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Abstract: Bosonic codes encoded in superconducting cavities offer a hardware-efficient path to fault tolerance by
exploiting the infinite dimensionality of a single harmonic oscillator. However, the non-linear mixing elements
required for autonomous stabilization introduce parasitic self-Kerr interactions that induce deterministic dephasing
and limit coherence times. We introduce a control framework based on resonant Kerr-cancellation dynamics using a
Superconducting Nonlinear Asymmetric Inductive Element (SNAIL). By tuning the external magnetic flux to a
symmetry-protected sweet spot, we eliminate the fourth-order non-linearity while maintaining the third-order
mixing required for confinement. We derive an analytical stability threshold  necessary to restore
the exponential suppression of bit-flip errors. Analysis of spectroscopic data confirms that operating below this
threshold eliminates the phase-space shearing observed in previous experiments. This protocol establishes the
physical conditions required to surpass the break-even point in continuous variable quantum information.

Keywords: bosonic codes, dissipative stabilization, Kerr nonlinearity, SNAIL, quantum error correction,
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1.0 Introduction

1.1 Bosonic Encoding Paradigm

The trajectory of superconducting quantum computing has fundamentally shifted from the scaling of physical qubit
arrays to the high-dimensional encoding of information within single bosonic modes. We argue that the primary
resource for quantum error correction is no longer the number of two-level systems, but rather the infinite
dimensionality of the Hilbert space available in a high-Q harmonic oscillator. As noted by Cai et al.  (2021), this
approach allows for the redundant encoding of logical information into the photon number states of a single
superconducting cavity, bypassing the hardware overhead associated with surface code lattices. We derive the
advantage of this architecture by observing that a single cavity mode coupled to a non-linear ancilla can replace
dozens of physical transmon qubits required for a discrete repetition code. Unlike standard registers where errors are
distributed across many physical locations, the bosonic approach localizes errors into specific channels—primarily
photon loss—which can be corrected autonomously. This contrast highlights a pivotal transition in the field: the
bottleneck is no longer the coherence of the storage medium, which has reached millisecond timescales, but the
fidelity of the non-linear control elements used to manipulate it. Consequently, the next generation of quantum
processors will be defined by the precision of their Hamiltonian engineering rather than the sheer count of their
components.

1.2 Dissipative

Stabilization Consensus

The dominant theoretical framework for protecting these bosonic codes relies on the concept of autonomous error
correction via engineered dissipation. Mirrahimi et al.  (2014) established the standard model for this paradigm,
proposing that a multi-photon driven dissipative process can stabilize a manifold of Schrödinger cat states. We
derive the mechanism wherein a four-photon loss operator, activated by a specific pump condition, locks the system
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into a steady state spanned by coherent superpositions  and . This passive stability contrasts sharply
with active measurement-feedback loops, which require complex FPGA logic and introduce latency that often
exceeds the coherence time of the qubit. By engineering the environment to act as a restoring force, the system
effectively creates a “synthetic vacuum” where the logical states are the ground states of the effective Lindblad
master equation. Thus, the stability of the quantum information is guaranteed by the thermodynamics of the open
system itself, provided the engineered dissipation dominates all other rates.

1.3 Kerr-induced Dephasing

Anomaly

Despite the theoretical elegance of dissipative stabilization, experimental realizations have consistently deviated
from the ideal model due to parasitic non-linearities in the hardware. Lescanne et al.  (2020) identified a critical
failure mode where the mixing elements required to engineer the dissipation introduce residual self-Kerr terms (

). We derive the consequence of this perturbation: the Kerr term induces a deterministic phase rotation
that depends on the photon number, shearing the circular uncertainty blobs of the coherent states into elliptical
structures. This behavior contrasts with the theoretical prediction of exponential error suppression, as the shearing
effect introduces a dephasing channel that scales with the size of the cat state. The persistence of this anomaly
suggests a fundamental structural flaw in the design of the Josephson mixing elements used to mediate the
interaction. Therefore, without a hardware solution to cancel this parasitic non-linearity, the coherence time of
bosonic qubits will remain capped regardless of the storage cavity’s quality factor.

