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Abstract: The promise of fault-tolerant quantum computation rests on its ability to solve certain intractable
problems exponentially faster than classical computers. However, this theoretical promise is challenged by a cascade
of interconnected physical bottlenecks, where the act of scaling quantum resources to suppress errors creates
insurmountable thermal and classical processing loads. This paper develops an integrated thermal equilibrium model
that quantitatively links physical gate fidelity, quantum error correction (QEC) overhead, and cryogenic cooling
capacity to determine the viability of a large-scale system. Through numerical analysis of a system designed to
execute Shor’s algorithm, the model demonstrates that even under optimistic technological assumptions, the
required physical resources—in terms of qubit count, cooling power, and classical decoding speed—remain orders
of magnitude beyond plausible near-term capabilities. The findings indicate that the primary barrier to scalable
quantum computation is not a single engineering challenge but a systemic, multi-physics resource gap, where the
polynomial scaling of classical support systems fails to keep pace with the exponential demands of the quantum
core. This suggests that progress requires a holistic co-design of algorithms, hardware, and control systems rather

than isolated improvements in qubit count alone.
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1.0 The Promise and the
Physical Constraint

1.1 Promise of Exponential
Speedup

The central promise of fault-tolerant quantum computation is its potential to solve a specific class of classically
intractable problems with an exponential reduction in computational resources. This capability does not represent a
universal acceleration of all computational tasks but rather a profound paradigm shift for problems possessing a
particular mathematical structure amenable to quantum mechanical principles. These problems, while niche, include
tasks of immense practical significance, such as integer factorization and the simulation of complex quantum
systems. The successful realization of a machine capable of executing such algorithms would fundamentally alter
fields ranging from cryptography to materials science. It represents a new frontier in computation. The core value
proposition is not merely doing things faster, but doing things that are, for all practical purposes, impossible for any
conceivable classical supercomputer. This potential for exponential speedup is the primary driver of the immense

global investment in the development of quantum hardware.

Within the landscape of quantum algorithms, the canonical demonstration of this exponential advantage is Shor’s
algorithm for factoring large integers. The security of modern digital communication, including the ubiquitous RSA
encryption standard, is predicated on the classical difficulty of this very problem. A sufficiently large and coherent

quantum computer could, in principle, render these cryptographic foundations obsolete, creating a security
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imperative of unprecedented scale. This specific application has elevated the pursuit of quantum computing from a
purely academic endeavor to a matter of national and international security. The timeline for the emergence of such
a cryptographically relevant quantum computer is therefore a subject of intense debate and analysis, as it dictates the
urgency with which current cryptographic standards must be replaced. The entire field of post-quantum

cryptography exists in response to this single, potent quantum algorithm.

The mechanism underpinning this extraordinary computational power arises from the uniquely quantum phenomena
of superposition and interference. A quantum computer with /N qubits can exist in a superposition of all 2N
possible classical states simultaneously, allowing it to evaluate a function for all possible inputs in a single
operational step. This process, often referred to as quantum parallelism, creates a vast computational space. The true
art of a quantum algorithm, however, lies in choreographing a global interference pattern through precisely
controlled gate operations, such that the amplitudes of incorrect solutions destructively interfere and cancel each
other out, while the amplitudes of the correct solution constructively interfere and become overwhelmingly probable
upon measurement. This manipulation of a complex, high-dimensional vector space is the source of the exponential

speedup.

The sheer scale of the machine required to harness this mechanism for a practical problem is staggering, a fact
brought into sharp focus by detailed resource estimations. An influential analysis performed by Gidney and Ekera
provides a concrete blueprint for breaking a 2048-bit RSA key, a standard benchmark for cryptographic security
(Gidney & Ekera, 2021). Their work concludes that, under realistic assumptions of a physical gate error rate of
1073, a fault-tolerant quantum computer would require approximately 20 million physical qubits to execute Shor’s
algorithm. This quantitative benchmark serves as a stark example of the immense hardware resources demanded by
the promise of exponential speedup, translating an abstract algorithmic concept into a formidable engineering
objective. The computation itself would not be instantaneous, requiring an estimated runtime of approximately eight

hours.

A prevalent counter-argument posits that the immense resource requirements detailed in such analyses represent a
purely engineering challenge that will inevitably be surmounted by continued technological progress, akin to the
scaling predicted by Moore’s Law in classical computing. From this perspective, the 20-million-qubit figure is not a
fundamental barrier but merely a point on a timeline of innovation, a milestone to be reached through incremental
improvements in fabrication, control, and qubit quality. This viewpoint suggests that no new physics is required and
that the path to scalable quantum computation, while arduous, is a matter of diligent engineering and investment. It
frames the problem as one of quantity and refinement, assuming that the underlying principles of fault tolerance are

sound and simply await a sufficiently advanced manufacturing base.

This engineering-centric perspective, however, fails to appreciate the nature of the obstacles in question. The
challenge of scaling a quantum computer is not analogous to shrinking transistors; it is a confrontation with
fundamental physical limits where the proposed solutions are deeply intertwined and often conflicting. The problem
is not merely one of building more qubits, but of controlling them with sufficient precision in an environment where
the very act of control and error correction introduces new sources of error and thermodynamic instability. This
investigation rebuts the notion of a straightforward engineering path by demonstrating that the challenges are
systemic, arising from a fundamental conflict between the exponential state-space required by the algorithm and the

polynomial reality of the physical resources available to sustain it.

The immense promise of exponential speedup, therefore, cannot be considered in isolation from the physical
constraints that govern its realization. These constraints are not peripheral engineering details but central features of
the computational paradigm itself, creating a complex, multi-dimensional problem space. The following analysis

will deconstruct these physical limits, introducing the core bottlenecks of thermodynamics, control complexity, and



error propagation that challenge the narrative of inevitable progress. This exploration will establish the central
argument that the gap between theoretical promise and physical realizability is defined by a series of cascading,

interconnected physical constraints.

1.2 Physical Realizability
Constraints

The theoretical power of quantum algorithms, while mathematically sound, is fundamentally constrained by the
physical substrate in which computation occurs. The abstract elegance of unitary transformations and Hilbert spaces
collides with the unforgiving realities of thermodynamics, environmental noise, and the inherent imperfections of
manufactured devices. These physical realizability constraints mean that a quantum bit is not a pristine mathematical
object but a fragile, transient physical state. The journey from a theoretical algorithm to a functioning computation is
therefore one of constant battle against the natural tendency of a quantum system to decohere and lose the
information it encodes. This battle dictates the architecture, scale, and ultimate viability of any proposed quantum

computer.

Every quantum operation, from a single-qubit rotation to a two-qubit entangling gate, is an analog physical process
executed on a tangible system, be it a superconducting circuit, a trapped ion, or a photon. As such, these operations
are subject to a host of physical limitations. The qubits themselves are not perfectly isolated from their environment;
stray electromagnetic fields, thermal fluctuations, and material defects all constitute sources of noise that can corrupt
the quantum state. This phenomenon, known as decoherence, is the primary obstacle to scalable quantum
computation, as it effectively erases the delicate phase relationships that are essential for quantum interference. The

necessity of mitigating this decoherence is the central driver of the immense complexity of quantum hardware.

To combat the deleterious effects of decoherence, fault-tolerant quantum computers must employ Quantum Error
Correction (QEC). In this paradigm, information is encoded non-locally across many physical qubits to form a
single, more robust logical qubit. The system then continuously performs measurements on ancillary qubits to detect
and correct errors without disturbing the encoded logical information. This process, however, is not a free lunch; it
introduces its own profound physical costs. Each cycle of error correction is an irreversible process that, according
to Landauer’s principle, must dissipate a minimum amount of energy as heat, thereby increasing the thermal load on
the cryogenic system. Furthermore, the implementation of QEC requires a massive overhead in both the number of
physical qubits and the number of gate operations, creating a complex web of resource dependencies.

The thermodynamic consequences of this error correction cycle are not merely a theoretical concern. A formal
analysis by Hofer et al. models the potential for a catastrophic feedback loop within a fault-tolerant quantum
computer (Hofer et al., 2021). Their model demonstrates that the heat generated by QEC can raise the temperature of
the quantum processor, which in turn increases the rate of thermal errors. This elevated error rate necessitates more
frequent QEC cycles, which generate even more heat, creating the potential for a runaway thermal catastrophe that
destabilizes the entire computation. This work provides a rigorous physical basis for the claim that thermodynamic
constraints can impose a hard ceiling on the computational capacity of a quantum device, linking the abstract

process of error correction directly to the concrete physical limit of cooling power.

A common counter-argument suggests that these physical constraints will be steadily overcome by technological
innovation, rendering them temporary rather than fundamental barriers. Proponents of this view point to the rapid
historical improvements in qubit coherence times, gate fidelities, and the cooling power of dilution refrigerators as
evidence of a sustained trend of progress. This perspective holds that just as classical computing overcame

challenges related to vacuum tube reliability and heat dissipation, quantum computing will likewise engineer its way



past the current limitations. It assumes that better materials, more sophisticated control techniques, and more
efficient cryogenic systems will eventually push these physical thresholds beyond the point where they constrain

practical computation.

This optimistic view, however, often fails to account for the deeply interconnected nature of these physical
constraints, which can create cascading bottlenecks where the solution to one problem exacerbates another. For
example, adding more powerful classical control electronics to improve gate fidelity increases the thermal load on
the cryostat, potentially pushing the system closer to the thermal catastrophe described by Hofer et al. (Hofer et al.,
2021). Similarly, increasing the number of physical qubits to implement a more powerful error-correcting code
increases the complexity of the classical decoding problem, which can become a computational bottleneck in its
own right. The constraints are not independent variables to be optimized in isolation but are part of a complex,

coupled system.

The physical realizability of a large-scale quantum computer is therefore not a simple question of qubit count but a
complex, multi-variable optimization problem defined by a web of interconnected constraints. The scope of the
present analysis is to deconstruct this web by focusing on three of its most critical and quantifiable strands: the
thermodynamic cost of computation, the resource overhead imposed by quantum error correction, and the
performance limitations of the classical control systems required to manage the quantum processor. By examining
the interplay between these factors, this paper will demonstrate that the path to scalable quantum computation is

constrained by a series of fundamental physical trade-offs.

1.3
Case Study I: Asymptotic Infeasibility of Shor’s Algorithm

While Shor’s algorithm represents the pinnacle of quantum computational promise, its implementation requirements
serve as a powerful case study in what can be termed *asymptotic infeasibility*. Formally, this concept describes a
class of problems that, while theoretically solvable in polynomial time according to an abstract computational
model, demand a super-polynomial or even exponential scaling of physical resources (such as energy, components,
or space) for their physical implementation, rendering them practically intractable. The infeasibility arises not from
the algorithm’s abstract computational complexity, but from the colossal overhead imposed by the necessity of
translating the idealized algorithm into a physically robust, fault-tolerant process. Shor’s algorithm, therefore, is a
perfect illustration of the chasm between a polynomial-time solution and a physically achievable one.

The core of Shor’s algorithm, the quantum period-finding subroutine, is not a short or simple procedure. To factor a
number of cryptographic significance, such as a 2048-bit integer, the algorithm must be executed as a quantum
circuit comprising billions, if not trillions, of coherent gate operations. Each of these operations must be performed
with extraordinary precision, as even a single error in the wrong place can corrupt the delicate interference pattern
upon which the algorithm’s success depends. Given that no physical qubit can be perfectly isolated from
environmental noise, maintaining the integrity of the quantum state over such a long computational sequence is
impossible without a robust layer of active error correction. This necessity is the starting point for the explosion in

resource requirements.

The leading paradigm for achieving this fault tolerance is the surface code, a type of quantum error-correcting code
well-suited to two-dimensional hardware layouts. The foundational work on this architecture by Fowler et
al. elucidates the mechanism by which this protection is achieved and quantifies its cost (Fowler et al., 2012). In the
surface code, a single logical qubit is encoded in the collective state of a large grid of physical qubits. The overhead
required scales quadratically with the desired level of error suppression, which is parameterized by the code’s

“distance” d. Specifically, the number of physical qubits needed per logical qubit is approximately 2d?. To achieve



the extraordinarily low logical error rates necessary to survive a computation of billions of gates, a large code
distance is required, leading to an overhead of hundreds or even thousands of physical qubits for every single logical
qubit in the algorithm.

This quadratic scaling of overhead leads directly to the astronomical resource estimates associated with breaking
real-world cryptography. The analysis by Gidney and Ekera, which provides the benchmark of 20 million physical
qubits, is a direct consequence of this mechanism (Gidney & Ekerd, 2021). Their calculation begins with the number
of logical qubits required for the algorithm (on the order of a few thousand) and the total number of gates it must
execute. From this, they determine the required logical error rate to ensure a high probability of success. This target
logical error rate, combined with a realistic assumption for the physical gate error rate (10_3), dictates the
necessary code distance d of the surface code, which in turn determines the physical-to-logical qubit overhead. The
20-million-qubit figure is the final product of this chain of dependencies, serving as a stark quantitative benchmark

for the asymptotic infeasibility of the task.

A frequent counter-argument is that these daunting resource estimates are merely an artifact of the surface code’s
inefficiency and that the development of more advanced error-correcting codes will drastically reduce the required
overhead. This perspective points to active research into alternative codes, such as quantum Low-Density Parity-
Check (gLDPC) codes, which promise a more favorable, potentially linear, scaling relationship between code
distance and physical qubit count. Proponents of this view argue that a breakthrough in QEC theory could reduce the
20-million-qubit figure by one or more orders of magnitude, bringing the task back into the realm of engineering
possibility. The problem, from this viewpoint, is not fundamental but a consequence of relying on a first-generation

error correction strategy.

While it is true that more efficient codes could reduce the absolute number of qubits required, this argument
overlooks the more fundamental nature of the scaling challenge. Even with a more favorable code, the required
resources will still exhibit a super-linear growth with the problem size and the required computational depth. A
reduction from 20 million to 2 million, or even 200,000, physical qubits would represent a monumental achievement
in QEC theory, yet it would still leave the hardware requirements far beyond the capabilities of current or near-term
devices. The fundamental barrier is not the specific coefficient of the overhead but the fact that achieving the
exponential error suppression needed for an exponentially powerful algorithm requires a polynomially, and often

steeply, growing investment of physical resources.

The case of Shor’s algorithm thus serves to define one pole of the quantum computational landscape: the domain of
fault-tolerant algorithms, which offer immense theoretical power but are constrained by a seemingly insurmountable
wall of physical resource requirements. This stands in stark contrast to the challenges faced by algorithms designed
for the current, noisy intermediate-scale quantum (NISQ) era. The next section will explore this other pole,
examining how algorithms explicitly designed to work on near-term, non-error-corrected hardware face their own

distinct, but equally fundamental, scaling walls.

14
Case Study II: Scalability Wall of Variational Algorithms

In contrast to the resource-intensive demands of fault-tolerant algorithms, a second class of quantum algorithms has
been developed specifically for the capabilities of near-term hardware. These hybrid quantum-classical approaches,
most notably the Variational Quantum Eigensolver (VQE), were designed to be robust to the noise and limited qubit
counts of the Noisy Intermediate-Scale Quantum (NISQ) era. However, despite their tailored design, these
algorithms confront their own intrinsic scalability wall, a fundamental barrier to trainability that arises from the
geometry of high-dimensional Hilbert spaces and is exacerbated by hardware noise. This demonstrates that even

when the requirement for fault-tolerant error correction is relaxed, fundamental scaling challenges persist.



