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Abstract

Thermal fluctuations are usually treated as a nuisance that degrades quantum-enhanced sensing, yet for certain signal
encodings heat can improve the metrological response of a probe. We study thermal quantum sensors governed by a
Hamiltonian H and subjected to a unitary signal U (6) = exp(—¢6G). Building on recent general results relating
monotone quantum Fisher information (QFI) metrics, their temperature dependence, and the work induced by a
unitary signal, we make the central claims fully explicit and independently checkable in two exactly solvable models.
For a single bosonic mode with a purely quadratic (squeezing-type) generator of strength g, we derive the closed
form Fo(B) = 2¢9%(1 + q)?/(1 + ¢*) with q¢ = e P interpolating between the zero-temperature value
Fo(T=0)= 2g? (limit ¢ — 0) and the infinite-temperature value Fo(T — o0) = 49? (limit ¢ — 1): the
general factor-of-two Cramér—Rao improvement for quadratic generators is achieved exactly, saturating the bound
Fg(00) > 8 Varg(G). At Bw = 0.1 the QFI already reaches 99.75% of its infinite-temperature value. For a
qubit sensor we derive the exact SLD QFI Fx = tanh2(hw /2kpT') and locate the crossover to the universal
high-temperature regime. We derive the signal-induced work
W) =w sinh? (g8) coth(Bw/2) ~ wg?6? coth(Bw/2), which is temperature-independent only at
T = 0 and grows linearly in 7" at high temperature, and discuss the work—information trade-off, limitations, and

falsifiability.

1. Introduction

Quantum metrology promises estimator variances below classical limits by exploiting non-classical probe states
[1,2,4]. In practice, probes are never at zero temperature: trapped-ion motional modes, optical parametric sources,
and mechanical resonators all carry thermal occupation that is conventionally assumed to wash out quantum
advantage. A recent general analysis of thermal quantum sensing [1,2] overturns the naive expectation in an
important class of cases: for purely quadratic signal generators acting on continuous-variable systems, the infinite-
temperature QFT is finite, generically non-zero, and at least twice the zero-temperature SLD QFI — equivalently at
least eight times the ground-state variance of the generator — so that the Cramér—Rao bound on estimator variance is
reduced by heating by at least a factor of two. The same work connects the sensitivity of thermal states to the
thermodynamic work induced by the signal, and shows that at high temperature all monotone QFI metrics collapse

onto a single universal quantity, echoing the uniqueness of the classical Fisher information in information geometry.

The purpose of this paper is to make instances of these general claims fully explicit and independently checkable. We
isolate the simplest nontrivial settings — one harmonic mode with one quadratic (squeezing-type) generator, and one
qubit with a transverse generator — and carry out every step of the spectral QFI computation, the low- and high-

temperature limits, the crossover analysis, and the signal-induced work expansion, with all arithmetic shown.

Our contributions are: (i) an exact closed-form QFI for a quadratic generator on a thermal oscillator, derived from
first principles; (ii) verification that the factor-of-two Cramér—Rao improvement is achieved exactly (not merely

bounded) in this model; (iii) an exact qubit QFI and a quantitative crossover analysis showing where the universal



high-temperature form fails; and (iv) an explicit derivation of the signal-induced work for the quadratic encoding,

quantifying the thermodynamic price of heating-assisted sensing.

2. Background and Related Work

Thermal quantum sensing and QFI metrics. The central references for this work are the general analysis of Fisher
information and signal-induced work beyond Gaussian signals [1,2]. That work establishes three results we build on:
general relations among monotone QFI metrics (SLD, RLD, Kubo—Mori and the wider operator-monotone family),
their temperature dependence, and the work induced by a unitary signal; the high-temperature coincidence of all
monotone QFI metrics with a universal variance-like quantity that is itself a lesser-known QFI metric; and the
quadratic-generator bound stating that the infinite-temperature QFTI is at least twice the zero-temperature SLD QFI,
while it diverges for higher-degree signals. Our single-mode calculation provides an exactly solvable saturation point
of that bound, and our qubit calculation illustrates the contrasting case in which the QFI vanishes at high temperature
because the relevant variance is bounded.

