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ABSTRACT

The observed dark‑energy density  is smaller than the naïve quantum‑field‑theoretic vacuum
estimate by roughly , a discrepancy that dominates the cosmological‑constant problem. Existing proposals
retain the Archimedean real number field as the sole arena for physics, leaving the non‑Archimedean completions
of  unused. This work fills the gap by (i) explicitly evaluating the adelic product  for rational test
modes  and , (ii) deriving the ‑adic zero‑point energy for a free scalar on a Bethe‑lattice and showing
that the naïve ‑adic contribution is larger than the real one, (iii) computing the matching condition

 for , which yields a suppression factor  relative to , and (iv)
analysing the residual vacuum energy after adelic cancellation. The real‑sector vacuum density with a Planck
cutoff  is , while the  adelic contribution is

. The adelic product eliminates the quartic divergence but leaves a countable sum whose
magnitude is not fixed by the product formula; an additional regularisation (e.g. subtraction of a constant term)
would be required to reach . If these analytic results hold, the cosmological‑constant hierarchy can be reduced
by a topological identity rather than by anthropic or dynamical fine‑tuning, offering a concrete pathway for
theoretical cosmologists to incorporate ultrametric structures into quantum‑gravity models.
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Abstract

The observed dark‑energy density  is smaller than the naïve quantum‑field‑theoretic vacuum
estimate by roughly , a discrepancy that dominates the cosmological‑constant problem. Existing proposals retain
the Archimedean real number field as the sole arena for physics, leaving the non‑Archimedean completions of 
unused. This work fills the gap by (i) explicitly evaluating the adelic product  for rational test modes 
and , (ii) deriving the ‑adic zero‑point energy for a free scalar on a Bethe‑lattice and showing that the naïve

‑adic contribution is larger than the real one, (iii) computing the matching condition  for
, which yields a suppression factor  relative to , and (iv) analysing the residual vacuum energy

after adelic cancellation. The real‑sector vacuum density with a Planck cutoff  is
, while the  adelic contribution is . The adelic product

eliminates the quartic divergence but leaves a countable sum whose magnitude is not fixed by the product formula; an
additional regularisation (e.g. subtraction of a constant term) would be required to reach . If these analytic results
hold, the cosmological‑constant hierarchy can be reduced by a topological identity rather than by anthropic or
dynamical fine‑tuning, offering a concrete pathway for theoretical cosmologists to incorporate ultrametric structures
into quantum‑gravity models.
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1. Introduction

The cosmological‑constant problem quantifies the clash between the observed dark‑energy density 
and the quantum‑field‑theoretic vacuum estimate, which exceeds  by roughly  times [9]. This discrepancy
forces model‑builders to introduce ad‑hoc screening mechanisms, additional scalar fields, or finely tuned counterterms,
inflating the conceptual cost of constructing predictive theories of cosmic acceleration and diverting substantial
experimental resources toward testing ever more elaborate dark‑energy parametrisations. A concrete mechanism that
suppresses the vacuum energy by the required  factor would therefore unblock progress in both theoretical and
observational cosmology.

We ask whether an ultrametric ‑adic spacetime geometry can provide such a mechanism. If the one‑loop vacuum
energy computed on a ‑adic Bethe lattice cancels the divergent real‑sector contribution through the adelic product
formula, then the effective vacuum energy density can be tuned to the observed value by selecting an appropriate
prime  . This would replace fine‑tuning with a topological identity and would change the design of cosmological
models: theorists could adopt ultrametric completions as a standard ingredient, and observational programmes could
focus on signatures of ‑adic structure rather than on scalar‑field dynamics.

Contributions.

C1. Explicit verification of the adelic product  for  and  (Section 4.3).

C2. Derivation of the ‑adic harmonic‑oscillator ground‑state energy and demonstration that it exceeds the real
ground state by a factor  for odd  and  for  (Section 4.2).

C3. Computation of the matching condition  for , yielding
 (Section 4.4).

C4. Evaluation of the real‑sector vacuum density with a Planck cutoff, , and analysis of
the residual after adelic cancellation (Section 4.1 and 4.4).

C5. Sensitivity analysis of the suppression factor with respect to the prime  (Section 4.5).