1.4 Non-perturbative Drive Gap

A significant theoretical gap exists regarding the dynamics of these systems under the high-power drives required
for fast stabilization. Puri et al.  (2017) highlight that standard models rely on the Rotating Wave Approximation
(RWA), which assumes that the drive amplitude is small compared to the transition frequencies. We derive the
breakdown of this approximation when the stabilization rate  is pushed to compete with the Kerr shifts,
leading to significant Stark shifts and the activation of counter-rotating terms. This high-power regime contrasts with
the low-power perturbative models used in early theoretical proposals, which fail to account for the renormalization
of the system parameters. The discrepancy leads to unmodeled error channels that degrade the fidelity of the logical
manifold. This necessitates a theoretical framework that explicitly accounts for strong-drive renormalization and
provides a path to operate in the non-perturbative regime.

1.5 Resonant

Kerr-cancellation Dynamics

To resolve these limitations, we introduce the framework of resonant Kerr-cancellation dynamics, which leverages
the tunable non-linearity of the Superconducting Nonlinear Asymmetric Inductive Element (SNAIL). Frattini et
al. (2017) demonstrated that the SNAIL possesses a specific magnetic flux bias point where the fourth-order term in
its potential expansion vanishes exactly. We derive the core premise of our proposal: by operating the mixing
element at this “sweet spot,” we can eliminate the parasitic self-Kerr interaction ( ) while maintaining the
third-order mixing required for stabilization. This capability contrasts with standard Josephson Ring Modulators
(JRMs), which lack the degrees of freedom necessary to independently tune the third and fourth-order coefficients.
Accessing this cancellation point allows for the application of strong stabilization drives without inducing the
deleterious phase shearing observed in previous experiments. This suggests that the “sweet spot” is not merely an
optimization parameter but a necessary condition for breaking the current coherence ceiling.
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1.6 Flux-symmetry Isomorphism

We posit an isomorphism between the magnetic flux bias point of the SNAIL and a symmetry-protected topological
phase within the control landscape. Albert et al.  (2016) discuss how geometric phases can be used to protect
quantum information, and we extend this logic to the hardware parameters themselves. We derive the mapping
where the cancellation of the fourth-order coefficient  restores the rotational symmetry of the code manifold,
preventing the “squeezing” or distortion of the Wigner function. This symmetry-protected regime contrasts with the
Kerr-dominated regime, where the phase space is sheared and the logical states become distinguishable to the
environment. By locking the hardware parameters to this symmetry point, we ensure that the stabilization forces
remain isotropic in phase space. In this regime, perfect stabilization is feasible if the control electronics can maintain
the flux bias within the tolerance window of the cancellation point.

1.7 Fault-tolerance Threshold

Shift

The successful implementation of resonant Kerr-cancellation dynamics has profound implications for the fault-
tolerance threshold of bosonic architectures. Guillaud and Mirrahimi (2019) proposed that concatenated codes could
achieve logical error rates of , but this assumed ideal stabilization. We derive the impact of our framework: by
satisfying the condition , we restore the exponential suppression of bit-flip errors without the
penalty of linearly increasing phase-flip rates. This result contrasts with the current “break-even” plateau, where
gains in bit-flip protection are offset by losses in phase coherence. The restoration of the exponential scaling law
provides a clear roadmap to macroscopic coherence times. We conclude that the hybrid architecture of repetition-cat
codes is a viable path to universal fault-tolerant quantum computation, provided the hardware adheres to the strict
linearity constraints we define.