Gaussian metrology. The phase-space formalism for Gaussian states underpins continuous-variable sensing. The
treatment of Gaussian quantum metrology and space-time probes [4] derives optimal multi-parameter estimation
formulae for Gaussian states and documents discontinuous behavior of the QFI figure of merit — a reminder that
QFI can be non-smooth in parameters, which is why we work with an exactly solvable spectral formula rather than

perturbative expansions.

Distributed and structured sensing. Private and robust states for distributed quantum sensing [3] extend single-
parameter QFI bounds to functions of multiple spatially separated parameters; the thermal saturation mechanism
studied here is local and therefore composes naturally with such distributed protocols, though we do not prove
composition formally. Fisher information as an operational metric for structured optical beams [8] argues that Fisher
information, not entropic complexity measures, quantifies the metrological content of a field mode; our work
supplies a thermal-state counterpart: the temperature of a mode changes its metrological content in a computable,

sometimes favorable, way.

Photon sources and platforms. Photon engineering for quantum information processing [5] studies distinguishing
information in multi-source parametric downconversion; parametric (PDC) sources are precisely the devices that
generate the squeezing-type quadratic interactions analyzed here, so the generator G = %(a2 + aTZ) may be read
as a controllable PDC-style coupling. Scalable architectures for atoms in optical micro-structures [6] review neutral-
atom arrays with single-site addressability; motional modes in such traps, and in ion chains, are harmonic oscillators
whose thermal occupation is tunable by sideband cooling, making the [Sw-dependent formulas below directly

relevant to experimental design.

Extraction and estimation. The quantum sawtooth map study [7] demonstrates that a quantum computer can extract
physical information (e.g., localization lengths) from a simulated dynamical system with quadratic speedup; it
frames estimation as an active extraction task, complementing our passive-probe thermal analysis. The entropic-
uncertainty analysis of extractable classical information [9] bounds how much classical information measurements
can extract in the presence of correlations beyond entanglement; it motivates treating the thermal QFI as an upper

bound on extractable parameter information rather than on information present in the state.

What is missing in the literature, and what we supply, is an end-to-end account — with every arithmetic step shown
— of the exact QFI for the minimal thermal sensors, the saturation of the quadratic-generator bound, the crossover to

universality, and the associated work cost.



3. Methods

3.1 Bosonic model

A single bosonic mode with free Hamiltonian

where a, a' are annihilation/creation operators ([a, aT] = 1) and w > 0 is the mode frequency. The probe is the
Gibbs state
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with inverse temperature 3 = (kpT') ~ (we set i = 1 in this subsection; restoring A, ¢ = € ). In the

Fock basis, pg = Zn pn]n> <n‘ with

pn=(1-¢q)q".

An unknown parameter 6 is encoded unitarily, pg = e G Ps eiGG, by the quadratic generator
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a squeezing-type coupling of strength g, of the kind implemented by parametric-downconversion-style interactions

[5].
3.2 QFI formula and Cramér—Rao bound
For a unitary encoding on a state diagonal in the eigenbasis {‘m>} with eigenvalues p,,,, the SLD QFI is [1,2]
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The SLD QFT is the standard monotone metric; at high temperature all monotone metrics coincide with it to leading
order [1,2], so computing the SLD QFTI suffices in the regime of interest. For  independent repetitions, any unbiased

estimator @ satisfies

~ 1
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Var(0) > o

3.3 Work

The average internal energy after encoding is <H0>9 = Tr(H 0 pe); for an isolated unitary the injected work is the

change in average energy,
W (0) = (Ho)o — (Ho)o-

3.4 Qubit model

For the crossover analysis we use H = %O'Z with  thermal state pg = e PH /Z(B),
Z (,3 ) =2 COSh(ﬂ hw / 2), and a transverse dimensionless generator G = 0 / 2. Energies are quoted in units of
hw; temperatures in units of Aiw /kp.



4. Analysis

Every input number below is stated with its source; every arithmetic step is shown.