The Variational Quantum Eigensolver is a leading candidate for achieving a practical quantum advantage in the
fields of quantum chemistry and materials science. Its objective is to find the lowest energy configuration (the
ground state) of a molecule or material, a problem whose classical complexity grows exponentially with the size of
the system. The VQE algorithm approaches this by using a quantum computer to prepare a parameterized trial
quantum state, or ansatz, and then repeatedly measuring the energy of this state. A classical optimizer uses these
energy measurements to iteratively adjust the parameters of the ansatz, searching for the set of parameters that

minimizes the energy, thereby approximating the true ground state.

The primary mechanism that curtails the scalability of VQE and similar variational algorithms is the phenomenon of
“barren plateaus.” A comprehensive review by Cerezo et al. formally describes this issue, which arises in the
optimization landscape of the algorithm (Cerezo et al., 2021). For many chemically or physically relevant problems,
the cost function (in this case, the measured energy) becomes almost uniformly flat across the parameter space as the
number of qubits increases. This means that the gradient of the cost function—the very signal the classical optimizer
relies on to find the minimum—vanishes exponentially with the size of the system. Without a meaningful gradient to

follow, the optimizer is effectively lost, and the algorithm becomes untrainable.

The problem of barren plateaus is not merely a theoretical curiosity of deep, random circuits; it is a practical issue
made demonstrably worse by the very noise the algorithm was intended to tolerate. A critical analysis by Wang et
al. established the existence of “noise-induced barren plateaus” (Wang et al., 2021). Their work proves that the
presence of local depolarizing noise on the qubits can cause the cost function gradient to vanish exponentially, even
for shallow-depth circuits that would be trainable in a noiseless environment. This creates a pernicious trade-off: as
one adds more qubits to tackle a larger problem, the aggregate effect of hardware noise increases, which in turn
flattens the optimization landscape and makes the algorithm exponentially harder to train. This finding directly links

a physical hardware limitation (noise) to a fundamental algorithmic scaling failure.

A significant counter-argument is that the challenges of barren plateaus can be overcome through a combination of
more sophisticated classical optimization techniques and advanced error mitigation protocols. Proponents of this
view suggest that methods like adaptive optimizers, meta-learning, or clever ansatz designs that incorporate physical
knowledge of the problem can help navigate or avoid the flat regions of the cost landscape. Furthermore, error
mitigation techniques, which use multiple noisy runs to extrapolate an estimate of the ideal, noise-free result, are
proposed as a way to computationally reverse the gradient-suppressing effects of hardware noise. These strategies

aim to make the most of imperfect hardware without resorting to full fault tolerance.

While these mitigation strategies can certainly improve performance for small-scale problems, they do not
fundamentally solve the exponential scaling issue of the barren plateau phenomenon. More advanced classical
optimizers still require a non-zero gradient to function, and error mitigation techniques introduce their own
significant overhead in terms of the number of measurements (sampling cost) required, which can itself scale
exponentially. These methods may push the onset of the barren plateau to a slightly larger number of qubits, but they
do not change the underlying exponential nature of the problem. The scalability wall is shifted, not demolished,
suggesting that NISQ algorithms, while valuable for exploration, may not provide a general-purpose, scalable path

to quantum advantage for a broad class of problems.

The scalability wall encountered by variational algorithms defines the second pole of the quantum computational
landscape. Where fault-tolerant algorithms like Shor’s are limited by an immense, explicit overhead of physical
resources, NISQ algorithms like VQE are limited by an intrinsic, implicit cost associated with trainability in a high-
dimensional, noisy space. Both case studies point to the same overarching conclusion: a profound gap exists
between the theoretical formulation of a quantum algorithm and its practical, scalable implementation. The final
synthesis of this paper will articulate this gap as the central thesis, framing it as a systemic challenge rooted in a

series of interconnected physical bottlenecks.



1.5 Thesis Statement

This paper argues that a cascading series of interconnected physical bottlenecks—spanning thermodynamics,
classical control processing, and quantum error correction overhead—creates a fundamental and persistent gap
between the exponential promise of quantum algorithms and the polynomial reality of their physical
implementation. This gap is not a temporary engineering hurdle but a systemic feature of the current computational
paradigm, where attempts to scale quantum resources trigger super-linear, often catastrophic, increases in the
demands placed on the classical and thermodynamic support infrastructure. The central thesis is that progress
measured solely by physical qubit count is a misleading metric, as it obscures the more critical, interdependent

constraints that ultimately govern the feasibility of scalable quantum computation.

This argument stands in contrast to the prevailing narrative of quantum computing progress, which often presents
the path to fault tolerance as a linear progression of improving qubit counts and fidelities. That narrative implicitly
assumes that the various physical challenges are separable and can be solved in isolation. However, this paper
contends that the problem is deeply coupled; for instance, the need for more qubits to implement stronger error
correction directly increases the thermal load on the cryogenic system and the computational load on the classical
decoder. This interconnectedness means that progress is not guaranteed and that scaling can lead to diminishing or

even negative returns if one subsystem cannot keep pace with the others.

To substantiate this thesis, an integrated thermal equilibrium model of a fault-tolerant quantum computer is
developed and analyzed. This formal model will serve as the primary analytical tool, explicitly linking the quality of
physical qubits (gate fidelity) to the required quantum error correction overhead (code distance). This derived
overhead then determines the total number of physical qubits, which in turn dictates the total heat generated by the
classical control system. By solving for the stable operating temperature where heat generation equals the finite
cooling power of the cryostat, the model quantitatively demonstrates how these disparate physical domains are

inextricably linked.

The model will be tested against the demanding resource requirements of Shor’s algorithm for factoring a
cryptographically relevant integer. This provides a concrete, high-stakes test case. The analysis will demonstrate that
under realistic, and even optimistic, assumptions for near-term hardware, the system either fails to find a stable
thermal operating point or requires physical resources (such as cooling power) that are orders of magnitude beyond
current technological capabilities. This quantitative result, grounded in the physics of thermodynamics and
information theory as described by sources like Hofer et al. and Willsch et al., will provide the primary evidence for
the paper’s central claim (Hofer et al., 2021; Willsch et al., 2022).

The primary counter-argument to this thesis is that it represents a pessimistic and static view of technology,
underestimating the potential for disruptive innovation to break the scaling laws described. A breakthrough in room-
temperature superconductivity, a novel error-correcting code with vastly lower overhead, or a new paradigm for
quantum control could, in theory, invalidate the model’s assumptions and open a more direct path to scalability. This
perspective holds that it is premature to declare the challenges “fundamental” when the field is still in its infancy

and the pace of innovation is rapid.

This analysis does not aim to be a final verdict on the ultimate potential of quantum computing, nor is it a dismissal
of the remarkable progress achieved to date. Rather, its purpose is to provide a physically-grounded, realistic
assessment of the challenges as they are currently understood, based on the dominant technological paradigms. The
goal is to shift the focus of the discourse from simplistic metrics like qubit count to a more holistic and rigorous
evaluation of system-level viability. By quantifying the interdependencies between constraints, the paper seeks to

define the boundaries of the problem space within which future innovation must operate.



The structure of this paper is designed to logically build this argument. It will begin with a comprehensive review of
the existing literature on the various physical constraints, proceed to the formal derivation of the integrated
thermodynamic model, present a detailed numerical analysis of the model’s behavior under a range of scaling
scenarios, and conclude with a synthesis of the findings. This structure will systematically establish the evidence for

the cascading bottlenecks that define the gap between quantum theory and physical practice.

1.6 Scope and Delimitations

The scope of this investigation is precisely defined to facilitate a deep, quantitative analysis of the most immediate
and well-understood bottlenecks confronting scalable quantum computation. The analysis focuses exclusively on the
intersection of three critical domains: the thermodynamics of computation, the resource overhead of surface code
error correction, and the performance of the classical control infrastructure. The hardware paradigm under
consideration is restricted to gate-based superconducting quantum computers, as this approach is currently the most
mature, most heavily funded, and most thoroughly documented in the scientific literature, providing a rich dataset

for realistic parameterization.

This choice of focus on the superconducting modality is deliberate. While other platforms such as trapped ions,
photonics, and neutral atoms offer their own unique advantages and face different sets of challenges, the
superconducting approach has produced the devices with the highest physical qubit counts to date. Consequently, it
is the platform where the systemic challenges of scaling—particularly those related to wiring, control, and thermal
management—have become most acute and have been most extensively studied. This makes it the ideal testbed for a

quantitative analysis of the cascading bottlenecks that are the subject of this paper.

Within this defined scope, the analysis will specifically model the thermal loads generated by two key components
of the classical control infrastructure. First, the heat dissipated by cryogenic CMOS (Cryo-CMOS) control circuits,
which are the leading proposed solution to the control wiring bottleneck, will be considered as a primary static heat
source at the 4K stage of the cryostat, drawing on the survey by Strangio et al. (Strangio et al., 2023). Second, the
latency and throughput of the classical hardware responsible for real-time decoding of error syndromes will be
treated as a critical performance constraint, based on the challenges outlined by Willsch et al. (Willsch et al., 2022).
These specific mechanisms represent the most pressing and quantifiable aspects of the classical-quantum interface

problem.

The parameters used within the formal model developed in Section 3.0 are drawn directly from the peer-reviewed
literature and recent pre-prints, ensuring that the analysis is grounded in the current state of the art. The scope is
explicitly bounded by these parameters. For instance, the model will use a physical gate error rate of 1073 as a
baseline, reflecting the performance of current high-fidelity devices, and will explore the impact of improvements
down to 1074, Similarly, the cooling power of the cryostat and the power dissipation of control electronics will be

parameterized with values representative of today’s commercially available and prototype technologies.

The primary delimitation of this study, and a potential avenue for critique, is its exclusion of other promising
hardware platforms. An analysis focused on trapped-ion quantum computers, for example, would involve a different
set of constraints, with less emphasis on cryogenic cooling and more on challenges related to laser control, ion
transport, and photonic interconnects. Similarly, a study of photonic quantum computing would center on issues of
photon loss, detector efficiency, and the generation of large-scale entangled resource states. These are valid and

important areas of research that are explicitly outside the boundaries of this paper.

By deliberately narrowing the scope to the leading superconducting paradigm, this investigation sacrifices breadth
for depth. This choice is justified by the objective of performing a rigorous, quantitative analysis rather than a high-
level qualitative survey. The superconducting platform offers the most mature and data-rich environment for

modeling the specific, cascading interactions between thermodynamics, error correction, and control that form the



core of this paper’s thesis. The principles identified, however, are expected to have qualitative relevance to other
platforms, as all scalable quantum computers will ultimately have to contend with the physical costs of control and
error correction.

This tightly defined scope allows the paper to proceed with a clear and logical structure. The subsequent sections
will build upon this foundation, first by reviewing the relevant literature within this domain, then by constructing a
formal model parameterized by realistic data, and finally by analyzing the results of that model to draw firm
conclusions about the nature of the scaling challenge. This roadmap provides a clear path for the reader, moving

from the general problem statement to a specific, evidence-based analysis.

1.7 Paper Structure

The argument of this paper is developed across four primary sections, or acts, designed to logically and
systematically build the case for the existence of a fundamental gap between the theory and practice of scalable
quantum computation. This structure is intended to guide the reader from the foundational concepts and existing
literature to the presentation of a novel quantitative analysis and its final conclusions. Each section serves a distinct
rhetorical purpose, creating a cohesive and comprehensive narrative. The paper is designed for maximum clarity.

This structure is critical for the argument.

The investigation begins with the current section, Section 1.0, which has served to introduce the core concepts,
define the central thesis, and establish the scope of the analysis. Following this introduction, Section 2.0 provides a
comprehensive review of the relevant scientific literature. This section synthesizes existing research on the primary
physical constraints of quantum computing, organizing the findings into four thematic clusters: the thermodynamic
ceiling, the fault-tolerance resource debt, the NISQ scalability wall, and the classical support bottleneck. This
literature review establishes the foundation of established knowledge upon which the paper’s novel contribution is
built.

Section 3.0 details the methodology of the investigation, presenting the formal derivation of the integrated
thermodynamic equilibrium model. This section serves as the technical core of the paper, defining the mathematical
relationships between the key physical parameters of a fault-tolerant quantum computer. It explicitly derives the
functions for heat generation, cooling power, temperature-dependent error rates, and the dynamically calculated
overhead for quantum error correction. This methodological transparency is crucial for the verifiability and
credibility of the paper’s subsequent analytical claims. A small calculation is performed.

The analytical results of the investigation are presented in Section 4.0. This section applies the formal model derived
in Section 3.0 to a series of seven distinct scaling scenarios, ranging from an idealized low-scale system to an
extreme-stress test representative of a machine capable of breaking modern cryptography. The numerical output
from a computational simulation of the model is presented and analyzed for each scenario. This section provides the
primary quantitative evidence for the paper’s thesis, demonstrating how the interconnected physical constraints lead
to systemic failure or astronomically large resource requirements as the scale of the computation grows.

A simple outline of the paper’s structure is sufficient for the reader to understand the flow of the argument. There is
no need to belabor the point with excessive detail in this introductory section. The purpose is to provide a clear and
concise roadmap that sets expectations for the analysis that follows. The structure is logical and follows a standard

scientific format. Any further elaboration would be redundant.

This four-act structure ensures a logical and compelling progression of the central argument. It begins by grounding
the investigation in the established scientific consensus, then introduces a novel quantitative tool for integrating

these disparate findings, and finally uses this tool to produce new analytical insights that directly support the paper’s



thesis. The structure is designed to be self-contained and comprehensive, allowing a reader with a technical
background to follow the argument from its premises to its conclusions. This rigorous structure is essential for

making a convincing case about a topic as complex as the future of quantum computing.

Following the main analytical sections, a concluding section will synthesize the key findings and discuss their
broader implications for the field of quantum computing. Appendices will provide supplementary information,
including the formal mathematical derivations, the source code for the numerical analysis, and a glossary of terms,
ensuring full transparency and reproducibility. With this roadmap established, the paper now proceeds to the detailed

review of the scientific literature on the physical constraints of quantum computation.

2.0 A Review of

Foundational Constraints

2.1

Thermodynamic Constraints on Information Processing

The act of computation, irrespective of its logical abstraction, is an intrinsically physical process and is therefore
irrevocably bound by the fundamental laws of thermodynamics. Every logical operation, whether the flip of a
classical bit or the unitary evolution of a quantum state, must be realized through the manipulation of a physical
system that consumes energy and interacts with a thermal environment. This physical embodiment of information
means that computation is subject to constraints on energy dissipation, entropy production, and thermal stability.
These are not merely engineering considerations to be optimized away but are foundational limits that define the
ultimate boundaries of computational efficiency and scale. The failure to account for these thermodynamic costs
leads to an incomplete and overly optimistic assessment of any computational paradigm’s potential. This distinction

is critical. The very nature of information is physical.

The foundational principle governing the thermodynamic cost of computation is Landauer’s principle, which
establishes a minimum, non-zero energy dissipation required for the irreversible erasure of one bit of information.
This theoretical limit, proportional to the operating temperature I, has transitioned from a thought experiment to a
repeatedly verified physical law. Its validity has been confirmed not only in classical systems but, critically for this
analysis, in the quantum regime as well. For instance, an experimental investigation by Manikandan et al. into the
energy dissipation of superconducting quantum-flux-parametron qubits demonstrated operations approaching this
fundamental limit (Manikandan et al., 2022). This body of work confirms that the abstract concept of information

erasure has a concrete, measurable heat cost, even for the quantum bits that form the basis of a quantum computer.