2.0 Literature Review

2.1 Foundations of

Reservoir Engineering

The seminal work on cat-qubit stabilization established the theoretical possibility of using the environment as a
resource for quantum error correction. Mirrahimi et al. (2014) derived the baseline requirement that a four-photon
dissipation process is necessary to encode a qubit within the steady state of a harmonic oscillator. We analyze their
derivation, which shows that the jump operator  creates a four-component manifold that is robust
against single-photon loss events. This scheme contrasts with earlier two-photon stabilization proposals, which
could only protect against dephasing but left the system vulnerable to bit-flips caused by photon loss. The four-
photon protocol represented a leap forward, as it allowed for the continuous monitoring of the error syndrome via
parity measurements. This establishes that the foundation of modern bosonic codes lies in the precise engineering of
these high-order dissipative operators.

2.2 Evolution of Mixing

Elements

The hardware required to implement these theoretical models has evolved from simple Josephson junctions to
complex multi-junction circuits. Frattini et al.  (2017) introduced the SNAIL as a solution to the limitations of the
Josephson Ring Modulator (JRM), which had been the standard for three-wave mixing. We derive the utility of the
SNAIL’s dipole geometry, which allows it to handle significantly higher saturation powers than the quadrupole
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JRM. This capability is essential for the stabilization schemes that require strong pump tones to achieve fast
confinement rates. The contrast between the two devices is stark: the JRM saturates and becomes non-linear at
relatively low powers, whereas the SNAIL maintains its linearity over a much larger dynamic range. This transition
to dipole mixing elements is a necessary step for handling the energy scales involved in robust qubit stabilization.

2.3 Break-even Plateau

Despite these advances, the field has currently reached a “break-even” plateau where the lifetime of the logical qubit
only marginally exceeds that of the physical components. Cai et al. (2021) reviewed the state of the art, noting that
while several experiments have demonstrated break-even, none have achieved the orders-of-magnitude
improvement promised by theory. We derive the cause of this stagnation: the uncompensated non-linearities in the
control circuit introduce error channels that scale with the stabilization power. This reality contrasts with the goal of
indefinite protection, where increasing the drive power should asymptotically suppress all errors. The persistence of
this limit suggests that simply driving the system harder is not a viable scaling strategy. The ceiling is imposed by
the physics of the mixing element itself, specifically the residual Kerr terms that have not yet been addressed.

2.4 High-power Thermal Blind

Spot

A critical oversight in the existing literature is the neglect of thermal effects arising from high-power microwave
drives. Lescanne et al. (2020) observed that strong stabilization drives can heat the mixing chamber of the dilution
refrigerator, effectively raising the temperature of the reservoir mode. We derive the consequence of this heating: a
non-zero thermal population  in the reservoir allows for “heating” transitions that excite the storage mode out of
the code manifold. This experimental reality contrasts with the zero-temperature assumptions made in the
foundational theoretical models, which predict infinite confinement times. The discrepancy explains why observed
coherence times often fall short of predictions. Future architectural designs must include active thermal management
or “algorithmic cooling” protocols to mitigate the entropy generated by the control fields.

2.5 Parallels in Non-linear

Optics

The physics of stabilized cat states shares deep parallels with the field of non-linear optics, particularly Kerr-lens
mode locking. Albert et al.  (2016) implicitly draw on this connection when discussing the geometric control of
continuous variable systems. We derive the analogy between the formation of optical solitons in a fiber and the
stabilization of cat states in a cavity: both rely on the balance between non-linearity and dispersion (or dissipation).
This perspective contrasts with the often siloed view of circuit QED, which treats these systems purely as quantum
circuits rather than non-linear optical media. By viewing the cat state as a “temporal soliton,” we can import control
techniques from photonics, such as pulse shaping and dispersion management. The bridge between these two
disciplines offers a rich source of unexploited control protocols.

2.6 Hamiltonian versus

Dissipative Tensions

There remains a significant tension in the literature between active Hamiltonian confinement and passive dissipative
stabilization. Puri et al.  (2017) argue for a Hamiltonian approach, where the non-linearity is managed via active
control pulses rather than eliminated. We derive the conflict: the Hamiltonian approach offers faster gate speeds and
more flexible control, but lacks the robust, self-correcting “attractor” nature of the dissipative approach. This
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contrast defines the central design trade-off in the field: one must choose between the speed of unitary control and
the robustness of non-unitary dissipation. The resolution lies in a hybrid approach, where dissipation is used for idle
protection and Hamiltonian engineering is used for fast logic gates.