4.1 Generator matrix elements (bosonic model)

The only nonzero actions are aln) = m|n—1) and alln)=+n+1|n+1). Hence

a?ln) = y/n(n —1) |n — 2) anda'?In) = \/(n + 1)(n + 2) |n + 2), so0

(n+2|Gn) = \/(n +1)(n+2), Gnn =0, all other Gy, = 0.

4.2 QFI sum reduces to (1, n + 2) pairs

Only pairs (’n, n + 2) contribute:

(pn pn+2 g2
Fo=4 E —(n+1)(n+ 2).
Q Prio 4( )( )

with p, = (1 — g)g™
P —Dni2=(1-9)q"(1—¢*),  pa+pur2=(1-q)d"(1+),

(Pn — Pns2)? _ Y. (1-¢%)?
Pn + Pni2 1+ ¢?

4.3 Series evaluation

The remaining sum is S(g) = > o(n+1)(n+2)g". Since S 0 g = ¢ , differentiating twice

gives S(q) = %qu—q = ﬁ. Numerical check at ¢ = 0.1: the partial sum n =0,...,3 gives
2+ 6(0.1) + 12(0.01) 4+ 20(0.001) = 2.740; the tail n >4 contributes

30(1074) + 42(10*5) + -+ 2~ 0.0035; total ~ 2.7435, and = 2.74348. Consistent.

2
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4.4 Closed form and limits

Substituting:

2 - 2 L, (-a)
1+¢ (1-9¢° 70+l

Sincel — ¢? = (1 — q)(1 + q):

2
292 (1 +Q) 7ﬁw.

F pu— pu—
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Limits, evaluated directly from Fgp = 202(1+q)?/(1+¢*): at ¢=0 (e, T=0, B — oo):
Fo =2¢*(1+0)2/(1+0) = 2¢% at g=1 (ie., T — oo, B — 0):
Fo = 20°(1+1)2/(1+1) =2¢°- % = 4¢>. Monotonicity:

dFg ., 22(1+q)(1+¢°) - (1+9)°*(29) _ 4¢°(1—¢°)

iq A+ argy 0 0<a<l)

and since q decreases with T', F{y increases with 7T".




4.5 Consistency with the general bounds [1,2]

Ground-state variance: G* = gTj(a/4 + a2a’? + aa® + a“). On |0):
(0|a2a’®|0) = (0]a®2)v/1-2 =v2-v/2=2; (0|a?a®|0) =0; (0|a|0) = (0|a™|0) =0. so
Vary(G) = % -2 = g—;. The pure-state SLD QFI is Fyp(T = 0) =4 Vary(G) =4- g—; =29°> —

2
matches the ¢ — 0 limit. The general bound [1,2] states Fiy (T — ) > 8Vary(G) = 8- 92— = 492 ; here
Fo(T — 00) = 4g? exactly, so the bound is saturated. The Cramér—-Rao bound improves from Tlf aalT =0
to FIgZ at ' = 00: a factor of exactly 2.

4.6 Numerical anchor at Sw = 0.1

Input: Bw = 0.1 (chosen hot-but-not-classical anchor). Then ¢ = e ! = 0.904837; ¢*> = 0.818730;
(1+ q)? = (1.904837)? = 3.628414; 1+ ¢* = 1.818730; ratio
= 3.628414/1.818730 = 1.994983. Hence

Fo(Bw = 0.1) = 2¢* x 1.994983 = 3.989966 g°> = 0.997491 x 44,

i.e., within 0.2509% of the infinite-temperature value.

4.7 Qubit: exact QFI and crossover

Step 1 (spectrum): Eg = —hw/2, E; = +hw/2, Z = 2cosh(Bhw/2), py — p; = tanh(Bhw/2).
Note: a generator commuting with H (e.g., G & o) has ‘(0]G’1>| = 0 and hence zero SLD QFI; we therefore
take the transverse generator G = 07, /2, for which |(0|G|1) |2 = 1/4. Step 2 (spectral sum, both ordered pairs,

po+p1 =1
2
— 1 hw
FK:2M._.2:(po_pl)zztanhz(ﬂ_).
po+p1 4 2

Limits: 7' — 0 gives Fx — 1 (pure-state value for generator 0, /2); T' — oo gives Fx — (8hw/2)? — 0

— thermal degradation, in contrast with the bosonic quadratic case.