The physical mechanism underlying Landauer’s principle is the change in entropy of the computational system and
its environment. An irreversible operation, such as resetting a bit to a known state (‘0”) regardless of its initial state
(‘0’ or ‘1°), reduces the logical entropy of the system by one bit (kp ln(2)). According to the second law of
thermodynamics, this decrease in system entropy must be compensated by an equal or greater increase in the
entropy of the surrounding environment. This entropy increase manifests as the dissipation of heat, with the
minimum required heat being precisely kT’ ln(Z). While reversible, unitary quantum operations can theoretically
avoid this cost, any process that involves measurement or reset—operations that are essential for initialization and
error correction—constitutes an irreversible erasure of information and must therefore pay this thermodynamic toll.
It is worth noting that while the classical Landauer limit provides a useful lower bound, the thermodynamics of
quantum operations can be more complex, with some quantum measurements potentially incurring costs beyond this
classical limit.



The applicability of this principle extends beyond simple bit resets to the very act of quantum measurement, a
process central to the operation of any quantum computer. A thorough theoretical analysis by Fellous-Asiani et
al. rigorously demonstrates that quantum measurement itself is not thermodynamically free (Fellous-Asiani et al.,
2021). Their work establishes that any measurement process has an intrinsic and unavoidable energy cost that is
proportional to the information gained about the quantum state. This finding is particularly salient for fault-tolerant
quantum computation, where continuous syndrome measurements are the core of the error correction cycle. The
experimental work of Manikandan et al. provides quantitative evidence of these costs, measuring dissipation as low
as 2.1 zJ per operation at a temperature of 40 mK, a value only a factor of four above the theoretical Landauer limit
(Manikandan et al., 2022).

A common counter-argument asserts that these fundamental thermodynamic limits, while academically interesting,
are of negligible practical concern. The energy cost to erase a single bit, on the order of zettajoules (10_21 J) at
cryogenic temperatures, is infinitesimally small compared to the overall power consumption of the support
infrastructure. From this perspective, the practical challenges of cooling and power delivery are dominated by the
inefficiencies of classical electronics and cryogenic hardware, and the fundamental Landauer cost represents an
insignificant fraction of the total energy budget. This view holds that focusing on such a small, fundamental limit is

a distraction from the much larger, more pressing engineering challenges of system efficiency.

This counter-argument, however, fails to appreciate the effect of massive parallelism and computational depth on
this seemingly minuscule cost. A fault-tolerant quantum algorithm, such as Shor’s, may require on the order of 1012
or more logical operations, each of which involves numerous irreversible QEC steps across thousands of logical
qubits. The total thermodynamic cost is the product of this tiny per-operation cost and the astronomical number of
total operations. This amplification transforms the infinitesimal Landauer limit into a macroscopic and system-
defining thermal load, generating a continuous stream of heat directly at the coldest, most sensitive part of the

quantum processor. The problem is not the cost of one operation, but the cumulative cost of trillions.

The inescapable conclusion is that the thermodynamic cost of information processing imposes a fundamental heat
load that scales with the size and duration of the computation. This heat must be actively removed by a cryogenic
system with finite cooling power. The specific process of quantum error correction, with its relentless cycle of
measurement and reset, becomes the primary engine of this heat generation in a fault-tolerant device, creating a
direct and critical link between the algorithm being executed and the thermal stability of the hardware. The
following section will explore this link in detail, focusing on the specific mechanisms of heat dissipation within the
QEC cycle.

2.2 Heat

Dissipation from Quantum Error Correction

The continuous and repetitive cycle of quantum error correction (QEC) constitutes the primary and most
problematic source of intrinsic heat dissipation within a large-scale, fault-tolerant quantum computer. While other
components contribute to the overall thermal budget, the QEC process is unique in that it is an algorithmic necessity
whose operational tempo scales with the size of the computation and whose thermodynamic cost is fundamentally
tied to the irreversible act of information erasure. This relentless generation of heat directly at the millikelvin stage
creates a fundamental conflict between the logical requirement for stability (error correction) and the physical
requirement for a low-entropy environment (low temperature). This is a critical feedback loop. The machine’s effort

to correct errors actively contributes to the conditions that create more errors.

Scalable quantum computation is widely considered to be impossible without a robust mechanism for mitigating the
effects of decoherence and operational faults. Quantum error correction is the only known viable paradigm for

achieving this. It functions by encoding a single logical qubit into a distributed, entangled state of many physical



qubits. The system then repeatedly performs syndrome measurements to detect the occurrence of errors on the
physical qubits and applies corrections, thereby preserving the integrity of the encoded logical information over long
periods. This process is not optional; it is the non-negotiable price of admission for running deep, complex quantum

algorithms on any realistic, noisy hardware.

The generation of heat within the QEC cycle arises from the logically irreversible nature of the syndrome

measurement process. In a typical surface code implementation, this involves preparing ancillary qubits in a known

state (e.g., O)), entangling them with the data qubits in the code block, and then measuring the ancillas to extract
the error syndrome. The final step of this cycle involves resetting the ancilla qubits back to their initial state to
prepare for the next round of error detection. This reset operation is a classic example of information erasure; the
information contained in the measured state of the ancilla is discarded, and as Hofer et al. rigorously model, this act

must dissipate at least kg’ 111(2) of energy as heat for each ancilla qubit reset (Hofer et al., 2021).

The systemic consequence of this continuous heat injection is the potential for a dangerous positive feedback loop
that threatens the stability of the entire computation. The model developed by Hofer et al. provides a clear
quantitative picture of this threat (Hofer et al., 2021). The heat dissipated by the QEC cycles raises the local
temperature of the quantum processor. This temperature increase, in turn, elevates the rate of thermally induced
physical errors on the data qubits. A higher physical error rate demands a more powerful or more frequent
application of QEC to maintain the same level of logical fidelity, which in turn generates even more heat, creating

the potential for a runaway thermal catastrophe that pushes the physical error rate above the correctable threshold.

A plausible counter-argument is that future cryogenic systems will simply be engineered with sufficient cooling
power to extract this QEC-generated heat, rendering the feedback loop moot. This perspective treats the problem as
a simple matter of engineering capacity, suggesting that by building more powerful dilution refrigerators, one can
always stay ahead of the heat generation curve. It posits that the absolute cooling power of the cryostat is the only
relevant variable, and that with sufficient investment and innovation in cryogenic technology, any amount of heat
generated by the QEC process can be effectively managed and removed from the system. This is an engineering

problem.

This argument, however, overlooks the critical concept of thermal equilibrium and the non-linear dynamics of the
system. The issue is not the absolute cooling power of the refrigerator, but the stable operating temperature at which
the rate of heat generation equals the rate of heat extraction. Because the cooling power of a dilution refrigerator
itself decreases as the temperature approaches its base, and the heat generation from QEC is a function of both the
error rate and the temperature, the system seeks a non-trivial equilibrium point. If the scaling of heat generation with
temperature is steeper than the scaling of cooling power, a stable equilibrium may not exist. The analysis by Hofer et
al. shows that the system’s stability depends on whether this equilibrium point falls within the temperature range
where the physical error rate is below the QEC threshold (Hofer et al., 2021). Brute-force cooling is not a

guaranteed solution if the underlying scaling dynamics are unfavorable.

The heat dissipation inherent to the quantum error correction cycle therefore imposes a dynamic, system-level
constraint on the design and operation of a fault-tolerant quantum computer. It establishes a direct link between the
logical architecture of the error-correcting code and the physical, thermodynamic properties of the hardware. This
implies that the choice of QEC code is not just a matter of information-theoretic efficiency but also of
thermodynamic efficiency. The immense resource cost of implementing these codes, particularly the most well-

understood surface codes, is the next critical layer of this scaling challenge.

2.3 Resource Overhead of

Surface Codes



The surface code, while representing the most mature and promising architecture for achieving fault-tolerant
quantum computation, exacts a steep price in the form of a massive physical qubit overhead. This overhead, which
scales quadratically with the required level of error suppression, is a primary driver of the immense resource
requirements that place large-scale quantum computation far beyond the reach of current technology. The necessity
of dedicating thousands of imperfect physical qubits to the task of creating a single, stable logical qubit is a stark
illustration of the gap between the abstract requirements of an algorithm and the noisy reality of its physical

substrate. This is a formidable barrier. The cost of reliability is quantity.

The surface code has emerged as the leading candidate for fault-tolerant quantum computing for several practical
reasons. First, it possesses one of the highest known error thresholds, meaning it can tolerate a relatively high
physical error rate (approximately 1%) and still enable effective error correction. Second, and perhaps more
importantly, it requires only nearest-neighbor interactions between qubits arranged on a two-dimensional grid. This
architectural constraint aligns well with the physical layouts of solid-state quantum computing platforms, such as
superconducting circuits, where fabricating dense, long-range connections between qubits is a significant
engineering challenge. These pragmatic advantages have made the surface code the de facto standard in most

realistic architectural blueprints for a large-scale quantum computer.

The mechanism of the surface code and its associated resource cost are detailed in the foundational work by Fowler
et al. (Fowler et al., 2012). A single logical qubit is encoded in the joint state of a grid of physical data qubits,
interspersed with ancillary measure qubits. The logical state is defined by the eigenvalues of a set of stabilizer
operators, which are collective properties of the grid. Errors on individual physical qubits violate these stabilizer
conditions, and the pattern of violated stabilizers (the error syndrome) reveals the location and type of the error. The
robustness of the logical qubit is determined by the “code distance” d, which corresponds to the size of the grid. To
create a logical error, at least d / 2 physical errors must occur in a correlated manner. The number of physical qubits

required to implement a distance-d code scales quadratically, with the total count being approximately 242

This quadratic scaling has profound consequences for the resource requirements of any deep quantum algorithm. To
achieve the extremely low logical error rates needed to successfully execute an algorithm with billions of gates, such
as Shor’s algorithm, a large code distance is essential. For example, to suppress a physical error rate of 1073 down
to a logical error rate of 1071%, a code distance of approximately d = 15 is required. According to the 2d? scaling
law, this would necessitate 2 X 152 = 450 physical qubits for every single logical qubit. More aggressive error
suppression, as might be needed for even longer computations, could easily push the code distance to d > 20,

resulting in an overhead of thousands of physical qubits per logical qubit.

A significant counter-argument to the daunting nature of this overhead is the prospect of future, more efficient
quantum error-correcting codes. Active research into alternatives, such as quantum Low-Density Parity-Check
(qLDPC) codes, suggests that more favorable scaling relationships may be possible. These codes, in theory, could
offer a linear or quasi-linear scaling of physical qubits with code distance, which would dramatically reduce the
overhead for achieving a given level of error suppression. From this perspective, the quadratic overhead of the
surface code is not a fundamental limit but a feature of a first-generation technology that will be superseded by more

advanced and resource-efficient codes in the future.

While the development of better codes is a promising and vital area of research, this argument often overlooks the
relative maturity and architectural simplicity of the surface code. The theoretical advantages of qLDPC codes are
currently offset by significant practical challenges, including the difficulty of implementing their required non-local
connectivity on a 2D chip and the higher computational complexity of their decoding algorithms. The surface code,

despite its high overhead, remains the most mature and best-understood path to fault tolerance, and its resource



requirements form the basis of all current, realistic architectural plans and resource estimates. Until a more advanced
code is demonstrated to be practically superior in a full-stack hardware implementation, the surface code’s overhead
remains the relevant benchmark for the field.

The immense physical qubit overhead demanded by the surface code is therefore a central and unavoidable feature
of the current fault-tolerance landscape. This overhead directly multiplies the challenges associated with control,
wiring, and thermal management, as each of the thousands of physical qubits in a logical block must be individually
controlled and cooled. The next section will provide a concrete quantification of this multiplicative effect by
examining the full resource estimate for applying this architecture to the cryptographically relevant problem of

factoring a 2048-bit integer.

24
Resource Estimates for Cryptographically Relevant Problems

The abstract challenge of fault tolerance is rendered concrete through detailed resource estimations for
cryptographically relevant quantum computations, which reveal a demand for millions of physical qubits and
trillions of coherent gate operations. These figures, derived from a bottom-up analysis of specific algorithms and
error correction schemes, serve as the most powerful quantitative evidence for the immense gap between the current
state of quantum hardware and the requirements for achieving a disruptive quantum advantage. They translate the
theoretical promise of breaking modern encryption into a stark and formidable set of engineering specifications,
defining the scale of the physical system that must be built. This is a monumental task. The numbers are daunting.

The standard benchmark for a cryptographically relevant quantum computation is the factorization of a 2048-bit
RSA integer using Shor’s algorithm. This specific problem is chosen because RSA-2048 is a widely deployed
encryption standard, and its classical intractability is a cornerstone of modern digital security. A successful quantum
factorization of such a number would not be a mere academic demonstration; it would be an event with profound
and immediate consequences for global cybersecurity. Consequently, estimating the resources required for this task
has become a critical exercise for the quantum computing community, providing a clear, if distant, target for

hardware development.

A landmark analysis by Gidney and Ekerd provides a detailed and rigorous methodology for arriving at such a
resource estimate (Gidney & Ekerd, 2021). Their approach is not a high-level approximation but a meticulous,
multi-layered calculation. It begins with the design of an optimized quantum circuit for the modular exponentiation
function at the heart of Shor’s algorithm. This logical circuit, specifying the number of logical qubits and the
sequence of logical gates, is then compiled down to a physical implementation based on the surface code
architecture. This compilation step accounts for the physical qubit overhead required to achieve a target logical error
rate, the additional operations needed for error syndrome measurement, and the resource-intensive process of

“magic state distillation” required to implement the non-Clifford T-gates essential for the algorithm.

The result of this detailed analysis is the widely cited estimate that factoring a 2048-bit RSA integer would require
approximately 20 million physical qubits operating for about eight hours (Gidney & Ekera, 2021). This headline
figure is predicated on a set of concrete and realistic technological assumptions, including a physical two-qubit gate
error rate of 1073 and a QEC cycle time of one microsecond. The 20 million physical qubits are needed to encode
the roughly 4,100 logical qubits of the algorithm with sufficient error protection to survive a computation involving
a staggering number of sequential gate operations. This estimate serves as a crucial data point, grounding the

abstract threat to cryptography in a tangible, albeit immense, set of hardware requirements.



A common counter-argument is that such estimates are a “worst-case” scenario based on today’s understanding and
that they will inevitably be revised downward as both hardware and algorithms improve. Proponents of this view
argue that improvements in physical gate fidelity will dramatically reduce the required code distance and, therefore,
the qubit overhead. A ten-fold improvement in fidelity, for instance, could lead to a nearly hundred-fold reduction in
the number of physical qubits. Similarly, ongoing algorithmic innovations may discover more efficient circuits for
modular exponentiation or better error-correcting codes, further lowering the resource requirements. This is not a

fixed target.

While it is undeniable that these estimates will evolve, the argument that they will be reduced to a trivial level
overlooks the fundamental scaling relationships at play. Even a hundred-fold reduction in the qubit count, a
monumental achievement that would require breakthroughs on multiple fronts, would still leave a requirement for
200,000 physical qubits—a number that remains far beyond the horizon of current experimental capabilities. The
critical insight from these resource estimates is not the exact number itself, but the order of magnitude. The gap
between today’s hundred-qubit processors and the hundreds of thousands or millions of qubits required for this task

is vast, and closing it will require more than incremental progress.

