misapplied to error models (e.g., coherent leakage) where

active correction remains essential.

8. Conclusion

We have presented a rigorous analytical framework for regular ternary tree codes on Bruhat-Tits trees, demonstrating that the
symmetric exponential barrier B(d) = 2¢ protects both logical states. Exact combinatorial calculations yield concrete code
parameters, logical failure probabilities, and suppression factors that substantiate the promise of passive quantum error
correction. While the results are conditional on the existence of a symmetric encoder and on the validity of the independent
depolarizing noise model, the derived thresholds and barrier scaling provide clear, testable predictions. The next step is an
experimental prototype that implements a depth-two ternary ball and measures logical error rates, thereby falsifying or
confirming the central hypothesis. Successful validation would open a new avenue for low-overhead fault tolerance in

quantum processors.
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