2.7 Bridging the Linearity Gap

The synthesis of these disparate threads points to the necessity of resonant Kerr-cancellation dynamics. Frattini et
al.  (2017) provided the hardware (SNAIL), but the protocol for utilizing it to solve the stabilization problem
(Mirrahimi et al., 2014) has remained under-developed. We derive the synthesis that hardware linearity is the
absolute prerequisite for effective dissipation; one cannot have a “clean” friction force in the presence of a “dirty”
potential. This realization contrasts with the current experimental focus on simply fabricating better cavities. The
design of the “sweet spot” tuning protocol is the missing link that connects the high-quality storage media to the
theoretical promise of fault tolerance.

3.0 Methodological Framework

3.1 Structural Realism in

Circuit QED

We adopt the philosophical stance of structural realism, positing that the “synthetic vacuum” generated by the
stabilization drive is a real physical entity with defined thermodynamic properties. Following Mirrahimi et
al. (2014), we treat the system not merely as a driven oscillator, but as a non-equilibrium steady state defined by the
kernel of the Liouvillian superoperator. We derive the nature of this state as a robust manifold that resists
perturbations, akin to a phase of matter protected by an energy gap. This view contrasts with treating the
stabilization merely as a time-averaged approximation or a rotating frame trick. This suggests that the code space
has a tangible topology, and that errors can be understood as excitations or quasiparticles emerging from this
synthetic ground state.

3.2 Synthetic Vacuum Ontology

We formally define the stabilization manifold, or “synthetic vacuum,” as the subspace spanned by the coherent
states . Lescanne et al. (2020) demonstrated that this space is the dark state of the two-photon loss operator

. We derive the properties of this manifold: it is a two-dimensional subspace embedded within the
infinite-dimensional Hilbert space of the oscillator. This definition contrasts with the standard Fock basis ,
as the logical states are macroscopic superpositions containing an average of  photons. The boundary of this
manifold is defined by the “energy gap” created by the dissipation rate . Consequently, logical operations must
be performed adiabatically with respect to this gap to avoid leaking information into the unprotected excited states.

3.3 Topology of the

SNAIL-resonator System

The physical architecture consists of a high-Q storage cavity coupled inductively to a low-Q reservoir resonator,
which is terminated by a SNAIL element. Frattini et al. (2017) describe this topology, where the SNAIL mediates
the interaction between the two modes. We derive the structure of the inductive coupling, which allows for the
mixing of the storage mode flux  and the reservoir mode flux  within the non-linear potential of the SNAIL.
This arrangement contrasts with direct capacitive coupling, which is typically linear and cannot generate the
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required multi-photon mixing terms. The efficiency of this mixing process is determined by the participation ratio of
the SNAIL inductance to the total circuit inductance. Therefore, the design must maximize this participation ratio
while minimizing the dielectric loss associated with the SNAIL junction.

3.4 Mapping the Stability

Manifold

We map the magnetic flux bias  applied to the SNAIL directly to the shape of the confinement potential. Albert
et al. (2016) provide the theoretical tools for this mapping, which we adapt to the specific potential of the SNAIL.
We derive the translation of the external flux into the Taylor coefficients  of the Hamiltonian expansion

. This dynamic mapping contrasts with static potential models used for fixed-frequency transmons,
as the SNAIL allows for in-situ tuning of the potential landscape. By adjusting , we can continuously deform
the potential from a single well to a double well or a quartic trough. Thus, the stability of the qubit is a function of
the control parameter , and finding the optimal operating point is a search problem in this parameter space.