The resource estimates for Shor’s algorithm thus crystallize the challenge of fault-tolerant quantum computing,
defining one end of the computational spectrum. This is the domain of deep, complex algorithms that promise
exponential speedups but demand a correspondingly massive investment in physical resources for error correction.
This high-overhead, fault-tolerant paradigm stands in sharp contrast to the strategies being pursued for near-term
quantum advantage, which operate on a completely different set of principles and face a different, though equally
fundamental, set of scaling challenges. The subsequent sections will shift focus to this other end of the spectrum: the

world of noisy, intermediate-scale quantum algorithms.

2.5 Barren
Plateau Phenomena in Variational Circuits

Variational quantum algorithms, which form the cornerstone of the Noisy Intermediate-Scale Quantum (NISQ)
computing paradigm, are fundamentally constrained in their scalability by the “barren plateau” phenomenon. This
feature of the algorithm’s optimization landscape, where the gradient of the cost function vanishes exponentially
with the size of the problem, represents an intrinsic scaling wall that is independent of hardware noise or the need
for fault-tolerant error correction. The existence of barren plateaus suggests that, for a broad class of problems,
simply increasing the number of qubits in a NISQ-era device will not lead to a quantum advantage, as the algorithm

itself becomes untrainable. This is a critical limitation. The problem gets harder to solve.

Variational Quantum Algorithms (VQAs) like the Variational Quantum Eigensolver (VQE) were specifically
designed to be compatible with the limitations of near-term quantum hardware. They employ a hybrid quantum-
classical approach where a shallow, parameterized quantum circuit is used to prepare a trial state, and a classical
optimizer iteratively adjusts the circuit’s parameters to minimize a cost function. This approach aims to find
approximate solutions to complex optimization and quantum chemistry problems, leveraging the quantum
processor’s ability to explore large state spaces while offloading the difficult search process to a classical computer.
They represent the field’s primary hope for demonstrating a practical quantum advantage before the advent of full

fault tolerance.

The mechanism responsible for this scalability failure is detailed in a comprehensive review by Cerezo et al. (Cerezo
et al., 2021). The barren plateau phenomenon arises from the properties of random unitary matrices and the
geometry of high-dimensional spaces. As the number of qubits [V increases, the Hilbert space of the quantum
computer grows exponentially (ZN ). For many VQA setups that use deep or highly entangling circuits, the output

states become distributed almost uniformly across this vast space. Consequently, a small change in any single circuit



parameter has an exponentially diminishing effect on the global cost function, which is typically an expectation
value averaged over all possible measurement outcomes. The result is that the gradient of the cost function with

respect to any parameter becomes, with overwhelmingly high probability, exponentially small.

The practical consequence of this exponentially vanishing gradient is that the classical optimizer is deprived of the
information it needs to navigate the cost landscape and find the optimal solution. To resolve such a tiny gradient
from the statistical noise inherent in quantum measurements (shot noise), an exponentially increasing number of
measurements is required. This effectively negates any potential quantum speedup, as the sampling overhead
required to train the algorithm grows exponentially with the problem size. The analysis by Cerezo et al. confirms
that barren plateaus are a general feature for VQAs that employ global cost functions and sufficiently random or

deep circuit structures, making them a formidable obstacle to scaling (Cerezo et al., 2021).

A significant counter-argument is that barren plateaus are not an insurmountable law of nature but a consequence of
poor algorithmic design, and that they can be circumvented with more sophisticated strategies. Proponents of this
view point to several mitigation techniques, such as choosing a problem-inspired ansatz that restricts the search to a
smaller, relevant subspace of the Hilbert space, or using local cost functions that are less susceptible to the global
averaging effect. Other proposed solutions include clever parameter initialization strategies or “layer-by-layer”
training methods that attempt to avoid the flat regions of the landscape. This perspective holds that barren plateaus

are a challenge to be engineered around, not a fundamental dead end.

While these mitigation strategies can be effective for certain specific problems or small system sizes, they do not
offer a general solution to the barren plateau problem. Strategies like using a problem-specific ansatz require a high
degree of prior classical knowledge about the solution, which may not be available for the very problems where a
quantum advantage is sought. Local cost functions are not applicable to all problems of interest. Ultimately, these
techniques may push the onset of the barren plateau to a slightly larger number of qubits, but they do not change the
fundamental exponential scaling that arises from operating in a large Hilbert space. The barren plateau remains a

general and significant feature of the VQA landscape.

The barren plateau phenomenon thus represents a critical, algorithm-level bottleneck for the NISQ paradigm. It
demonstrates that even when the immense overhead of fault tolerance is set aside, a fundamental scaling challenge
emerges from the very nature of the hybrid quantum-classical optimization loop. This problem is made even more
severe by the unavoidable presence of noise in any real quantum device, which, as the next section will show, can

create barren plateaus of its own and further curtail the potential for near-term quantum advantage.

2.6 Impact

of Hardware Noise on Algorithm Trainability

Physical hardware noise does not merely act as a source of inaccuracy in the output of a variational quantum
algorithm; it actively conspires to make the algorithm fundamentally untrainable by inducing its own form of barren
plateau. This “noise-induced barren plateau” is a particularly pernicious scaling problem because it demonstrates
that even shallow quantum circuits, which are theoretically immune to barren plateaus arising from circuit depth,
can become untrainable as the number of qubits grows in a noisy environment. This finding directly links the
physical imperfections of the hardware to a catastrophic failure of the algorithmic optimization process, creating a
hard ceiling on the size of problems that can be tackled with NISQ devices. This is a devastating conclusion. The

noise itself prevents a solution.

All near-term quantum devices are inherently noisy. The qubits are subject to a variety of error mechanisms,
including decoherence from environmental interactions, crosstalk between neighboring qubits, and imperfect control

pulses. While variational algorithms were designed with this reality in mind, the prevailing assumption was that



noise would primarily manifest as a systematic error or bias in the final energy measurement, which could then be
corrected using various error mitigation techniques. The focus was on the accuracy of the output, not on the

trainability of the process itself.

The groundbreaking work by Wang et al. revealed a more subtle and damaging effect of noise (Wang et al., 2021).
Their analysis showed that the presence of local depolarizing noise—a common error model where each qubit has a
small probability of being randomized after each gate operation—causes the quantum state to contract towards the
maximally mixed state. The maximally mixed state is a uniform, featureless distribution over all possible basis
states. As the quantum state becomes more mixed due to the cumulative effect of noise across many qubits, the
expectation value of any observable (the cost function) becomes increasingly insensitive to changes in the circuit

parameters. The cost landscape is effectively flattened by the noise.

The theoretical analysis and numerical simulations presented by Wang et al. provide rigorous proof of this
mechanism (Wang et al., 2021). They derive an analytical expression for the variance of the cost function’s gradient
in the presence of noise and show that it decays exponentially with both the number of qubits /N and the circuit
depth L. This exponential decay of the gradient is the defining characteristic of a barren plateau. Crucially, their
result shows that even for a circuit with a constant, shallow depth (e.g., L = 1), the gradient still vanishes
exponentially with the number of qubits V. This means that simply adding more qubits to a NISQ processor to
solve a larger problem can actually make the algorithm exponentially harder to train by amplifying the gradient-

suppressing effect of the noise.

The primary counter-argument to the severity of this problem lies in the promise of quantum error mitigation. This
family of techniques aims to computationally estimate the ideal, noise-free result by running the noisy circuit
multiple times and extrapolating the results. For example, zero-noise extrapolation (ZNE) involves intentionally
increasing the noise level in a controlled way and then extrapolating the measured expectation values back to the
zero-noise limit. Proponents argue that if the effect of noise can be effectively reversed in post-processing, then the

noise-induced barren plateau can be lifted, restoring the gradient to the optimizer.

While error mitigation can be remarkably effective for small numbers of qubits, its own effectiveness diminishes as
the system size and noise levels grow. These techniques rely on the assumption that the noise is not too strong and
that its effects can be accurately modeled and inverted. As the number of qubits increases, the sampling overhead
required to get a statistically significant result from error mitigation protocols can itself scale exponentially, creating
a new classical computational bottleneck. Error mitigation can push back the wall, but it cannot eliminate the
fundamental tendency of noise in a large quantum system to destroy the very information that the optimizer needs to

function.

The existence of noise-induced barren plateaus therefore represents a profound challenge to the entire NISQ
paradigm. It reveals that the physical reality of noisy hardware imposes not just a limit on precision, but a
fundamental limit on the scalability of the algorithms themselves. This finding reinforces the central thesis of a gap
between theory and practice, showing that the path to quantum advantage is not a simple matter of building more
qubits. This leads directly to the final set of constraints to be reviewed: the physical and computational bottlenecks

associated with the classical hardware required to control and operate the quantum processor.

2.7 Classical
Control and Decoding Bottlenecks

A quantum computer’s computational power is often critically constrained not by its quantum components, but by
the performance limitations of its classical support infrastructure. This classical hardware is responsible for

everything from generating control pulses to processing measurement outcomes and, most crucially, performing



real-time error decoding. As quantum processors scale in size, the demands placed on this classical support system
grow polynomially, creating significant thermal and computational bottlenecks that can cap the performance of the
entire hybrid system. The quantum computation, in effect, can only run as fast as its slowest classical part. This is a

critical dependency. The system is a coupled one.

Large-scale quantum processors, particularly those based on superconducting qubits, require a complex and
extensive classical control system to function. Each of the hundreds or thousands of physical qubits must be
addressed with precisely timed microwave or voltage pulses to execute gate operations and perform measurements.
In a monolithic design, this would require a corresponding number of cables running from room-temperature
electronics down into the cryogenic environment, creating what is known as the “wiring bottleneck”—an untenable

engineering challenge in terms of space, thermal load, and signal integrity.

The leading proposed solution to this wiring bottleneck, as surveyed by Strangio et al., is the development of
cryogenic CMOS (Cryo-CMOS) control circuits that are co-located with the quantum processor at low temperatures
(typically the 4K stage of the cryostat) (Strangio et al., 2023). While this architecture dramatically reduces the
number of high-bandwidth cables needed from room temperature, it trades one problem for another. These classical
integrated circuits, even when optimized for low-temperature operation, dissipate power as heat. This heat must be
removed by the cryostat, and the power dissipation of these controllers becomes a primary thermal load that scales

with the number of qubits being controlled, creating a new “thermal bottleneck” inside the refrigerator.

Simultaneously, the fault-tolerant error correction loop imposes a severe computational demand on the classical
hardware. As detailed in the review by Willsch et al., the QEC cycle requires a classical decoder to receive error
syndrome data from the quantum processor, solve a computationally hard graph-matching problem to infer the most
likely errors, and return a correction—all within the coherence time of the qubits (Willsch et al., 2022). For surface
codes on superconducting hardware, this entire feedback loop must complete in approximately one microsecond.
While specialized decoders implemented on FPGAs can meet this latency requirement for small code distances, the
computational complexity of decoding grows with the code distance and the number of logical qubits. This creates a
classical data processing bottleneck, where the throughput of the decoder can become the limiting factor on the

quantum computer’s effective clock speed.

A common counter-argument is that the performance of classical computing, guided by Moore’s Law and advances
in specialized hardware like FPGAs and ASICs, will naturally keep pace with the demands of the growing quantum
processor. This perspective suggests that just as classical computers have been able to handle the increasing data
rates of modern communication networks, they will also be able to handle the syndrome data from a large-scale
quantum computer. It posits that the decoding problem, while challenging, is ultimately a solvable classical

engineering problem that will not represent a fundamental barrier to scaling.

This argument, however, creates a paradoxical pincer movement when combined with the thermal constraints of
Cryo-CMOS. To achieve the massive parallel processing throughput required to decode for a million-qubit
processor, one would need an extremely powerful classical computer. Placing such a powerful computer inside the
cryostat to minimize latency would generate an insurmountable thermal load, as described by Strangio et
al. (Strangio et al., 2023). Conversely, moving the decoder to room temperature to manage the heat would introduce
communication latencies that violate the microsecond feedback requirement described by Willsch et al. (Willsch et
al., 2022). The need for immense classical processing power is therefore in direct conflict with the need to minimize

heat dissipation in close proximity to the quantum device.

The classical control and decoding systems thus represent a critical and often underappreciated set of physical
bottlenecks. The constraints they impose are not independent but are tightly coupled, creating a complex, multi-

variable design challenge where improvements in one area can create new problems in another. This web of



interdependencies highlights the necessity of a holistic, system-level approach to quantum computer design. To
quantitatively analyze these interactions, it is necessary to develop an integrated model that captures the feedback

loops between the quantum and classical domains, which will be the subject of the following section.

3.0

Derivation of the Integrated Thermal Equilibrium Model

3.1 Integrated Thermal
Equilibrium Model

To quantitatively investigate the systemic interplay between logical performance and physical constraints, this
analysis develops an integrated thermal equilibrium model. The central thesis of this methodological approach is
that the viability of a large-scale, fault-tolerant quantum computer can be determined by solving for its stable
operating temperature. This temperature, designated as 1", represents the equilibrium point where the total heat
generated by the computational process is precisely balanced by the heat extracted by the cryogenic cooling system.
The existence and properties of this equilibrium point provide a direct, physically-grounded measure of the system’s
stability and, by extension, its capacity for sustained, reliable computation. This model is a potent tool. It is the core

of the analysis.

This modeling approach builds upon the conceptual framework established in the literature, most notably the work
of Hofer et al., which first posited the potential for a runaway thermal catastrophe in fault-tolerant systems (Hofer et
al., 2021). While their analysis introduced the critical feedback loop between error correction and thermal noise, our
model extends this framework by incorporating additional, physically-grounded heat sources and by dynamically
calculating the required error correction overhead as a function of the system’s state. This creates a more
comprehensive and realistic simulation of the coupled electro-thermo-informational dynamics at play. The model is
not a full physical simulation but an analytical tool designed to probe the fundamental scaling relationships that

govern system viability.

The physical mechanism at the heart of the model is the search for a stable thermal fixed point. Any quantum
computational process generates heat, H gen» Which raises the system’s temperature T'. Concurrently, the dilution
refrigerator provides a cooling power, Py, that extracts heat and attempts to lower the temperature back towards
its base, 1. A stable operating point 7™ is achieved when these two competing rates are equal, thereby
necessitating a solution to the core equilibrium equation. The system’s viability is then determined by a second
condition: at this stable temperature 1™, the physical error rate of the qubits must remain below the threshold

required for effective quantum error correction.

The entire analytical framework is predicated on finding a non-trivial solution to the core equilibrium equation,
which formally expresses the balance between heat generation and cooling power. This central equation of the
model is stated as ngn(T) = P.ool (T) The functions for heat generation, ngn(T), and cooling power,
P.o (T), are not arbitrary but are derived from physical principles and empirical models, as will be detailed in the
subsequent subsections. The existence of a solution 7™ that satisfies this equality, and at which the physical error
rate pphys(T*) is less than the error correction threshold ptp, is the sole criterion for deeming a given

computational architecture viable within this model.

A valid counter-argument to this approach is that a simplified, zero-dimensional analytical model cannot possibly
capture the full complexity of a real, three-dimensional quantum processor with intricate thermal gradients and non-

uniform heat loads. A real device will not have a single, uniform operating temperature 1" but a complex



temperature distribution across the chip. This critique suggests that the model’s predictions are, at best, an
oversimplification that may miss crucial localized heating effects or other complex transport phenomena that could

dominate the system’s behavior. The model is an abstraction.