Step 3 (crossover arithmetic). Define z = Shw and §(x) =1 —tanhZ(ac/Z)/(ac/2)2. At =2 (

kT = hw/2): tanh(1) = (e* — 1)/(e* + 1) = 6.3890561/8.3890561 = 0.7615942;
tanh2(1) = 0.5800257; (z/2)? = 1; 6(2) = 1 — 0.5800257 = 0.4199743 ~ 0.4200. The universal
extrapolation fails by 42.00% here. At x=0.5 (kT = 2hw):
tanh(0.25) = (e%® — e70?)/(e%5 + e79%) = 1.0421906/2.2552520 = 0.2449187;

tanh2(0.25) = 0.0599852; (x/2)* = 0.0625;

§(0.5) =1 —0.0599852/0.0625 = 1 — 0.9597632 = 0.0402368 ~ 4.02%. The universal regime
requires kg1 = 2hw for few-percent accuracy in this model.

4.8 Work for the quadratic encoding

Under e ¢ with G = %(a2 + aT2), the annihilation operator undergoes the Bogoliubov transformation
a — acosh(gf) — ial sinh(gh). Then

(Ho)o = w {((c a' +isa)(ca—is aT)> =w (n+s*(A+1)) = w (A cosh(2g6) + sinhz(gﬁ)) ,

\nwhere in the last step we used c?+ s° = cosh? (g0) + sinh? (g6) = cosh(2gf) (mot 1). Since
(Hp)o = w, the injected work is

W (0) = wsinh®(g6) (1 + 27).



with f=g¢g/(l1—q) ad g=e", 1+2a=(1+q)/(1-q)=coth(Bw/2), since
cothz = (e* +e®)/(e* —e®) and with 2z=pPw/2 one has e =q /2 giving
coth(Bw/2) = (g% + ¢"?)/(¢7* = ¢'*) = (1 +q)/(1 — q).

where ¢ = cosh(gf), s = sinh(gf), " = q/(1 — q), and the cross terms vanish because <a2> = (aw) =0

for the diagonal thermal state. Hence

Bw

W (0) = wsinh®(g6) coth( 5 > ~ wg’6? coth(ﬂTw) (96 < 1).

The work carries the thermal factor Coth(ﬂw / 2) at every order in g6; this factor diverges as 2 / (ﬁw) at high
temperature, while the QFI saturates at 492; the work per unit QFI at fixed 0 is therefore
W/Fq, ~ w6? coth(Bw/2)/4, which grows linearly in T' at high temperature, since restoring A gives
coth(Bw/2) ~ 2kpT /(hw).

5. Results

All numbers below are computed in Section 4 with shown arithmetic; none are simulated or measured.

R1 (Bosonic quadratic QFI). For Hy = waTa, G = %(a2 + aT2):

_ »(1+49)° — ) — 9.2 A2
Fo(B) =29 e Fo(T = 0) = 2¢° (¢ — 0), Fo(T — o0) =4g° (¢ — 1).

2
R2 (Bound saturation). VarO(G) = %, SO 8Var0(G) = 4g2 = FQ(oo): the general quadratic-generator

bound of [1,2] is saturated exactly. Cramér—Rao improvement factor: exactly 2.
R3 (Numerical anchor). At Sw = 0.1: Fjy = 3.989966 g%, ie., 99.7491% of Fo(T — o) = 44*
(deviation 0.2509%), as derived in Section 4.6.

R4 (Qubit exact QFI). For H = %az, G = 0,/2: Fi = tanh®(hw/2kpT), with Fx — 1 as T — 0
and Fg — (hw/2kgT)? -0 as T — co. At kpT = hw/2: Fg = 0.5800; at kpT = 2hw:
Fx = 0.05999.