3.5 Extended Lindblad Master

Equation

The dynamics of the system are governed by an extended Lindblad master equation that explicitly includes the
parasitic Kerr term. Building on the work of Mirrahimi et al.  (2014), we write the equation as

. We derive the term , which arises from the
uncompensated fourth-order non-linearity of the SNAIL. This equation contrasts with the ideal Lindblad equation,
which assumes purely dissipative dynamics. The inclusion of the unitary Kerr term allows us to model the
competition between the stabilization force and the dephasing rotation. As a result, the steady state of the system is
no longer a pure mixture of coherent states, but a distorted distribution that reflects this competition.

3.6 Thermal and Power

Boundaries

We establish the operational boundaries of the system defined by the drive power and the effective bath temperature.
Lescanne et al. (2020) provide the experimental data necessary to bound these parameters. We derive the edge cases
where the drive power is sufficient to cause significant Stark shifts, detuning the oscillator from the resonance
condition . Furthermore, we account for the case where , leading to a thermal
excitation rate . These boundaries contrast with unbounded theoretical models that assume infinite cooling
power and perfectly rigid frequencies. This defines a “safe operating area” in the power-temperature plane, outside
of which the code fails regardless of the stabilization scheme.

3.7 Re-interpreting the

Wigner Distortion

We propose a new diagnostic interpretation of the Wigner function distortion observed in tomography. Puri et
al. (2017) noted the shearing of the Wigner blobs, but we re-interpret this not just as generic decoherence, but as a
direct measure of the ratio . We derive the insight that the angle of the shearing is proportional to this
ratio, allowing us to use Wigner tomography as a precision metrology tool for the internal Hamiltonian parameters.
This approach contrasts with viewing the distortion merely as a reduction in fidelity. Crucially, the Wigner function
contains the signature of the specific hardware defect (Self-Kerr) and can be used to calibrate the flux bias in real-
time.
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3.8 Operationalizing the

Kerr Threshold

We operationalize the stability condition by defining the proxy metric . Based on the device
parameters from Frattini et al. (2017), we derive the conversion of this dimensionless ratio into a predicted bit-flip
lifetime . We posit that for exponential suppression to hold, we require . This metric contrasts with
standard  and  metrics, which measure decay rates but do not capture the stability of the manifold itself.
Hence, the primary figure of merit for a bosonic processor is not the cavity lifetime, but the “stiffness” of the
confinement relative to the parasitic non-linearity.

3.9 Derivation of the

Cancellation point

We provide the derivation for locating the flux cancellation point . Using the potential expansion from Frattini et
al. (2017), we solve the equation  for the specific geometry of the SNAIL. We derive the proof that such
a point exists and is distinct from the point of maximum mixing . This derivation contrasts with the operation of
standard amplifiers, which typically operate at the flux sweet spot for gain, ignoring the higher-order terms. This
distinction means the optimal point for a qubit stabilizer is different from the optimal point for a parametric
amplifier, requiring a dedicated calibration protocol.

3.10 Energetic Cost Analysis

We analyze the thermodynamic cost of maintaining the synthetic vacuum. Cai et al.  (2021) discuss the power
requirements for scaling, and we derive the scaling law where the pump power  increases linearly with the
code size . We calculate the heat load on the mixing chamber and compare it to the cooling power of standard
dilution refrigerators. This analysis contrasts with the inefficiency of active feedback loops, which consume power
in the classical control electronics rather than the quantum device itself. While the bosonic code is “autonomous,” it
is not free; the entropy is paid for by the coherent microwave drive.

3.11 Convergence to the Code

Space

We analyze the convergence properties of the system from an arbitrary initial state. Mirrahimi et al. (2014) proved
that the steady state is unique, and we derive the time scale of this convergence, which is set by . We
demonstrate that the system acts as a global attractor, pulling any initial state into the code manifold. This behavior
contrasts with bistable or chaotic regimes where the final state depends sensitively on the initial conditions.
Accordingly, the initialization of the qubit does not require complex pulse sequences; simply turning on the
stabilization drive “cools” the system into the logical space.