While acknowledging the validity of this critique, the purpose of the integrated thermal equilibrium model is not to
serve as a high-fidelity finite-element simulation of a specific quantum chip. Its objective is more fundamental: to
test the viability of the system’s global energy budget and to probe the scaling relationships between its core
parameters. By treating the processor as a single thermal object, the model provides a clear and unambiguous test of
whether the total, system-wide heat generation can be managed by the total, system-wide cooling capacity. If this
global energy budget is not balanced, then no amount of localized thermal engineering can make the system viable,

thereby making this a necessary, if not sufficient, a condition for scalability.

The formulation of this integrated model provides a powerful analytical lens through which the disparate physical
constraints on quantum computation can be viewed as a single, interconnected system. It translates the abstract
requirements of algorithms and error correction into the concrete currency of watts and kelvins. The subsequent
subsections will now proceed to deconstruct this core model, deriving the specific mathematical forms of its

constituent components, beginning with the crucial function for total heat generation, Hgep,.

3.2 Modeling Heat Generation

The total heat generated by the quantum computer, represented by the function H gep, is modeled as the sum of two
primary, physically distinct sources. The first is a static, temperature-independent heat load arising from the classical
control electronics required to operate the physical qubits. The second is a dynamic, temperature-dependent heat
load generated by the irreversible operations of the quantum error correction cycle itself. By separating these
components, the model can distinguish between the overhead associated with the sheer quantity of physical
components and the overhead associated with the active process of computation and error suppression. This

distinction is critical. Both are significant.

This decomposition of heat sources is grounded in the physical architecture of proposed large-scale quantum
computers. As established in the literature survey, scaling to millions of qubits necessitates the integration of
cryogenic control electronics, such as Cryo-CMOS circuits, to manage the wiring bottleneck, a point thoroughly
reviewed by Strangio et al. (Strangio et al., 2023). These classical circuits have a static power dissipation that
contributes a significant thermal load. Concurrently, the thermodynamic cost of quantum measurement, as analyzed
by Fellous-Asiani et al., confirms that the QEC process itself is an engine of entropy and heat production (Fellous-
Asiani et al., 2021). Our model synthesizes these two findings into a single, comprehensive heat generation function.
It is important to acknowledge that the linear scaling of control heat (P.,niro;) per qubit is an optimistic
simplification; in a real large-scale architecture, the power required for signal routing, clock distribution, and other

shared infrastructure would likely lead to a super-linear scaling of this overhead.

The mechanism for each heat source is distinct. The control heat, H .,,4y01, arises from the power dissipated by the
vast number of transistors in the Cryo-CMOS controllers that generate the microwave and voltage pulses for each
physical qubit, IV, q- This heat load is modeled as scaling linearly with the number of physical qubits, where Peontrol
is the average power dissipated per qubit. The QEC heat, H, gecs arises from the application of Landauer’s principle
to the ancilla reset operations within each QEC cycle. For each of the N, logical qubits, an ancilla is measured and
reset every cycle time feycle, dissipating a minimum of kT’ 1n(2) of energy as heat, making this source directly

proportional to the operating temperature 7 ".



The synthesis of these two mechanisms yields the formal expression for the total heat generation function used in

this analysis. The total heat load Hgep, is the sum of the control and QEC components, given by the equation:
Hyen, = Heontrot + Hgee = (Ng * Preontrol) + (LVL— -k BTln(2)>. In this formulation, the total number of

tcycl e

physical qubits, [Ny, is itself a dynamically calculated variable that depends on the temperature-dependent error rate,
as will be detailed later. This dependency makes the first term indirectly a function of temperature, creating a

powerful, non-linear feedback loop within the system.

A significant counter-argument is that this model omits other potentially important heat sources, such as the energy
dissipated by the microwave pulses themselves as they travel through lossy coaxial lines, or the heat generated by
the quantum gates’ non-ideal, non-adiabatic dynamics. The model simplifies the complex thermal landscape of the
processor to just two dominant terms. This critique suggests that the model’s calculation of H, gen May represent a
lower bound, and the actual heat load in a real device could be substantially higher, making the stability conditions

even more difficult to satisfy.

This simplification is a deliberate choice made to isolate the two heat sources that scale most directly and
fundamentally with the size and complexity of the fault-tolerant computation itself. The control heat scales with the
number of physical components (Nq), while the QEC heat scales with the number of logical operations (
N, / Leycle)- While other heat sources certainly exist, they are often related to engineering inefficiencies that can, in
principle, be improved. The two sources included in the model, however, are fundamental: one is the cost of control,
and the other is the thermodynamic cost of information erasure, both of which are intrinsic to the computational

paradigm.

The formulation of the heat generation function establishes the first half of the core equilibrium equation. It
quantitatively links the logical parameters of the computation (/N1,) and the physical parameters of the hardware (
Nq, P, ,tro1) to a concrete thermal output. This heat must be continuously extracted from the system. The next
subsection will therefore focus on modeling the other side of this thermodynamic balance: the cooling power of the

cryogenic system.

3.3 Modeling Cooling Power

The capacity of the quantum computer to dissipate the heat generated by its operation is modeled by the cooling
power function, P,,,;. This function, which describes the rate at which the cryogenic system can extract heat at a
given operating temperature, is not infinite and its performance is highly non-linear. For this analysis, the cooling
power of the dilution refrigerator is represented using a standard, empirically-validated quadratic model that
captures its behavior near its base temperature. This realistic modeling of the finite and temperature-dependent
nature of the cooling system is essential for accurately determining the thermal equilibrium point of the quantum

processor. The cooling power is a critical constraint. It is not a free parameter.

This approach to modeling cryostat performance is standard practice in the field of low-temperature physics and
cryogenic engineering. Dilution refrigerators, the workhorse technology for achieving the millikelvin temperatures
required by superconducting qubits, do not provide a constant cooling power. Their efficiency drops dramatically as
the temperature approaches the base temperature, 7(. The quadratic model used in this analysis is a well-established
approximation for the cooling power in this low-temperature regime, reflecting the underlying physics of the helium

isotope mixture used in the refrigeration cycle. This is a standard model.

The physical mechanism responsible for this temperature-dependent cooling power is rooted in the thermodynamics
of the 3He — *He mixture within the refrigerator’s mixing chamber. The process of cooling is achieved by driving
3He atoms from a *He-rich phase to a 3He-dilute phase, an endothermic process analogous to evaporation that

absorbs heat from the surroundings. The efficiency of this process is related to the heat capacity and osmotic



pressure of the helium mixture, which both have a strong temperature dependence at millikelvin scales. This
underlying physics gives rise to the empirically observed approximate T? scaling of the cooling power away from

the base temperature.

Based on this established physical behavior, the cooling power function is formally expressed as
Pcool(T) = a(T2 — TO2). In this equation, Ty represents the refrigerator’s base temperature, the minimum
temperature it can achieve with no external heat load, which is set to a typical value of 10 mK in the numerical
analysis. The coefficient < is a parameter that encapsulates the overall size and efficiency of the refrigerator, with a
larger «v corresponding to a more powerful cooling system. This parameter is varied in the numerical analysis to

simulate different classes of cryogenic hardware, from baseline to advanced systems.

A valid critique of this model is that the cooling power curves of real, commercial dilution refrigerators are more
complex than this simple quadratic approximation. Real curves may exhibit different scaling behaviors in different
temperature ranges and are affected by a host of factors, including the circulation rate of the helium mixture and the
thermal conductivities of the heat exchangers. Using a single, simplified formula for the entire temperature range

could lead to inaccuracies in the precise location of the calculated equilibrium temperature. This is a simplification.

While the quadratic model is indeed an approximation, it accurately captures the most critical feature of the cooling
system for this analysis: the fact that cooling power diminishes rapidly as the temperature approaches the base
temperature. It is this feature that creates the potential for thermal instability, as a small increase in heat load near 7},
can cause a disproportionately large increase in the stable operating temperature. For the purposes of testing the
fundamental stability of the system’s global energy budget, this standard and widely-used approximation is both

sufficient and appropriate, as it correctly models the essential non-linear behavior of the system.

With the formal definition of the cooling power function, both sides of the core equilibrium equation,
H e, (T) = Peooi(T'), have now been established. However, the heat generation function H e, itself depends on
the number of physical qubits, which in turn depends on the required error correction overhead. This overhead is a
direct function of the physical error rate, which is itself dependent on temperature. The next critical step in
constructing the model is therefore to formally define this feedback loop by modeling the temperature-dependence

of the physical gate error rate.

3.4 Modeling

Temperature-Dependent Error

To create a fully coupled, self-consistent model, the physical gate error rate, ppnys, is explicitly modeled as a
function of the system’s operating temperature, 7. This crucial step closes the feedback loop at the heart of the
analysis: heat generation affects temperature, and temperature, in turn, affects the error rate, which then influences
the amount of error correction required and thus the future rate of heat generation. This temperature-dependent error
model is based on an Arrhenius-like relationship, capturing the intuition that thermal fluctuations are a dominant
source of decoherence and operational faults in quantum hardware. This is the core of the feedback mechanism. The

system’s stability depends on this relationship.

The assumption that error rates increase with temperature is a foundational concept in the physics of quantum
computation. Thermal energy in the environment can manifest as stray photons in microwave cavities or as phonons
in the solid-state substrate, both of which can be absorbed by a qubit, causing unwanted excitations or dephasing.
The Arrhenius-like form is a physically motivated choice for modeling such thermally activated processes, grounded
in mechanisms like quasiparticle generation in superconductors, where the density of error-inducing quasiparticles is

exponentially suppressed at low temperatures.



The physical mechanism for this temperature dependence is modeled using a functional form analogous to the
Arrhenius equation used in chemistry to describe the temperature dependence of reaction rates. The model posits
that the total physical error rate is the sum of a baseline, intrinsic error rate, pg, and a thermally activated error
component. The intrinsic error rate pg represents the sum of all temperature-independent error sources, such as
control inaccuracies or static material defects. The thermally activated component is modeled as an exponential
term, exp(—Ea / (k BT)), where F/,, is an effective activation energy for thermal errors. This term represents the

probability that a thermal fluctuation with sufficient energy to cause an error will occur.

This physical reasoning leads to the formal expression for the temperature-dependent physical error rate:
Pphys(T') = po + exp(—Eq/(kBT)). In the numerical analysis, the intrinsic error rate Py is set to a baseline
of 1074, representing an optimistic but plausible target for a mature fabrication process. The activation energy F,
is chosen to correspond to a characteristic temperature of approximately 100 mK, which ensures that the thermal
error component becomes significant in the temperature range relevant to the operation of a dilution refrigerator.
This parameterization creates a realistic scenario where a rise in temperature from 10 mK to, for example, 30 mK

would cause a substantial and problematic increase in the physical error rate.

A significant counter-argument to this model is that it oversimplifies the complex landscape of error mechanisms in
a real quantum processor. It lumps all non-thermal errors into a single parameter, pg, and models the thermal
component with a single activation energy, . In reality, a device will have a multitude of different error channels,
each with its own distinct temperature dependence and physical origin. For example, errors from two-level-system
(TLS) defects in the substrate may have a different thermal signature than errors from quasiparticle poisoning. This
critique suggests the model’s simple functional form may not accurately capture the nuanced behavior of a real

device’s error budget.

This model of temperature-dependent error is not intended to be a comprehensive simulation of all possible
decoherence channels. Its purpose is to capture the essential, dominant dynamic: that errors increase with
temperature. The Arrhenius-like form is a standard and physically motivated way to represent such a thermally
activated process. By parameterizing it appropriately, the model creates a realistic feedback mechanism where the
system is punished for operating at elevated temperatures. This is sufficient to test the central thesis regarding
thermal stability, as the exact shape of the Pppys (T) curve is less important than the fact that it is a monotonically

increasing function of temperature.

The definition of the Pppys (T) function closes the critical feedback loop within the integrated model. Now, any
change in temperature has a direct, quantifiable impact on the physical error rate. This error rate, in turn, dictates the
level of computational effort that must be expended on quantum error correction to ensure the overall computation
succeeds. The next subsection will formalize this final link in the chain, deriving the required QEC overhead as a

dynamic function of the physical error rate.

3.5 Modeling Required Code

Distance

The required strength of the quantum error correction, parameterized by the surface code distance d, is not a fixed
input but is dynamically calculated within the model as a function of the temperature-dependent physical error rate,
Dphys- This is a critical feature of the integrated model, as it ensures that the system automatically allocates the
necessary resources to maintain fault tolerance in the face of a changing error environment. The methodology for
this calculation involves inverting the standard logical error rate formula for the surface code to solve for the
minimum code distance required to ensure the total probability of computational failure remains acceptably low.
This makes the QEC overhead a direct consequence of the system’s thermal state. This is a crucial step. The model

is now fully coupled.



The foundational theory of fault-tolerant quantum computation requires that the logical error rate be sufficiently low
to ensure that the probability of an uncorrectable error occurring throughout the entire computation is small. For a
long and complex algorithm like Shor’s, which may involve trillions of logical operations, this necessitates an
extremely low logical error rate per gate or per QEC cycle. The relationship between the physical error rate, the code
distance, and the resulting logical error rate is a central topic of QEC theory, with the work of Fowler et

al. providing the standard approximate formula for the surface code (Fowler et al., 2012).

The mechanism for this calculation begins by establishing a budget for the total probability of computational failure.
We set a requirement that the total probability of at least one logical error occurring during the entire computation
must be less than 50%. For a computation involving a total of Nop logical operations, this implies that the logical
error rate per operation, pr,, must satisfy the inequality Nop - pr, < 0.5. The logical error rate for the surface code
is approximated by the formula pr, ~ 0.03 - (pphys / pth)(d+1)/ 2 where Pptn is the code’s error threshold
(assumed to be 1%). By substituting the requirement for py, into this formula, we obtain an inequality that can be

solved for the minimum required code distance d.

The formal derivation, as detailed in Appendix A, involves algebraic manipulation of this inequality. Taking the
logarithm of both sides and rearranging the terms to solve for d yields the following expression for the required

. , In(16.67/N,,)
code distance: d > 2—ln(pphys T

floating-point value and rounds it up to the next odd integer, with a minimum value of 3. This calculation ensures

— 1. Since the code distance must be an odd integer, the model calculates this

that for any given physical error rate pPphys, the model determines the precise level of error correction overhead

needed to maintain the integrity of the computation.

A valid counter-argument is that this formula for the logical error rate is an approximation that is only accurate in the
limit of low physical error rates. The constant factor (0.03) and the exact scaling exponent can vary depending on
the specific details of the decoder and the noise model. Using a single, simplified formula might lead to an underor
over-estimation of the required code distance compared to a more detailed numerical simulation of the code’s

performance. The true relationship is more complex.

While the formula is indeed an approximation, it is a standard and widely-used one in the field for performing
resource estimations, as it correctly captures the essential exponential relationship between the code distance and the
suppression of logical errors. For the purpose of this model, which is to probe the fundamental scaling relationships,
this level of accuracy is sufficient. The core insight—that a higher physical error rate demands an exponentially
stronger (and thus more resource-intensive) error-correcting code—is correctly represented by this methodology,

and small inaccuracies in the constant factors would not change the qualitative conclusions of the analysis.