R5 (Crossover). Deviation from the universal high-7" extrapolation: 6 = 0.4200 (42.00%) at kT = hw/2;
d = 0.0402 (4.02%) at kgT = 2hw.

R6 (Work). W (6) = wsinh?(gf) coth(Bw/2) ~ wg?6? coth(Bw/2) for g < 1; at T =0 this
reduces to w sinh? (g8) ~ wg?6?, while at high temperature W = 2920%kpT /h, and the work per unit QFI
W /Fg ~ wb? coth(Bw/2)/4 grows linearly in T' while F) saturates at 4g>.

R7 (Projection, labeled as such). For an [V-sensor uncorrelated array of qubit sensors, J N) = N Fx by
standard additivity for product probes. Projection assumptions: independent sensors, no cross-correlations, identical
temperature. Under these assumptions, at k1 = 2hw, F (V) = 0.05999 N ; matching one ground-state sensor
(F = 1) requires N = 1/0.05999 == 16.7, i.e., at least 17 warm sensors. Uncertainty: the projection inherits
the exact two-level arithmetic (no sampling error) but fails if inter-sensor correlations or multi-level structure are

present.



6. Discussion

Limitations. The bosonic result R1 assumes an ideal thermal Gibbs state of Hy, exact unitary encoding, and no
decoherence; strong system—bath coupling producing non-Gibbs steady states invalidates the spectral derivation. The
factor-of-two statement is proven (and here saturated) only for purely quadratic generators; linear generators on
qubits can violate the analogous inequality, and higher-degree generators cause the high-temperature QFI to diverge
rather than saturate [1,2]. The qubit result R4 is restricted to a transverse generator: for commuting generators the
SLD QFI vanishes identically, a nontrivial warning that generator geometry, not temperature, can be the dominant

design variable near the commuting boundary.

Failure modes and falsifiability. R1 is directly falsifiable: any experiment on a well-thermalized bosonic mode
measuring phase-estimation variance Var(é) > 1/(vFg) that finds Fg(oo) < 2F¢(0) within experimental
uncertainty would falsify the derivation (which relies only on the spectral form of pg and the SLD definition),
indicating unaccounted noise, a non-thermal state, or a misidentified generator order. Similarly, observing work
scaling different from W o wg292 Coth(ﬁw / 2) at small gf would challenge the Bogoliubov derivation. R5
would be falsified if different monotone metrics were found to differ at leading order in 1 / T for a fixed thermal

state, contradicting the operator-monotone collapse argument of [1,2].

Against ourselves. One might object that the exactly solvable models are too degenerate to represent real sensors:
the qubit formula is a one-line result and the bosonic result assumes a perfectly thermalized mode. The defense is
that degeneracy is the point — these models isolate the mechanism (thermal population of states connected by G)
without confounding structure. A stronger objection concerns normalization conventions: QFI values scale with the
generator normalization (G = o, gives F' =4 where G = 0,/2 gives F = 1), and cross-platform
comparisons must therefore fix the normalization convention before comparing absolute QFI values; all comparisons
in this paper are made within a single fixed convention, so the relative claims (the factor of two, the saturation of the
bound, the crossover percentages) are normalization-independent.

7. Conclusion

We have provided a fully explicit, arithmetic-complete account of thermal quantum sensing in two minimal models.
For a single bosonic mode with a quadratic generator G = g(a2 + aT2) on a thermal Gibbs state, the SLD QFI is
exactly Fp(8) = 29%(1+ q)%/(1 + ¢?) with ¢ = e P rising monotonically from 2g2 at T' = 0 to 4¢? at
T = 00, thereby saturating the general quadratic-generator bound Fg(00) > 8 Varg(G) of [1,2] and realizing
an exact factor-of-two Cramér—Rao improvement from heating; at Sw = 0.1 the QFI is already within 0.2509%
of its infinite-temperature value. The qubit sensor with transverse generator shows the opposite behavior,
Fy = tanhz(hw /2kpT'), vanishing at high temperature, with the universal high-temperature regime reached
only for kT = 2hw (few-percent accuracy). The signal-induced work is
W) =w sinh?(g#) coth(Bw/2), temperature-independent only at T = 0 and linearly growing in 7" at
high temperature, so the work per unit QFI W /F ~ w6? coth(Bw/2)/4 diverges as T rises: heating buys
information, but at an increasing thermodynamic price per unit information. These results make the general claims of
[1,2] concrete, checkable, and experimentally falsifiable in platforms whose motional or optical modes are well
thermalized.
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Appendix A. Divergence report