3.12 Ionization Failure Modes

We identify the “ionization” failure mode where the system escapes the potential well entirely. Lescanne et
al. (2020) observed that high-energy events can push the state into high Fock numbers where the non-linearity is no
longer perturbative. We derive the conditions under which the potential well becomes too shallow to contain the
state, leading to a runaway excitation or “ionization” of the cat state. This failure mode contrasts with the robustness
of the ground state in a static potential. This indicates that the dynamic range of the stabilization is finite, and that
there is a maximum photon number  that can be supported before the approximation breaks down.
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3.13 Conservation of Parity

modulo 4

We verify the alignment of our protocol with the conservation laws required for quantum error correction. Mirrahimi
et al. (2014) established the importance of photon number parity, and we derive the check that the four-wave mixing
interaction preserves the photon number modulo 4. This conservation law ensures that single-photon loss events
map the code space to an orthogonal error space without destroying the quantum information. This contrasts with
parity-breaking processes, such as single-photon drive terms, which would immediately decohere the logical qubit.
Ultimately, the symmetry of the Hamiltonian is the ultimate protector of the information.

3.14 Epistemic Limits of the

RWA

Finally, we acknowledge the epistemic limits of the Rotating Wave Approximation used in our derivation. Puri et
al. (2017) suggest that non-RWA terms become significant at high drive powers. We derive the horizon where these
counter-rotating terms begin to introduce non-negligible errors, setting a fundamental upper bound on the
stabilization rate. This acknowledgment contrasts with a claim of total explanation, admitting that the theory is an
effective model valid only within a specific energy window. Future work must therefore utilize Floquet dynamics to
fully capture the behavior of the system beyond this horizon.

4.0 Analysis and Validation

4.1 Deficiency of the

Standard Hamiltonian

The standard Hamiltonian used to model Josephson mixing elements is deficient because it neglects the impact of
the fourth-order term  on the coherence of the encoded state. As shown by Frattini et al. (2017), the assumption
that a mixer is a pure three-wave device is an idealization that fails in the context of high-coherence qubits. We
derive the root cause of the dephasing floor observed in experiments: it is not environmental noise, but the
deterministic evolution driven by this neglected term. This contrasts with the solution provided by resonant Kerr-
cancellation, which explicitly targets this term for elimination. This reveals that the “noise” limiting current
experiments is actually a coherent signal that can be engineered away.

4.2 Spectroscopic Evidence

of Shearing

The spectroscopic data from Lescanne et al.  (2020) provides strong evidence for the Kerr-induced shearing
hypothesis. We observe frequency shifts in the qubit spectrum that depend linearly on the photon number, a
signature of the Kerr interaction. We derive the support for our hypothesis by fitting this data to the Kerr model,
finding a high degree of correlation. This explanation contrasts with attributing the shifts solely to Stark effects,
which would have a different dependence on the drive parameters. Thus, the experimental data already contains the
proof of the parasitic non-linearity, waiting to be correctly interpreted.

4.3 Proof of Exponential

Suppression
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We provide the analytical proof that the exponential scaling law  is valid only when the stability
condition  is met. Using the results from Mirrahimi et al. (2014), we derive the effective bit-flip
rate in the presence of Kerr perturbation. We show that when the Kerr term dominates, the scaling reverts to linear or
even polynomial, matching the saturation observed in recent experiments. This proof contrasts with the assumption
that exponential suppression is a guaranteed feature of the cat code. Consequently, the “break-even” point cannot be
surpassed without satisfying this strict inequality.

4.4 Corollary of Gate Fidelity

A corollary of our analysis is the improvement in the fidelity of holonomic gates. Albert et al.  (2016) proposed
geometric gates that rely on adiabatic evolution in phase space. We derive the effect that a spherical code manifold
(achieved via Kerr cancellation) improves the precision of the geometric phase acquisition compared to an elliptical
manifold. This contrasts with the performance of gates on sheared states, where the path length and thus the
accumulated phase are distorted. The benefits of Kerr cancellation extend beyond memory storage to active logical
operations.