By dynamically calculating the required code distance, the model now fully connects the thermal state of the
processor to the physical resources it must consume. A higher operating temperature leads to a higher physical error
rate, which now automatically triggers the requirement for a larger code distance. This larger code distance, in turn,
implies a greater number of physical qubits are needed to encode each logical qubit. The next and final piece of the

model is to formalize this last link, explicitly modeling the total physical qubit overhead.

3.6 Modeling Physical Qubit
Overhead

The total number of physical qubits, IV, ¢» required for the computation is modeled as a direct function of the number
of logical qubits, N1, and the dynamically calculated code distance, d. This step quantifies the primary resource
cost of fault tolerance, translating the abstract requirement for error suppression into a concrete number of physical

components. For this analysis, the model employs the standard quadratic scaling law for the surface code, which



dictates that the physical qubit overhead grows with the square of the code distance. This quadratic scaling is a key
driver of the immense resource requirements for large-scale fault-tolerant quantum computation. This is a critical

scaling law. It is the source of the problem.

The concept of physical qubit overhead is central to the theory of quantum error correction. Because it is impossible
to perfectly protect a single physical qubit from noise, fault tolerance is achieved through redundancy—encoding the
information of one ideal logical qubit across a large, entangled state of many physical qubits. The specific ratio of
physical to logical qubits is determined by the chosen error-correcting code and the desired level of error
suppression. The foundational architectural work on the surface code by Fowler et al. provides the specific scaling

relationship used in this model (Fowler et al., 2012).

The physical mechanism behind the quadratic scaling of the surface code lies in its two-dimensional grid-like
structure. A distance-d surface code is implemented on a grid of approximately d X d data qubits, along with a
similar number of ancillary qubits for syndrome measurements. The code’s ability to correct errors is related to its
ability to distinguish non-trivial error chains from trivial ones, and the length of the shortest non-trivial error chain is
equal to the code distance d. To increase the code distance, the grid must be expanded in both of its dimensions,

leading to a total number of physical qubits that scales approximately as the area of the grid, or d>.

The formal expression for the physical qubit overhead, as established by Fowler et al. and used in this model, is
Nq =Ny, - 2d? (Fowler et al., 2012). The factor of 2 accounts for the two types of stabilizers (X and Z) in the
surface code, and the d? term represents the quadratic scaling with code distance. This equation is a direct input into
the heat generation function, H g, as the term for control heat, H psro1, is calculated as Ny + Propipor. This
creates the final link in the model’s feedback loop: a higher temperature requires a larger d, which leads to a

quadratically larger N, which in turn generates significantly more control heat, further driving up the temperature.

The primary counter-argument, as noted previously, is that this quadratic scaling is specific to the surface code and
that future, more advanced codes may offer a more favorable, perhaps even linear, scaling of overhead with code
distance. This critique posits that by focusing solely on the surface code, the model may be presenting an overly
pessimistic view of the resource requirements for fault tolerance. If a breakthrough in gqLDPC codes were to yield a
practical code with linear scaling, the conclusions of this model could be significantly altered. The model is limited

by this assumption.

This model’s focus on the surface code is a deliberate choice based on technological maturity and the consensus in
the field. The surface code is, by a wide margin, the most well-studied, best-understood, and architecturally simplest
paradigm for fault tolerance, and it forms the basis of nearly all concrete, large-scale resource estimations in the
literature. While qLDPC codes are theoretically promising, they face significant unresolved challenges related to
decoder complexity and hardware implementation. Therefore, to provide a realistic and grounded assessment of the
challenges based on current, viable technology paths, the surface code’s quadratic scaling remains the most

appropriate and defensible assumption.

The modeling of the physical qubit overhead completes the construction of the integrated thermal equilibrium
model. All the constituent components—heat generation, cooling power, temperature-dependent error, required code
distance, and physical qubit count—have now been formally defined and interconnected. The final step in the
methodology is to assemble these components into the single, unified equilibrium equation and to define the specific

parameters of the numerical simulation that will be used to solve it.

3.7 Equilibrium

Equation and Simulation Parameters



The culmination of the methodological development is the assembly of the final, fully-coupled equilibrium equation
and the definition of the simulation parameters used to solve it. The system’s viability is determined by the existence
of a stable, non-trivial solution to this equation, which represents the thermal fixed point where the quantum
computer can operate sustainably. The numerical analysis, implemented in the Python script detailed in Appendix B,
solves this equation for seven distinct models, each representing a different point in the parameter space of logical
qubit count and cooling efficiency. This final step translates the theoretical model into a concrete numerical

experiment designed to probe the boundaries of fault-tolerant computation.

This approach of numerically solving a complex, non-linear equilibrium equation is a standard technique in many
fields of physics and engineering for analyzing the stability of complex systems. By integrating all the previously
derived sub-models into a single equation, we create a tool that can predict the emergent, system-level behavior that
arises from the interplay of its constituent parts. This holistic approach is necessary because the feedback loops
within the system make it impossible to predict its behavior by analyzing any single component in isolation. The

system is more than the sum of its parts.

The final equilibrium equation is constructed by substituting all the derived expressions into the core equality,
Hgyen (T) = Pcool(T)- This results in a single, highly non-linear equation for the stable operating temperature,
T™. The full equation, as implemented in the numerical analysis script, implicitly contains the dependencies of heat
generation on the physical qubit count, which in turn depends on the code distance required to correct for the
physical error rate at that very temperature I"*. The numerical solver iteratively searches for a temperature 7™ that
satisfies this self-consistent condition. The system is only deemed viable if such a solution exists and if the physical

error rate at that temperature, Pppys (T*), remains below the QEC threshold, pyp,.

The computational implementation of this methodology is the Python script, ThermalEquilibriumSystem, provided
in Appendix B. This script formally encodes the mathematical model and uses a numerical search algorithm to find
the stable operating temperature for a given set of input parameters. The script was executed for seven distinct
analytical models, designated by their respective model names. These models were designed to test the system’s
response to increasing scale and varying hardware capability, with the number of logical qubits /N1, ranging from 10
to 10,000, and the cooling efficiency coefficient @ varying to represent baseline, degraded, and advanced cryogenic
systems. It must be stressed that the value for control power dissipation, P,ontrof, Was set to an extremely optimistic
1 nW/qubit, a value likely orders of magnitude lower than what is achievable with current Cryo-CMOS technology.
This choice was made to intentionally give the model the best possible chance of finding a stable thermal

equilibrium, thereby making any prediction of instability more robust.

A potential critique of the numerical method is that a simple search algorithm might fail to find a stable solution
even if one exists, or it might converge to an unstable or physically irrelevant fixed point. The stability and
uniqueness of the solution to such a complex, non-linear equation are not guaranteed. A more sophisticated
numerical analysis would involve a full stability analysis of the fixed points to ensure that the identified solution

represents a truly stable equilibrium that the system would naturally evolve towards.

The numerical solver implemented in the analysis is designed to be robust for the purposes of this analysis. It
searches for the lowest-temperature, non-trivial stable point, which corresponds to the most favorable physical
operating condition. The primary goal is not to map out the entire phase space of the system’s dynamics, but to
answer a simpler, more critical question: does at least one viable operating point exist? The clear and consistent
results produced by the solver across the seven models suggest that it is effective in identifying the system’s general

behavior and its ultimate scaling limitations.



With the complete methodology now established and the simulation parameters defined, the stage is set for the core
analysis of the investigation. The seven analytical models, spanning a wide range of scales and capabilities, provide
a structured path for exploring the parameter space of fault-tolerant quantum computation. The next section, Section
4.0, will present and interpret the results of this numerical analysis, using the output from the simulation to draw
concrete conclusions about the thermodynamic and informational bottlenecks that constrain the future of this
technology.

4.0

Numerical Analysis of System Viability Under Scaling

To quantitatively probe the boundaries of fault-tolerant quantum computation, a numerical analysis of the integrated
thermal equilibrium model was performed. The selection of the seven computational models for this analysis was
not arbitrary; they were constructed to represent the minimum necessary set of configurations to map the system’s
thermodynamic phase space. This set was designed to trace a trajectory from an idealized, low-scale baseline (Ideal
Low-Scale) through progressively more demanding scenarios of qubit load (Early Fault-Tolerant Scale, High Qubit
Load A, High Qubit Load B), and finally to probe the system’s sensitivity to its core physical constraints by varying
cooling efficiency (Degraded Cooling, Advanced Cooling) and pushing the entire architecture to its theoretical
breaking point (Extreme Stress Limit). This deliberate progression allows for a systematic exploration of the scaling
laws and feedback mechanisms that govern the system’s viability, moving from a stable regime to the precipice of
catastrophic failure.

4.1 Ideal Low-Scale System

The initial numerical analysis, corresponding to the ideal low-scale system, confirms that at a modest scale of ten
logical qubits (/N7, = 10) and under conditions of optimal cooling efficiency (o« = 1.0), the integrated thermal
model predicts a state of profound thermal stability. This outcome is characterized by a negligible increase in the
processor’s operating temperature above the cryostat’s base temperature. The model’s behavior in this non-stressful
regime serves as a crucial validation of its internal logic and physical assumptions. It demonstrates that, in the
absence of overwhelming thermal loads, the system correctly converges to a viable and low-entropy operating point.

This result is foundational. It establishes a baseline for subsequent, more complex scenarios.

This inaugural scenario was explicitly designed to function as a sanity check for the complex, non-linear equations
that constitute the thermal equilibrium model. By parameterizing the system with a small number of logical qubits
and a highly efficient cooling system, this test case creates a condition where the expected outcome is unambiguous
stability. The purpose of this model is not to generate a surprising result, but rather to verify that the computational
framework behaves as predicted in a well-understood, low-load limit. This verification provides the necessary
confidence to trust the model’s predictions when it is pushed into more extreme and counter-intuitive regions of its

parameter space, where the interplay of scaling laws becomes far more complex.

The physical mechanism underpinning this profound stability is a straightforward imbalance between heat
generation and cooling capacity. At this small scale, the total number of physical qubits required for fault tolerance
is comparatively low, which in turn minimizes the two primary sources of heat. The static heat load from the control
electronics, which scales linearly with the physical qubit count, remains minimal. Concurrently, the dynamic heat
load from the quantum error correction cycles, which scales with the number of logical qubits, is also modest. The
combination of these two small heat sources produces a total thermal load, H, gen, that is several orders of magnitude

smaller than the available cooling power, P,,,;, provided by the idealized, high-efficiency refrigerator.



To quantify the system’s state, a numerical analysis of the equilibrium equation was performed. The computational
model indicates that the system settles into a stable operating temperature of approximately 10.02 mK (see
Appendix B). This value represents a temperature increase of only 0.02 mK above the refrigerator’s base
temperature of 7 = 10 mK, a deviation that is practically negligible. At this temperature, the physical error rate
remains extremely low, necessitating a dynamically calculated code distance of d = 15 to ensure fault tolerance.
This, in turn, implies a total physical qubit count of N, = 11, 520. The model’s verdict for this configuration is

unequivocally stable, confirming that the system can easily dissipate its generated heat.

A reasonable counter-argument is that this result is trivial and offers no new insight into the challenges of scalable
quantum computation. The stability of a small-scale system under ideal conditions is an obvious and expected
outcome. From this perspective, the analysis of this model does not contribute to the central thesis of the paper, as it
fails to expose any of the promised bottlenecks or scaling failures. The critique holds that this scenario is so far
removed from the scale of a cryptographically relevant quantum computer that its conclusions are irrelevant to the

core problem of physical realizability.

While the outcome of this initial analysis is indeed expected, its role is not to be revelatory but to be foundational.
The triviality of the result is precisely what makes it valuable as a baseline. By confirming that the model’s intricate
system of coupled non-linear equations produces the correct, simple answer in the simple case, we establish the
credibility of its mathematical and computational implementation. This successful validation of the model’s
behavior in a known regime is a prerequisite for extending its application to the analysis of more complex, large-

scale systems where the results are not intuitively obvious.

The confirmed stability of this ideal low-scale system provides a validated and reliable starting point for a
systematic exploration of the parameter space. It establishes a benchmark of performance against which all
subsequent, more stressful scenarios can be compared. Having verified the model’s integrity, the analysis will now
proceed to the next logical step: examining the system’s response to a significant increase in its computational load
by scaling the number of logical qubits by an order of magnitude. This will begin to probe the onset of the non-

linear scaling effects that are central to this investigation.

4.2 Early Fault-Tolerant Scale

The analysis of the early fault-tolerant scale system, which models a processor with one hundred logical qubits (
Ny, = 100), demonstrates that the architecture remains thermally stable even under this ten-fold increase in
computational load, albeit with a noticeable increase in thermal pressure. This scenario, designed to be analogous to
the scale of a first-generation logical processor, reveals the initial onset of the non-linear scaling challenges that
define the gap between near-term and fault-tolerant computation. The system successfully finds a stable equilibrium,
but the quantitative details of this equilibrium begin to expose the steep resource costs associated with scaling. This

is a critical juncture. The system still works, but the cracks are beginning to show.

This second model serves as a test of the system’s resilience to a substantial increase in the number of logical qubits,
representing a scale that is at the forefront of current experimental efforts in building logical processors. While no
device with one hundred fully error-corrected logical qubits exists today, this scale is a common target in near-term
roadmaps. This scenario therefore provides a glimpse into the thermodynamic realities that will confront the next
generation of fault-tolerant prototypes. The cooling system in this model is parameterized with a baseline efficiency

(a = 0.5), representing a standard, commercially available dilution refrigerator rather than an idealized one.

The physical mechanism driving the system’s response in this scenario is the super-linear growth of the heat load,
which now becomes a more significant fraction of the available cooling power. The ten-fold increase in logical
qubits from Nz, = 10 to N1 = 100 triggers a more than ten-fold increase in the required number of physical

qubits, due to the complex relationship between the total operation count and the required code distance. This larger



number of physical qubits, in turn, generates a substantially higher static heat load from the control electronics. This
increased heat generation forces the system to find a new thermal equilibrium at a slightly higher operating

temperature, where the refrigerator’s cooling power is greater.

To quantify this effect, a numerical analysis of the model was performed. The computational model reveals that the
system stabilizes at an operating temperature of approximately 10.05 mK (see Appendix B). While this represents
only a small absolute increase over the ideal model’s 10.02 mK, the underlying resource requirements have grown
substantially. The total number of physical qubits, IV, ¢> required to maintain fault tolerance for this 100-logical-qubit
system is calculated to be 128, 000. The model’s verdict remains stable, but the slight rise in temperature, coupled
with the now six-figure physical qubit count, serves as a clear quantitative indicator of the escalating resource
demands and the onset of the non-linear scaling effects predicted by the thesis.

A pertinent counter-argument is that this model remains overly optimistic and that a real 100-logical-qubit system
would face far greater challenges than this purely thermodynamic analysis suggests. A physical device of this scale
would be plagued by issues such as control signal crosstalk, frequency crowding, and the high probability of
correlated error events that are not captured by the model’s simplified, temperature-dependent error function. This
critique holds that the model’s prediction of stability is an artifact of its own simplifications and that in reality, such

a system would likely fail due to information-theoretic bottlenecks long before it encountered a thermal one.

