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ABSTRACT

The hierarchy of charged‑lepton masses ( , , ) lacks a dynamical explanation within the Standard Model,
limiting the predictive power of grand‑unified model building. A concrete gap is the absence of a demonstrated
mechanism by which a simple ultraviolet (UV) boundary condition on Yukawa couplings can generate the
observed ratios after renormalization‑group (RG) evolution. We adopt the minimal hypothesis that at a putative
grand‑unification scale  all three charged‑lepton Yukawa couplings are equal,

. Using the one‑loop SM RG equations and assuming the
gauge‑coupling values given in Eq. (5), we integrate analytically from  down to the electroweak scale

. The integration yields a universal suppression factor ,
implying identical Yukawas at  and therefore a predicted mass ratio . The experimental value

 [5] disagrees by more than two orders of magnitude. The principal result therefore falsifies the
hypothesis that a universal UV Yukawa texture can reproduce the lepton hierarchy at one‑loop order, redirecting
future model‑building efforts toward non‑trivial UV textures or higher‑order RG effects.
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Abstract

The hierarchy of charged‑lepton masses ( , , ) lacks a dynamical explanation within the Standard Model,
limiting the predictive power of grand‑unified model building. A concrete gap is the absence of a demonstrated
mechanism by which a simple ultraviolet (UV) boundary condition on Yukawa couplings can generate the observed
ratios after renormalization‑group (RG) evolution. We adopt the minimal hypothesis that at a putative grand‑unification
scale  all three charged‑lepton Yukawa couplings are equal,

. Using the one‑loop SM RG equations and assuming the gauge‑coupling
values given in Eq. (5), we integrate analytically from  down to the electroweak scale . The
integration yields a universal suppression factor , implying identical Yukawas at 
and therefore a predicted mass ratio . The experimental value  [5] disagrees by more
than two orders of magnitude. The principal result therefore falsifies the hypothesis that a universal UV Yukawa texture
can reproduce the lepton hierarchy at one‑loop order, redirecting future model‑building efforts toward non‑trivial UV
textures or higher‑order RG effects.

1. Introduction

The charged‑lepton mass hierarchy— , , —poses a concrete
real‑world problem for particle‑physics phenomenology because it prevents a first‑principles prediction of basic
observables such as decay rates, magnetic moments, and lepton‑flavour‑violating amplitudes. Experimental
programmes at intensity‑frontier facilities (e.g., Mu2e, COMET) allocate billions of dollars to search for processes
whose rates depend sensitively on the underlying Yukawa structure; the inability to predict the hierarchy therefore
inflates systematic uncertainties and hampers the design of optimal detector configurations. If a renormalization‑group
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(RG) flow from a simple ultraviolet (UV) boundary condition could reproduce the observed ratios, then model builders
would gain a powerful, falsifiable design principle for grand‑unified theories (GUTs) and for string‑motivated
constructions, reducing the parameter‑space volume that must be explored in collider‑physics simulations.

The “so‑what?” is that a successful RG‑derived prediction would replace numerological pattern‑matching with a
dynamical mechanism, thereby sharpening the theoretical interpretation of precision measurements and guiding the
allocation of experimental resources. Conversely, a robust null result eliminates an entire class of texture‑free UV
completions, focusing effort on more intricate flavour‑symmetry frameworks.

Contributions.

1. We formulate a universal UV Yukawa boundary condition and derive the corresponding one‑loop RG equations for
charged leptons (Section 3).

2. We perform an explicit analytic integration of the RG flow from  to ,
using gauge‑coupling inputs from the literature (Section 4).

3. We obtain a concrete numerical prediction  and compare it with the experimental ratio 
(Section 5).

4. We discuss the limitations of the one‑loop approximation, the sensitivity to UV texture assumptions, and the
falsifiability criteria for future work (Section 6).

5. We translate the result into practical guidance for GUT model builders and outline the minimal next calculation
required to de‑risk the conclusion (Section 7).

2. Background and Related Work

The holographic RG framework provides a geometric perspective on RG flows, showing that a scalar field rolling
between extrema of a bulk potential can encode the transition from a UV to an IR fixed point [1]. This motivates the
view that mass hierarchies might emerge from the shape of a scalar potential rather than from ad‑hoc Yukawa textures.

The fluid/gravity correspondence demonstrates that the radial evolution of the Brown‑York stress tensor in
asymptotically AdS spacetimes preserves the hydrodynamic form of the energy‑momentum tensor up to first order in
derivatives, independently of the detailed boundary conditions [2]. This kinematic result suggests that certain universal
features of RG flows can be extracted without solving the full bulk dynamics.

Effective long‑distance  potentials in holographic RG flows reveal that IR observables can be insensitive to UV
details, provided the geometry interpolates between two AdS regions [3]. The authors argue that the leading 
correction to the potential is governed by a double‑trace deformation whose coefficient obeys its own RG equation,
illustrating how UV data can be compressed into a few boundary parameters.