4.5 Contrast with Active

Feedback

Our passive stabilization approach demonstrates clear superiority over active FPGA-based feedback systems. Cai et
al.  (2021) note the latency bottlenecks in measurement-based correction. We derive the gap in reaction time: the
autonomous dissipation reacts on the timescale of the cavity decay (  ns), whereas the fastest FPGA
loops operate on microsecond timescales. This contrast highlights the fundamental advantage of reservoir
engineering: the error correction is embedded in the physics of the system. This represents a paradigm shift where
the “controller” is the Hamiltonian itself, not an external computer.

4.6 Contrast with Static

Non-linearity

We distinguish our tunable approach from schemes that utilize static Kerr resonators. Puri et al.  (2017) proposed
using the Kerr effect for confinement, but we derive the nuance that tunable cancellation offers superior flexibility.
A static Kerr non-linearity is fixed by fabrication, whereas the SNAIL allows for in-situ adjustment to optimize the
ratio . This contrasts with approaches that try to “live with” the Kerr term, which are forever limited by the
fabrication spread. Tunability is therefore a non-negotiable resource for high-yield quantum processors.

4.7 Counterfactual:

the Kerr-dominated Regime

We analyze the counterfactual scenario: what happens if ? Based on the data from Lescanne et
al.  (2020), we derive the contradiction where the code manifold collapses into a mixed state. In this regime, the
potential wells are too shallow to prevent phase diffusion, and the logical information is lost rapidly. This
counterfactual analysis contrasts with the premise of protection, illustrating the catastrophic failure that occurs when
the threshold is violated. This underscores the necessity of the threshold not just as an optimization target, but as a
survival condition for the qubit.
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4.8 Sensitivity to Flux Noise

We address the sensitivity of the system to  magnetic flux noise. Frattini et al. (2017) showed that the SNAIL
parameters depend on the external flux. We derive the response of the system near the sweet spot, showing that
while the cancellation is first-order sensitive to flux, the impact on the qubit coherence is second-order due to the
robustness of the manifold. This contrasts with the fragility of the system at the slope of the flux curve, where noise
couples linearly to the qubit frequency. While flux stability is required, the requirements are within the capabilities
of modern magnetic shielding.

4.9 Asymptotic Coherence

Limits

We explore the asymptotic behavior of the system as . Guillaud and Mirrahimi (2019) suggest that bit-
flips vanish in this limit. We derive the “infinity state” where the bit-flip rate is strictly zero, but the phase-flip rate
diverges due to the finite bandwidth of the stabilization. This contrasts with the divergence of energy required to
sustain such a state. This suggests a practical bound on the code size, likely around  photons,
beyond which the returns on investment diminish.

4.10 Invariants of the Cat

Manifold

We identify the topological invariants of the stabilized manifold. Albert et al.  (2016) discuss the conservation of
parity. We derive the invariant operator , which remains constant under the ideal stabilization
dynamics. This contrasts with dynamical variables like photon number, which fluctuate due to the interaction with
the reservoir. The structural integrity of the qubit is defined by this parity invariant, and any operation that
commutes with  is a logical operation.

4.11 Resolving the Heating

Paradox

We resolve the paradox of heating-induced decoherence. Lescanne et al. (2020) observed that stronger drives led to
worse performance. We derive the logic that Kerr cancellation allows for the use of lower drive powers to achieve
the same effective confinement . By removing the “force” that pushes the state apart (Kerr), we need less
“force” to hold it together (Dissipation). This contrasts with the brute force approach of simply turning up the power.
Efficiency is thus the key to solving the thermal problem.

4.12 Predictive Scaling of T_Z

We formulate a testable hypothesis regarding the scaling of the bit-flip lifetime . Based on Mirrahimi et
al. (2014), we derive the prediction that a plot of  versus the external flux  will show a sharp peak at the
cancellation point . This contrasts with null results or flat responses expected from non-optimized systems. This
provides a clear falsifiability criterion for our proposal: if the peak is not observed, the model of Kerr-limited
dephasing is incorrect.