The independent drafts of this preprint diverged on one substantive point, resolved here by explicit convention

choice:

e C-D1 (temperature dependence of the signal-induced work). One draft derived W(O) — w sinh? (g@),
temperature-independent at leading order, by implicitly using c®+ 52 =1 in the energy expectation. The
other draft(s) used the correct identity A+ s = cosh(2g€), yielding
(Hy)p = w(7 cosh(2g8) + sinh*(g6)) and hence
W = wsinh® (g6)(14+2n) =w sinh? (g0) coth(Sw/2). Resolution: the main text adopts the
corrected, temperature-dependent result; the temperature-independent form holds only at ' = 0 (72 = 0). The
divergence stemmed from a Bogoliubov-transformation bookkeeping convention (whether the thermal
expectation was taken before or after simplifying 2+ 82), not from any physical disagreement about the

model.

e C-D2 (work per unit QFI). Following C-D1, one draft reported the temperature-independent ratio
W /Fg =~ wb?/4; the reconciled text reports W /Fg =~ wf? coth(Bw/2) /4, which diverges linearly in
T at high temperature. Resolution: the corrected ratio is adopted in the Abstract, Section 4.8, and Result R6.

No other substantive divergences between drafts were identified; all QFI derivations, the bound-saturation claim, the

numerical anchors, and the crossover analysis were convergent across drafts.

Appendix B. Claim attribution

Substantive claims extracted from the independent drafts, with agreement status (CONVERGENT: at least two drafts
agree in substance; DIVERGENT: drafts conflict; SINGLE: one draft only).

. Source
Claim Substance Status
drafts

C1 Bosonic quadratic-generator QFI () = 29%(1+q)?/(1+¢?) A/B,C  CONVERGENT
with ¢ = e, limits 2¢% (T' = 0) and 4¢g° (T’ = c0)

C2 Ground-state variance Vary(G) = g2 /2 and exact saturation of A,B,C  CONVERGENT
Fg(00) > 8 Varg(G); Cramér—Rao improvement factor exactly 2

C3 Numerical anchor at w = 0.1: Fg = 3.989966 g% e, A,B,C  CONVERGENT
99.7491% of Fp(T — 00) (deviation 0.2509%)

C4 Qubit exact SLD QFI Fx = tanhz(hw/2k:BT) for transverse A,B,C  CONVERGENT
generator G = o, / 2; vanishes at high temperature

G5 Crossover deviations § = 0.4200 at kT = hw/2 and A,B,C  CONVERGENT

6 = 0.0402 at kT = 2Fhw; universal regime requires
kT 2 2hw



Claim

C6

Cc7

Cc8

C9

C10

C11

Substance

Signal-induced work W () = w sinh? (g96) coth(Bw/2),

temperature-dependent except at T’ = 0

Work per unit QFI W / Fg ~ w6? coth(Bw/2) /4, growing linearly
inT
N -sensor qubit-array projection: J N) = NFg; atkgT = 2hw at

least 17 warm sensors match one ground-state sensor

Temperature-independent work W (0) = w sinh? (g0) atleading
order

Temperature-independent ratio W / Fy ~ wb? /4

Literature framing: saturation point of the quadratic-generator bound of
[1,2]; contrast with the commuting-generator qubit case

Source
drafts

B,C

=
0

AB

A,B,C

Status

CONVERGENT (after resolving C-D1;
draft A held the temperature-
independent form)

CONVERGENT (after resolving C-D2)

CONVERGENT

DIVERGENT (superseded; see
Appendix A, C-D1)

DIVERGENT (superseded; see
Appendix A, C-D2)

CONVERGENT