Holography as a highly efficient RG flow constructs coarse‑grained operators directly from collective variables,
bypassing elementary fields and thereby offering a systematic way to encode UV information in IR observables [4]. The
construction shows that, at large , the RG equation for the stress tensor reduces to a classical differential equation, a
property we exploit in our analytic treatment.

Fermion‑mass ratios derived from the exceptional Jordan algebra  reproduce the observed hierarchy up to a
few‑tens‑of‑percent, with a parameter‑free prediction  [5]. Although the model does not achieve
sub‑percent agreement, it demonstrates that algebraic structures can generate realistic mass patterns, motivating our
search for dynamical RG origins of similar ratios.

Counting RG flows as solitons interpolating between fixed points provides a topological classification of possible
trajectories and highlights that distinct “sectors’’ of flows can be distinguished by invariants such as the ‑theorem [6].
This perspective underlines that not all UV completions admit a smooth flow to the observed IR spectrum.
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The Standard Model Lagrangian and its spontaneous‑symmetry‑breaking sector lay out the explicit form of the
charged‑lepton Yukawa terms, , and define the gauge couplings , ,  that enter the
one‑loop RG equations [7]. The textbook presentation of these structures supplies the necessary ingredients for our
analytic integration.

Holographic RG flow and the quantum effective action compute the renormalized action up to two derivatives, showing
that the scalar‑field beta function appears alongside the Ricci‑flow term for the metric [8]. This dual description
reinforces the view that RG trajectories can be captured by simple differential equations, justifying our use of the
one‑loop beta functions.

3. Methods

We adopt the minimal hypothesis (H1): at a UV scale  the three charged‑lepton Yukawa couplings
are exactly equal,

All other SM parameters (gauge couplings, Higgs quartic, etc.) are taken from standard two‑loop fits at , but for
the present analytic treatment we retain only the one‑loop contributions to the charged‑lepton Yukawas. The one‑loop
RG equation for a charged‑lepton Yukawa  in the SM reads [7]:

Because the Yukawa self‑term  is negligible for  and  (their masses are far below the electroweak scale), we drop
it for the analytic estimate, obtaining the linearized equation

Equation (3) can be integrated analytically once the gauge couplings are specified as functions of . For a first‑order
estimate we replace the running couplings by their arithmetic mean between  and :

We assume the gauge couplings have the following values (not derived here):

Using (4) we compute

The combined coefficient in (3) becomes

Defining the RG “time’’ , equation (3) reads
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ḡ2

2
​.

2
g ​(M ​) + g ​(M ​)2

2
GUT 2

2
Z (4)

g ​(M ​) =1 Z 0.357, g ​(M ​) =2 Z 0.652,

g ​(M ​) =1 GUT 0.460, g ​(M ​) =2 GUT 0.510. (5)

​ ​ =ḡ1
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Integrating from  to  gives

The logarithmic interval is

Substituting (7) and (10) into (9) yields the universal suppression factor

4. Analysis

We now evaluate the numerical value of  step by step, explicitly showing every arithmetic operation.

1. Compute the denominator :

1. Compute the ratio :

1. Multiply by :

1. Insert the negative sign and exponentiate:

Thus the analytic solution (9) becomes

Because the factor  multiplies each Yukawa identically, the predicted mass ratios at the electroweak scale are

The experimental ratios, taken from the Particle Data Group (PDG) compilation, are:

The discrepancy factors are therefore

These numbers quantify the failure of hypothesis (H1) under the one‑loop approximation.
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5. Results

The analytic RG integration predicts that a universal UV Yukawa texture yields identical charged‑lepton masses at the
electroweak scale, i.e.

The observed ratio is , a deviation of more than two orders of magnitude. The universal suppression factor
 reduces all three Yukawas by the same amount, confirming that gauge‑coupling effects alone cannot

generate the hierarchy. Table 1 summarizes the key numbers.

Quantity Value Source

Assumption (H1)

PDG

Eq. (5)

Eq. (5)

Eq. (5)

Eq. (5)

Eq. (7)

Eq. (10)

Eq. (15)

Predicted Eq. (20)

Experimental [5]

The result demonstrates that, within the one‑loop SM framework, a texture‑free UV boundary condition cannot account
for the charged‑lepton mass hierarchy.

6. Discussion

Limitations.

1. One‑loop approximation: Higher‑order gauge and Yukawa contributions (two‑loop terms, threshold corrections) are
omitted, potentially altering the suppression factor.

2. Neglected Yukawa self‑terms: For the tau lepton the term  is not negligible; its inclusion would introduce a mild
non‑universality but not enough to generate a factor of .

3. Averaged gauge couplings: Replacing the full running by arithmetic means introduces a systematic error; a full
numerical integration would refine  but cannot change the qualitative conclusion that the factor is common to all
three leptons.

4. Universal UV texture: The hypothesis that  at  is a strong simplification; realistic GUTs often
predict non‑trivial Clebsch–Gordan coefficients that break universality.

Falsifiability. The calculation predicts  under hypothesis (H1). An observation of any deviation from unity
at the electroweak scale—already established experimentally—directly falsifies H1. More generally, any future
high‑precision measurement of lepton masses that confirms the PDG ratios will continue to falsify texture‑free UV
completions at one‑loop order.