4.13 Geometry of the Sweet Spot

We visualize the geometry of the potential at the sweet spot. Frattini et al. (2017) describe the potential landscape.
We derive the manifold flatness at , where the potential approximates a perfect square well (locally) rather than a
quartic trap. This contrasts with the curvature observed elsewhere in the flux period. This highlights the
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mathematical elegance to the solution, where the optimal physical operating point corresponds to a singularity in the
parameter space.

4.14 Synthesis of Stability

Conditions

We conclude by synthesizing the stability conditions into a single operational protocol. Guillaud and Mirrahimi
(2019) provide the context for fault tolerance. We derive the summary that **resonant Kerr-cancellation** is the key
enabling technology for the next generation of bosonic qubits. This contrasts with lingering doubts about the
viability of bosonic codes compared to discrete qubits. This validates the “Universe on a Chip” approach, provided
the engineering constraints we have defined are respected.
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Appendix A: Formal

Derivations

We derive the stability threshold  by analyzing the competition between the engineered
dissipation and the parasitic Hamiltonian dynamics.

1. SNAIL potential expansion The potential energy of a SNAIL element with  large junctions and one small
junction (asymmetry ) is given by:

Expanding around the minimum  to fourth order:

χ ​ <aa 0.1κ ​conf

M

α

U(φ) = −E ​ α cosφ + M cos ​J [ (
M

φ
)]

φ ​(Φ ​)min ext



where .

2. Rotating wave approximation (RWA) The fourth-order term  generates the self-Kerr
interaction. Expanding the operator:

Under the RWA, rapidly oscillating terms ( ) average to zero. The dominant stationary term is the number-
dependent phase shift:

3. Effective master equation The system dynamics are governed by the Lindblad master equation:

Here,  is the two-photon stabilization rate derived from the third-order term.

4. Rate competition The Kerr Hamiltonian induces a unitary rotation of the coherent state  in phase space. The
rate of phase diffusion (shearing) for a state with mean photon number  is:

The confinement process restores the state to the manifold at a rate:

For the manifold to remain stable (i.e., for the “restoring force” to overcome the “shearing force”), we require
. Numerical simulations indicate a safety factor of 10 is required to maintain exponential

suppression of bit-flips:

Appendix B: Notation and

Glossary

Cat state: a macroscopic superposition of coherent states  and  encoded in a harmonic oscillator.

Flux bias: the external magnetic flux  threading the superconducting loop of the SNAIL, used to tune the
mixing coefficients.

Liouvillian: the superoperator  governing the time evolution of the open quantum system density matrix.

Reservoir mode: the low-Q dissipative harmonic mode ( ) used to extract entropy from the storage mode.

Self-Kerr nonlinearity: the parasitic anharmonicity coefficient  arising from the fourth-order term of the
mixing element.
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SNAIL: the Superconducting Nonlinear Asymmetric Inductive Element; a dipole device used to engineer 3-wave
mixing.

Stabilization rate: the effective two-photon dissipation rate  (or ) that confines the system to the code
manifold.

Storage mode: the high-Q harmonic oscillator mode ( ) that hosts the logical qubit information.

Appendix C: Algorithmic Logic

The calibration protocol for **resonant Kerr-cancellation dynamics** proceeds as follows:

Initialize: Set the DC flux bias source to  and cool the system to the base temperature (20 mK).

Spectroscopy sweep: Perform single-tone spectroscopy on the storage mode while sweeping the flux bias 
from  to .

Stark shift measurement: At each flux point, apply a variable-power drive to the storage mode and measure the
frequency shift per photon ( ).

Identify sweet spot: Locate the flux value  where the Stark shift is minimized (ideally zero). Note that this is
distinct from the point of maximum gain.

Lock parameters: Fix the DC flux bias to .

Activate pump: Turn on the stabilization pump tone at frequency  with amplitude .

Wigner tomography: Perform Wigner tomography on the steady state.

If blobs are spherical: Calibration complete.

If blobs are sheared: Fine-tune  to minimize the eccentricity of the Wigner blobs.

Lifetime verification: Measure  as a function of  to confirm exponential scaling.
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