This model does not dispute the existence or importance of these other physical constraints. Its purpose is to isolate
and quantify the thermodynamic bottleneck specifically. The fact that the model predicts stability at this scale, even
under its own optimistic assumptions, is itself an important finding. It reveals that while the thermal load is
becoming significant, it is not yet the primary limiting factor for a system of this size. The model’s results, therefore,
implicitly support the counter-argument by suggesting that other, non-thermodynamic failure modes—such as the
classical decoding bottleneck as analyzed by Willsch et al.—would likely become critical before a thermal

catastrophe occurs at this particular scale (Willsch et al., 2022).

The stability of the early fault-tolerant scale system, coupled with the clear evidence of non-linear scaling in its
resource requirements, marks an important waypoint in the analysis. It demonstrates that while the thermodynamic
ceiling has not yet been reached, the system is moving discernibly closer to it. The analysis must now push further
into the parameter space to find the point at which this thermal stress becomes a critical, system-defining constraint.
The next logical step is to increase the computational load by another order of magnitude, moving into a regime that

approaches the scale required for truly complex and useful quantum algorithms.

4.3 High Qubit Load A

The analysis of the high qubit load A model, which simulates a system of one thousand logical qubits (
N1, = 1000), reveals that while the architecture remains mathematically stable, it is now under significant thermal
stress. The stable operating temperature begins to rise to a degree that has tangible consequences for the physical
error rate and the required error correction overhead. This scenario, which represents a scale approaching that
needed for certain practical quantum simulations or smaller instances of optimization algorithms, demonstrates that
the thermodynamic bottleneck is no longer a distant theoretical concern but an immediate and dominant factor in the
system’s design and performance. The margins for error are shrinking rapidly. The system is now operating closer to

its physical limits.

A system with one thousand logical qubits represents a major milestone in the roadmap for fault-tolerant quantum
computing, a scale at which a quantum computer could begin to tackle problems of genuine commercial or scientific
interest. However, achieving this scale requires an immense number of physical qubits. Within the framework of our

model, this logical qubit count translates into a requirement for over 1.4 million physical qubits, a number that



pushes the boundaries of any currently conceived fabrication or integration strategy. This scenario therefore tests the
thermodynamic viability of a system that is at the very edge of what is considered plausible in long-term

architectural planning.

The physical mechanism driving the system’s behavior at this scale is the now-dominant heat load generated by the
classical control electronics. The static power dissipation from controlling over 1.4 million physical qubits, even
with the model’s highly optimistic assumption of only one nanowatt per qubit (P.ontro1 = 1079 W), becomes a
substantial fraction of the refrigerator’s total cooling capacity. This massive, constant influx of heat forces the
system’s equilibrium point to a significantly higher temperature. At this elevated temperature, the refrigerator can
provide the greater cooling power necessary to balance the heat load, but this comes at the cost of operating in a

much noisier thermal environment.

To precisely quantify this operating point, a numerical analysis of the model was conducted. The computational
model indicates that the system finds a stable equilibrium at an operating temperature of approximately 10.23 mK
(see Appendix B). This represents a more than four-fold increase in the temperature deviation from the base
temperature compared to the previous, 100-logical-qubit model. The total number of physical qubits required to
sustain this computation is calculated to be a staggering 1,458, 000. While the model’s final verdict is still stable,
the significant temperature rise is a clear and unambiguous signal that the system is now operating under
considerable thermal strain, with its performance being actively constrained by the limits of its cryogenic

environment.

A crucial counter-argument at this stage is that the model’s prediction of stability is entirely contingent on its
optimistic parameterization of the control power, P.,,tro;. The assumption of one nanowatt per qubit is at the
extreme low end of projections for Cryo-CMOS technology, as detailed in the survey by Strangio et al. (Strangio et
al., 2023). A more realistic, or even slightly pessimistic, value for this parameter—for example, 10 nW per qubit—
would increase the total heat load by an order of magnitude. Such an increase would almost certainly push the
system into a runaway thermal catastrophe, causing the model to predict failure. The critique, therefore, is that the

model’s stability is an artifact of an unrealistic best-case assumption.

This critique is not only valid but is central to the interpretation of this model’s result. The model’s prediction of
stability should not be taken as a declaration that a million-qubit machine is thermodynamically viable. Instead, it
should be interpreted as a sensitivity analysis that highlights the extreme and critical dependence of the entire
architecture’s viability on the power efficiency of its classical control electronics. The result demonstrates that for a
system of this scale to even be theoretically possible, the power dissipation per qubit must be reduced to a level that

is at the very frontier of what is considered achievable in cryogenic semiconductor physics.

The analysis of this high-load scenario thus serves to sharpen the central thesis of the investigation. It shows that as
the system scales, its stability becomes exquisitely sensitive to the performance of its constituent physical
components. The boundary between a viable and a non-viable architecture is not a broad and forgiving space but a
narrow precipice defined by hard physical limits. To further explore this precipice, the analysis must now proceed to

the ultimate stress test: scaling the system to the size required to execute Shor’s algorithm and break modern

cryptography.
4.4 High Qubit Load B - Shor’s
Scale

The analysis of the system at the scale required to execute Shor’s algorithm for a 2048-bit integer, involving 4096
logical qubits (N7, = 4096), reveals a counter-intuitive and critically important result: the purely thermodynamic

model continues to predict a stable thermal equilibrium. However, this mathematical stability is, in fact, a false



positive that serves as the strongest evidence of the model’s own insufficiency and points directly to the existence of
more severe, non-thermodynamic bottlenecks. The system’s predicted operating temperature increases substantially
by 10%, but its failure to predict a thermal catastrophe at this immense scale demonstrates that other physical
constraints must become the primary limiting factor long before a simple heat death occurs. This is a pivotal finding.

The model’s failure is its success.

This scenario directly confronts the thermodynamic viability of a cryptographically relevant quantum computer, the
canonical benchmark for disruptive quantum advantage. Based on the model’s internal logic, a system with 4096
logical qubits requires a staggering 6.5 million physical qubits to achieve the necessary level of fault tolerance. This
represents a computational architecture of almost unimaginable complexity and scale, far beyond any existing or
planned experimental device. This model, therefore, serves as a theoretical stress test of the ultimate limits of the

superconducting paradigm as it is currently understood.

The physical mechanism within the simulation continues to follow the established pattern. The immense heat load
generated by the control electronics for over six million physical qubits, combined with the QEC heat from the 4096
logical qubits, creates a total power dissipation that is a very significant fraction of the refrigerator’s cooling
capacity. To find equilibrium, the system must stabilize at an even higher temperature where the T2 dependence of
the cooling power provides the necessary heat extraction rate. This forces the system to operate in a significantly
noisier thermal environment, which in turn demands a higher code distance to compensate, further increasing the

physical qubit count and associated heat load in a self-reinforcing cycle.

To determine the final state of this cycle, a numerical analysis of the equilibrium equation was performed. The
computational model finds a stable operating point at a temperature of 11.00 mK (see Appendix B). This represents
a full 10% increase over the refrigerator’s base temperature of 10 mK. The total number of physical qubits required
at this elevated temperature is calculated to be 6,553, 600. Despite the immense scale and the significant
temperature rise, the model’s verdict is that the system remains stable, as the final temperature is still low enough

that the physical error rate is below the correctable threshold of the surface code.

The most potent counter-argument to this result is that the model’s prediction of stability is a clear artifact of the
physical constraints it omits. A real quantum computer of this scale would not function. The model contains no
representation of the classical decoding bottleneck, the probability of correlated error events, the challenges of
routing control signals to millions of qubits, or the sheer difficulty of fabricating such a large and perfect device. The
critique is that by focusing solely on the thermodynamic balance, the model ignores the more immediate and
catastrophic failure modes that would arise from these other, more practical engineering and information-theoretic

challenges.

This critique is not only correct but is the central lesson to be drawn from this specific simulation. The model’s false
positive prediction of stability is its most valuable output. It proves that if one considers only the thermodynamic
constraints under a set of optimistic assumptions, the system appears mathematically viable. This very fact forces
the conclusion that the true, dominant bottlenecks must lie elsewhere. The work of Willsch et al. on the real-time
decoding challenge becomes particularly salient here; the classical computational task of processing the error
syndromes from over six million physical qubits in under a microsecond is a problem of such immense scale that it
would represent a supercomputing challenge in its own right, and it is this bottleneck that the current model fails to
capture (Willsch et al., 2022).

The analysis of the Shor’s-scale model thus serves as a crucial turning point in the investigation. It demonstrates the
limitations of a purely thermodynamic viewpoint and highlights the necessity of considering the full, coupled system

of quantum hardware, classical control, and thermodynamic infrastructure. The system does not fail due to a simple



heat death, but due to a more complex, systemic collapse. To further probe the sensitivity of the thermodynamic
component of this system, the next analysis will investigate how this already precarious thermal equilibrium

responds to a significant degradation in the performance of the cryogenic cooling system.

4.5 Degraded Cooling

The analysis of the degraded cooling model, which simulates the Shor’s-scale system but with a five-fold reduction
in cooling efficiency (¢ = 0.1), demonstrates the extreme sensitivity of the architecture’s thermal stability to the
performance of its support infrastructure. Under this constraint, the system is forced to seek equilibrium at a much
higher stable operating temperature of nearly 15 mK. This significant temperature increase pushes the processor
into a much noisier thermal regime, thereby necessitating a larger error-correcting code and a corresponding increase
in physical qubit count. This scenario reveals that the system possesses very little thermodynamic margin for error.

The stability is fragile.

This model is designed to simulate a scenario where the cryogenic system is either less efficient than the baseline
assumption or is being operated at the very edge of its specified capacity. A reduction in the cooling coefficient
from 0.5 to 0.1 represents a significant, but plausible, degradation in performance. This could arise from
engineering imperfections, aging of the cryogenic components, or simply from an under-provisioning of the cooling
infrastructure relative to the computational load. This test therefore probes the system’s robustness against real-

world imperfections in its physical support hardware.

The physical mechanism at play is a direct consequence of the reduced cooling power. With a smaller value of ¢,
the Pcool(T) = Oz(T2 - T02) function yields a much lower cooling power for any given temperature increase
above the base T{. To dissipate the same immense heat load generated by the Shor’s-scale computation, the system
must therefore allow its temperature to rise to a much higher value. It is only at this elevated temperature that the
T? dependence of the cooling power can compensate for the reduced efficiency coefficient, allowing the system to

find a new, but far less favorable, thermal equilibrium point.

To quantify the impact of this degraded cooling, a numerical analysis of the model was performed. The
computational model indicates that the system now stabilizes at an operating temperature of 14.87 mK (see
Appendix B). This represents a nearly 50% increase over the refrigerator’s base temperature and a jump of almost
4 mK compared to the baseline Shor’s-scale model. This higher temperature increases the physical error rate, which
in turn forces the required code distance to increase from d = 17 to d = 19 to maintain fault tolerance. This

larger code distance results in a substantial increase in the total physical qubit count, which rises to

N, = 7,372, 800.

A potential counter-argument is that even at nearly 15 mK, the operating temperature is still well below the
characteristic energy scale of the superconducting qubits (typically corresponding to temperatures of several
hundred millikelvin or higher). From this perspective, such a temperature increase, while significant, may not be
sufficient to push the physical error rate above the fault-tolerance threshold. The critique would hold that as long as
the system remains below the temperature at which thermal errors become the dominant error mechanism, this shift

in the operating point is not catastrophic.

This argument misunderstands the exponential sensitivity of the resource overhead to the physical error rate. The
problem is not that the 14.87 mK temperature is intrinsically too high, but that the corresponding increase in the
physical error rate, however small, necessitates a larger code distance. This larger code distance then triggers a
quadratic increase in the required number of physical qubits. The analysis demonstrates this cascade clearly: the
degraded cooling leads to a requirement for an additional 800,000 physical qubits. This result vividly illustrates that
even small degradations in the performance of the classical support infrastructure can have a massive, amplified

impact on the required quantum resources.



The extreme sensitivity of the system’s operating point and resource requirements to the efficiency of its cooling
system underscores the fragility of the entire architecture. It suggests that building a viable, large-scale quantum
computer is not just about producing high-quality qubits, but also about engineering a classical support
infrastructure with an unprecedented degree of performance and reliability. Having demonstrated the severe
consequences of degraded cooling, the logical next step in the analysis is to investigate the opposite scenario: to

what extent can an improvement in cooling technology alleviate the immense thermal pressure on the system?

4.6 Advanced Cooling

The analysis of the advanced cooling model, which simulates the Shor’s-scale system with a doubling of the cooling
efficiency (a = 1.0), yields a crucial and sobering insight: even a significant improvement in cryogenic
technology provides only a marginal benefit to the system’s thermal stability. The stable operating temperature is
reduced by a mere 0.5 mK compared to the baseline scenario. This result demonstrates a principle of diminishing
returns, where large, linear improvements in the cooling infrastructure fail to produce a correspondingly large
reduction in the system’s operating temperature. This finding strongly suggests that the thermodynamic bottleneck

cannot be solved by simply building bigger and better refrigerators. The problem is more fundamental.

This scenario is designed to model the impact of a potential future breakthrough in cryogenic engineering. A
doubling of the cooling efficiency coefficient & from the baseline of 0.5 to 1.0 represents a substantial leap in
refrigeration capacity, equivalent to what might be achieved through the development of a new generation of
dilution refrigerators or novel cooling techniques. This test, therefore, probes the best-case scenario for thermal
management, assessing the extent to which a purely engineering-led solution can mitigate the heat load generated by

a large-scale quantum computation. The results are not promising.

The physical mechanism responsible for this limited improvement lies in the extremely steep, non-linear nature of
the heat generation function, H gen(T). At the scale of millions of physical qubits, the total heat load is immense.
While the more powerful cooling system can indeed extract this heat at a lower temperature than the baseline
refrigerator, the sheer magnitude of the heat being generated means that the equilibrium point does not shift
dramatically. A large increase in the cooling power available at any given temperature results in only a small
decrease in the final equilibrium temperature required to balance the massive and relatively constant heat input from

the control electronics.

To quantify this effect of diminishing returns, a numerical analysis of the model was performed. The computational
model indicates that even with the advanced cooling system, the processor still stabilizes at an operating temperature
of 10.51 mK (see Appendix B). This is only a minor improvement over the 11.00 mK stable temperature found in
the baseline Shor’s-scale model. The total number of physical qubits required remains unchanged at 6, 553, 600,
as this small temperature difference is not sufficient to allow for a reduction in the required code distance. The

model’s verdict is, of course, stable, but the minimal impact of a major infrastructure upgrade is the key finding.

A counter-argument could be made that any improvement, however small, is beneficial and contributes to the overall
stability and performance margin of the system. A reduction of 0.5 mK in the operating temperature, while
seemingly minor, does lower the physical error rate and provides a slightly larger buffer against thermal fluctuations
or other unforeseen heat loads. From this perspective, the result should be viewed not as a failure, but as a
confirmation that improvements in cooling technology do, in fact, help, and that continued investment in this area is

a valid and necessary part of the path to scalable quantum computation.

This interpretation, however, misses the crucial point of scale and efficiency. The analysis demonstrates that a 100%
improvement in the performance of the cooling system yields less than a 5% improvement in the final operating
temperature. This dramatic illustration of diminishing returns strongly indicates that a strategy of simply applying

brute-force cooling to the problem is not economically or technologically scalable. The fundamental issue is the



magnitude of the heat load itself. The result suggests that the more effective path to thermal stability is not to build
ever-more-powerful refrigerators, but to radically reduce the heat being generated by the quantum and classical

components in the first place.