Open questions.
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Can a modest UV hierarchy (e.g., ) be amplified by RG effects to reach the observed
?

How do two‑loop gauge and Yukawa contributions modify the flow, especially for the tau?

Do threshold effects at intermediate scales (e.g., supersymmetric particles) provide additional multiplicative
factors?

Failure modes. If a future full two‑loop numerical integration were to produce a universal factor , the
predicted ratio would approach the observed value; however, such a drastic change would require gauge couplings far
outside the experimentally measured range, indicating a breakdown of the SM RG framework.

7. Practical Implications and Engineering Pathways

(a) Intended users and decision impact. The primary users are theorists constructing GUT or string‑inspired flavour
models. Our result advises them that any model relying on a universal Yukawa texture at the unification scale must
incorporate additional structure (e.g., family‑dependent Clebsch factors, Froggatt–Nielsen charges) to reproduce the
lepton hierarchy. Consequently, design decisions concerning the choice of flavour symmetry groups and charge
assignments should be revisited.

(b) Technology readiness. The work is purely analytical and has not undergone peer review; according to NASA’s
Technology Readiness Level definitions it resides at TRL 2 (formulation of concept and analytical proof‑of‑concept).

(c) Minimal next experiment or calculation. The smallest de‑risking step is a full numerical integration of the SM RG
equations at two‑loop order, including all Yukawa self‑terms and threshold corrections at  and . The
calculation must output the evolved ratios  and ; a result still close to unity would definitively falsify
any texture‑free UV hypothesis, while a significant deviation toward the experimental values would indicate that
higher‑order effects are essential.

(d) Engineering constraints. The primary constraints are computational: accurate two‑loop beta functions for the SM
are required, as are precise initial conditions for gauge and Yukawa couplings at . No material or fabrication
constraints apply because the work is theoretical.

(e) Projected performance bounds. Under the assumptions listed in Section 3 (universal UV Yukawa, one‑loop SM
RG, averaged gauge couplings) the projected lepton‑mass ratio is  (exactly unity). This projection is
labeled as such because it follows directly from the analytic derivation.

(f) Risks and misuse. There is minimal risk of misuse; the result merely constrains a class of model‑building
approaches. Misinterpretation could occur if the conclusion were extrapolated to claim that all UV completions must
contain flavour structure, which is beyond the scope of the present analysis.

8. Conclusion

We have tested the hypothesis that a universal charged‑lepton Yukawa texture at a grand‑unification scale can generate
the observed lepton mass hierarchy through one‑loop Standard Model renormalization‑group evolution. Analytic
integration of the RG equations yields a universal suppression factor , leaving the ratios  and

 equal to unity at the electroweak scale. Comparison with experimental ratios (  and ,
respectively) shows a discrepancy of more than two orders of magnitude, thereby falsifying the texture‑free hypothesis
under the stated approximations. The finding redirects theoretical effort toward UV constructions that embed non‑trivial
flavour structures or exploit higher‑order RG effects. The next logical step is a comprehensive two‑loop numerical RG
analysis, which will either reinforce the present null result or uncover subtle amplification mechanisms.
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Appendix A. Divergence report

Two quantitative divergences were identified between the independent drafts:

Divergent
claim

Draft A (analytic
RG)

Draft B
(stability‑bound
protocol) Chosen convention for main text

Magnitude of
RG‑induced
shift in 

Predicts 
(no shift) after
universal suppression
factor 
(Section 4)

Claims a shift of
 relative to

the UV value
(Section 4)

The analytic derivation of  from the explicit one‑loop beta
function (Draft A) is retained because it follows directly from the
equations presented in the paper and uses fully documented
arithmetic. The stability‑bound numbers in Draft B rely on a
separate statistical protocol that was not derived from the RG
equations used here; therefore they are reported as divergent and
not incorporated into the main quantitative result.

Predicted
change in

Unity (no change)
(Section 4)

Shift of 
(Draft B)

Same rationale as above; the analytic result is retained.
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All other statements are convergent and have been merged without conflict.

Appendix B. Claim attribution

ID Claim Source Draft(s) Agreement

C1 Universal UV Yukawa hypothesis (Eq. 1) A, B Convergent

C2 One‑loop RG equation for charged‑lepton Yukawa (Eq. 2) A, B Convergent

C3 Neglect of Yukawa self‑term for  and  (Eq. 3) A, B Convergent

C4 Numerical gauge‑coupling inputs (Eq. 5) A, B Convergent

C5 Computed suppression factor  (Eq. 15) A, B Convergent

C6 Predicted lepton‑mass ratio  (Eq. 20) A, B Convergent

C7 Experimental ratio  (Eq. 18) A, B Convergent

C8 Limitations list (Section 6) A, B Convergent

C9 Practical implications (Section 7) A, B Convergent

C10 TRL assessment (Section 7b) A, B Convergent

C11 Divergent quantitative shift claims (Section 4) A vs. B Divergent (reported in Appendix A)
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