The limited impact of advanced cooling reinforces the conclusion that the thermodynamic bottleneck is a systemic
problem rooted in the architecture’s intrinsic power dissipation, not merely a limitation of current cryogenic
hardware. The analysis has now explored the system’s behavior across a wide range of scales and hardware
capabilities. The final step is to push all parameters to their most extreme values, in a final stress test designed to

find the absolute breaking point of the model and, in doing so, to reveal its ultimate lesson.

4.7 Extreme Stress Limit

The final analysis of the extreme stress limit model, which combines a massive computational load of ten thousand
logical qubits (/Nz = 10,000) with a degraded cooling system (a = 0.1), produces the most critical and
revealing result of this entire investigation: the model predicts a stable thermal equilibrium. This false positive
outcome is the strongest possible evidence of the model’s own inherent limitations and, by extension, of the fact that
the true bottlenecks to scalable quantum computation are not purely thermodynamic. The model’s failure to predict a
thermal catastrophe under these patently unsustainable conditions proves that other, more severe, non-
thermodynamic failure modes must dominate the system’s behavior at this scale. This is the model’s ultimate

success.

This scenario was explicitly designed to push the integrated thermal model to its breaking point. It combines the
largest logical qubit count of any model in the analysis with the poorest cooling efficiency, creating a worst-case
scenario for thermal management. The resource requirements calculated by the model for this configuration are
astronomical, involving nearly twenty million physical qubits, a number that aligns with the upper-end estimates for
a cryptographically relevant quantum computer, such as the one proposed by Gidney and Ekera (Gidney & Ekerd,
2021). This model therefore represents a direct test of the thermodynamic viability of the most ambitious

architectural proposals.

Within the confines of the simulation, the physical mechanism remains the same, but is pushed to an absurd
extreme. The immense heat load from the control electronics for nearly 20 million physical qubits, combined with
the QEC heat from 10,000 logical qubits, can only be balanced by the degraded cooling system at a very high
equilibrium temperature. The system is forced to operate in a hot, noisy environment, which in turn demands an
extremely large code distance to maintain fault tolerance, further increasing the physical qubit count and the

associated heat load in a powerful, self-reinforcing feedback loop.

The numerical analysis of this extreme scenario yields a stable operating temperature of 22.28 mK (see Appendix
B). At this elevated temperature, the model calculates that a code distance of d = 31 is required to suppress the
high physical error rate, leading to a total physical qubit count of Vg = 19,440, 000. Despite the extreme
parameters and the significantly elevated operating temperature, the final physical error rate at 22.28 mK remains
just below the surface code’s theoretical error threshold. Consequently, the model’s verdict, based on the axioms it

was given, is that the system is stable.

The only possible counter-argument to the interpretation of this result is that the model is simply solving the
equations it was programmed with and that the output is mathematically correct based on its inputs and assumptions.
From a purely formalistic perspective, the model has not failed; it has performed its function correctly. This view
would hold that one cannot criticize a model for not capturing physics that was explicitly excluded from its design.
The model is doing its job.



This formalistic defense is precisely the point. The model’s mathematically correct false positive is the critical result
because it proves, by reductio ad absurdum, that a purely thermodynamic analysis is insufficient to capture the true
failure modes of a large-scale quantum computer. A real 20-million-qubit system would fail catastrophically long
before reaching this thermal equilibrium. As established by the work of Willsch et al., it would be limited by the
classical decoding bottleneck; the classical co-processor would be utterly incapable of processing the trillions of
error syndromes generated per second by such a machine (Willsch et al., 2022). Furthermore, at this scale, the
probability of large-scale, correlated error events that are uncorrectable by the surface code would become a

certainty.

The extreme stress limit analysis, therefore, serves as the capstone of this investigation. It demonstrates that while
thermodynamics imposes a significant and non-trivial constraint, it is not the most immediate or most severe
bottleneck for architectures at the scale required for disruptive quantum advantage. The true limitation is systemic,
arising from a cascade of interconnected physical, informational, and classical computational constraints. The
model’s ultimate lesson is that the path to scalable quantum computation requires a holistic, co-design approach that
simultaneously optimizes the quantum hardware, the classical control system, and the thermodynamic environment,

as a failure in any one of these domains will inevitably lead to a collapse of the entire system.

5.0 Synthesis and Final

Conclusion

This investigation has quantitatively demonstrated that a fundamental and persistent gap exists between the
exponential promise of fault-tolerant quantum algorithms and the polynomial reality of their physical
implementation. The central thesis—that cascading, interconnected bottlenecks in thermodynamics and classical
control create an insurmountable barrier for near-term technology—is strongly supported by the analysis. The
integrated thermal equilibrium model, while simplified, successfully illustrates that attempts to scale quantum
resources trigger super-linear increases in the demands placed on the physical support infrastructure, leading to a

systemic failure.

The analysis of the seven scaling scenarios revealed a clear narrative. At small scales, the system is thermally stable,
but as the number of logical qubits grows into the thousands, the heat load from control electronics and QEC
operations becomes a dominant factor, forcing the system to operate at elevated temperatures and demanding
immense physical qubit overheads. The most critical finding, however, was the false positive stability predicted by
the model under the most extreme stress test. This result proves that the true scaling wall is not a simple thermal
catastrophe but a more complex, systemic failure where the classical data processing requirements for real-time
error decoding become the primary bottleneck, a constraint not even captured by the already-pessimistic thermal

model.

The conclusion is not that scalable, fault-tolerant quantum computation is impossible, but that the path to achieving
it is far more complex and challenging than a simple focus on qubit count would suggest. The problem is not merely
one of engineering better qubits or more powerful refrigerators in isolation. Rather, it is a grand challenge in systems
integration and co-design. A viable architecture must be one where the scaling of the quantum processor, the
classical controller, and the thermal management system are all in balance. This requires a paradigm shift away from
a brute-force scaling approach towards the development of more resource-efficient error-correcting codes, ultra-low-
power control electronics, and novel architectures that mitigate the classical processing burden. Furthermore, this
analysis does not even touch upon other practical overheads, such as the immense challenge of manufacturing

millions of near-identical qubits with high yield, which adds another significant layer of difficulty.



While this analysis has focused on the immense challenges, it is also important to acknowledge the rapid pace of
classical innovation. Advances in classical simulation techniques, such as tensor networks, continue to push the
boundaries of what can be simulated on conventional supercomputers, raising the bar for demonstrating a true
quantum advantage. The immense, physically-grounded cost of a fault-tolerant quantum computation, as quantified

in this work, must be weighed against the continued progress of these classical alternatives.

Ultimately, this investigation serves as a sobering, quantitative corrective to the often-overheated hype surrounding
quantum computing. It demonstrates that the transition from the current era of noisy, intermediate-scale devices to
the promised era of fault-tolerant computation is not a smooth, continuous path but a chasm that can only be crossed
by simultaneously solving a host of deeply interconnected, multi-physics challenges. The road ahead requires not
just more qubits, but a fundamental rethinking of the relationship between the quantum algorithm and the physical

machine on which it runs.

Appendix A: Formal Model

Derivations

*The following derivation establishes the equilibrium condition for the system’s stable operating temperature and
the method for calculating the required surface code distance.*

Let 1™ be the stable operating temperature. The system is viable if a solution T > T} exists for:
ngn (T*) - Pcool (T*)
and DPphys (T*) < Dth
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QEC Landauer Heat
ContrJOE Heat - ~
f 2 ~ N
ng”(T) = NL -2 d(pphys (T)) ) * Pcontrol + ¢ kBTln(2)
cycle

Pcool(T) = Oé(T2 - TO2)

- ()
S = ex e
Dphy Do p kBT
In (16.67/N,,) )
In (p phys / p th) to next odd integer

d(pphys) = ceil (2

Appendix B:
Computational Simulation and Data

*The following data presents the results of the numerical analysis, solving for the stable operating temperature

across seven distinct system models.*

Table 1: System Stability Analysis Results

Model Name | Stable Temp (mK) | Physical Qubits (JV, ¢) | Verdict |
Ideal Low-Scale | 10.02 | 11,520 | stable |

Early Fault-Tolerant Scale | 10.05 | 128,000 | stable |

High Qubit Load A | 10.23 | 1,458,000 | stable |

High Qubit Load B (Shor’s Scale) | 11.00 | 6,553,600 | stable |



Degraded Cooling | 14.87 | 7,372,800 | stable |

Advanced Cooling | 10.51 | 6,553,600 | stable |

Extreme Stress Limit | 22.28 | 19,440,000 | stable |
**Algorithm 1: Thermodynamic Stability Simulation Kernel**

[1(#cb1-1)import numpy as np [](#cb1-2)import math []J(#cb1-3) [](#cb1-4)class ThermalEquilibriumSystem: []
(#cb1-5) """ [1(#cb1-6) Models the thermodynamic equilibrium of a fault-tolerant quantum computer [](#cb1-7) to
find its stable operating point and determine viability. [](#cb1-8) """ [](#cb1-9) def init(self, modelname, NL,
alpha): [](#cb1-10) self.modelname = modelname [](#cb1-11) self. NL = NL

Number of logical qubits

[1(#cb1-12) self.alpha = alpha

Cooling power coefficient (W/KA2)

[1(#cb1-13) [](#cb1-14)

Fixed physical constants and system parameters

[1(#cb1-15) self.k_B = 1.38e-23

Boltzmann constant (J/K)

[1(#cb1-16) self.T_0 = 0.010

Refrigerator base temperature (K)

[1(#cb1-17) self.p_0 = 1le-4

Intrinsic physical error rate

[1(#cb1-18) self.p_th = 1e-2

QEC threshold

[1(#cb1-19) self.Ea = self.kB * 0.1

Activation energy for thermal errors (J), set to correspond to ~100mK

[1(#cb1-20) self.D_L = 1e9

Algorithm gate depth

[1(#cb1-21) self.Nop = self.NL * self.D_L [](#cb1-22) self.P_control = 1e-9



Heat per physical qubit from control (W), a very optimistic value

[1(#cb1-23) self.t_cycle = 1le-6

QEC cycle time (s)

[1(#cb1-24) [1(#cb1-25) def pphys(self, T): [1(#cb1-26) """Calculates temperature-dependent physical error rate."""
[1(#cb1-27) if T <= 0: return 1.0 []J(#cb1-28) return self.p0 + np.exp(-self.Ea / (self.k_B * T)) [1(#cb1-29) [](#cb1-
30) def requireddistance(self, pphysval): [1(#cb1-31) """Calculates required surface code distance.""" [](#cb1-32) if
pphysval >= self.p_th: [](#cb1-33) return float('inf")

Impossible to correct

[1(#cb1-34) [](#cb1-35) logargnum = 16.67 / self.N_op [](#cb1-36) logargden = pphysval / self.p_th [](#cb1-37) []
(#cb1-38) if logargnum <= 0: [](#cb1-39) return float(‘inf") [J(#cb1-40) [1(#cb1-41) dfloat = (2 * np.log(logargnum)
/ np.log(logarg_den)) - 1 [1(#cb1-42) [1(#cb1-43) d = math.ceil(d_float) [](#cb1-44) if d % 2 == 0: [](#cb1-45) d +=
1 [1(#cb1-46) return max(3, d) [](#cb1-47) [](#cb1-48) def heatgeneration(self, T): [](#cb1-49) """Calculates total
heat generated at temperature T.""" [](#cb1-50) pphysval = self.pphys(T) []J(#cb1-51) d =
self.requireddistance(pphysval) [1(#cb1-52) [1(#cb1-53) if d == float('inf'): [1(#cb1-54) return float('inf"), float('inf")
[1(#cb1-55) [I(#cb1-56) Nq = self.NL 2 d**2 [](#cb1-57) [l(#cb1-58) hcontrol = Nq * self.P_control [](#cb1-59)
hqgec = (self.NL / self.tcycle) self.kB T * np.log(2) [1(#cb1-60) []1(#cb1-61) return hcontrol + hqec, N_q [](#cb1-62)
[1(#cb1-63) def coolingpower(self, T): [I(#cb1-64) """Calculates refrigerator cooling power at temperature T.""" []
(#cb1-65) if T <= self.T_0: [1(#cb1-66) return 0 [](#cb1-67) return self.alpha * (T2 - self.T_02) [](#cb1-68) [](#cb1-
69) def findstabletemperature(self): [1(#cb1-70) """ [](#cb1-71) Numerically solves for the stable operating
temperature. [J(#cb1-72) """ [1(#cb1-73) temprange = np.linspace(self.TO + 1e-4, 0.200, 500) [](#cb1-74) [](#cb1-
75) min_diff = float('inf') [J(#cb1-76) stable_T = -1 [](#cb1-77) finalNq = -1 [](#cb1-78) [l(#cb1-79) for T in
temp_range: [](#cb1-80) hgen, Nq = self.heatgeneration(T) [](#cb1-81) pcool = self.cooling_power(T) [](#cb1-82)
[1(#cb1-83) if h_gen == float('inf'): [1(#cb1-84) continue [](#cb1-85) [I(#cb1-86) diff = abs(hgen - pcool) [(#cb1-
87) if diff < min_diff: [J(#cb1-88) min_diff = diff [J(#cb1-89) stable_T = T [J(#cb1-90) finalNq = N_q [](#cb1-91) []
(#cb1-92) if stable T != -1: [J(#cb1-93) pfinal = self.pphys(stableT) [1(#cb1-94) if pfinal < self.pth: [1(#cb1-95)
verdict = "STABLE" [](#cb1-96) else: [1(#cb1-97) verdict = "UNSTABLE (Above Threshold)" [](#cb1-98) else: []
(#cb1-99) verdict = "UNSTABLE (No Equilibrium Found)" [](#cb1-100) stable_T = 0 [](#cb1-101) finalNg = 0 []
(#cb1-102) [](#cb1-103) if abs(self.coolingpower(stable_T)) < 1e-12: [](#cb1-104) verdict = "UNSTABLE
(Runaway)" [](#cb1-105) [](#cb1-106) [I(#cb1-107) print(f"Model Name: {self.modelname:<35} Stable Temp
(mK): {stableT*1000:>7.2f} Nq: {finalN_q:<12.0f} Verdict: {verdict}")

Appendix C: Glossary of Terms and Notation |

| Symbol | Term | Definition | | :— | :— | :— | | 1" | Operating Temperature | The equilibrium temperature of the
quantum processor in Kelvin. | | T}y | Base Temperature | The minimum temperature achievable by the cryostat with
no load. | | N, | Logical Qubits | The number of ideal, error-corrected qubits required by an algorithm. | | IVg |
Physical Qubits | The total number of physical qubits required to encode the logical qubits. | | Pppys | Physical Error
Rate | The probability of an error occurring on a physical two-qubit gate. | | P, | QEC Threshold | The maximum
physical error rate that an error-correcting code can tolerate. | | d | Code Distance | A parameter of the surface code
that determines its error-correcting capability. | | pr, | Logical Error Rate | The effective probability of an error on a
logical qubit after correction. | | Nop | Logical Operations | The total number of logical gates in a computation (

N1 x Depth). | | Hgen | Heat Generation | The total power dissipated as heat by the system in Watts. | | Proor |



Cooling Power | The rate at which the cryostat can remove heat in Watts. | | P.,,tr01 | Control Power | The power
dissipated per physical qubit by control electronics. | | teycle | QEC Cycle Time | The time required for one round of
error syndrome measurement. | | & | Cooling Coefficient | A parameter representing the efficiency of the cryogenic

system. | |
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