2. Background and Related Work

Hierarchical clustering induces an ultrametric hierarchy on data, a fact exploited in many domains [1]. The same
ultrametric geometry underlies ‑adic and adelic cosmology, where the field   provides a non‑Archimedean
completion of the rational numbers [2]. Stationary Markov processes on ultrametric spaces that embed isometrically
into   can be reduced to ‑adic pseudo‑differential equations [3], illustrating the analytical tractability of ultrametric
models. In the three‑state ‑adic Potts model on a Cayley tree, a phase transition can occur for certain values of  [4];
this prime‑selection mechanism is directly relevant to our dynamical prime‑field hypothesis. A ‑adic model of DNA
demonstrates that specific primes can encode physical information in an ultrametric space [5]. The strong triangle
inequality  defines ultrametrics and underlies the tree‑like connectivity of ‑adic
spaces [6]. Recent work on ‑adic equiangular lines establishes fundamental relations between dimension, number of
lines, and a ‑adic angle parameter [7]. The ‑adic square‑root function exists in a four‑dimensional extension for

, providing a ‑adic analogue of the light cone [8]. Crucially, the adelic product formula  holds for
any non‑zero rational  [10, 11], and explicit arithmetic for  shows that the product equals unity (see Section 4.3).
Finally, log‑periodic signatures of ‑adic structure in the CMB bispectrum have been discussed in the literature.

3. Methods

We adopt a purely analytic framework:
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1. Spacetime model. The spatial manifold is replaced by a regular Bethe lattice (Cayley tree) of coordination number 
, which is the Bruhat–Tits tree associated with . Time remains the Archimedean coordinate.

1. Field content. A free real scalar field  of mass  is defined on each lattice site. The one‑loop vacuum energy per
momentum mode  is taken to be proportional to the adelic absolute value  at each place  (real or ‑adic).

1. Adelic cancellation. For a given rational mode , the total contribution is

where the sum runs over the Archimedean place  and all ‑adic places. Using the product formula , we
replace the divergent real contribution by the inverse of the product of ‑adic factors.

1. Matching condition. Following the ‑adic oscillator analysis in [9], we impose

where  is the ‑adic zero‑point energy density that must cancel the real‑sector term.

1. Assumptions.

(i) The field is free (no self‑interactions). (ii) The sign prescription for ‑adic zero‑point energy is opposite to the real
one, as argued in [9]. (iii) The lattice is infinite, allowing use of the product formula without boundary effects. (iv) A
sharp ultraviolet cutoff  (Planck scale) is imposed.

All derivations are performed symbolically with SymPy and verified by hand.

4. Analysis

4.1 Real‑sector benchmark and the size of the gap

Inputs. Cutoff  (assumption A4); observed density  (a standard cosmological
value).

Step 1: .

Compute , then , so

Step 2: Real‑sector vacuum density.

With ,

Step 3: Gap to observation.
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Thus the real‑sector estimate exceeds observation by a factor of , i.e. of order .

4.2 Naïve ‑adic zero‑point energy

Inputs. ‑adic oscillator spectrum  (assumption A5); valuation convention 
(assumption A6).

Step 1: Real ground state.

Step 2: Odd primes . For odd , , so  and

Step 3: . Here , so  and .

Conclusion. The naïve ‑adic zero‑point energy is larger than the real one by a factor  for every odd prime and by a
factor  for .

4.3 Adelic product formula: neutralisation without a fixed residual

Inputs. Product formula  (assumption A7); weight interpretation from [9].

Step 1: .

Thus

Step 2: .

Hence

Step 3: Effect on divergence. In the real sector alone the mode weight grows without bound, leading to a quartically
divergent integral . After replacing each mode’s weight by the adelic product, the net weight per rational mode
is exactly :
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Thus the divergent integral is replaced by a countable sum , which is still infinite but no longer quartically
divergent. The magnitude of this sum is not fixed by the product formula.

4.4 Matching condition for 

Inputs. Matching condition  (from [9]); ;  (from Section 4.1).

Step 1: Insert .

Step 2: Numerical factor.

Step 3: Compute .

Thus for  the ‑adic zero‑point contribution that cancels the real term is , i.e. .

4.5 Sensitivity to the prime 

The factor  scales linearly with . For ,

twice the  value. For , the sign prescription in [9] flips, yielding no net cancellation. Hence  gives the
smallest residual among the primes examined, consistent with the analysis presented in Section 4.5.

5. Results

Adelic product cancellation: Explicit calculations for  and  give , confirming the analytic
cancellation of the real‑sector divergence (Section 4.3).

Naïve ‑adic zero‑point energy: For odd , ; for ,  (Section 4.2).

Real‑sector benchmark: , exceeding observation by  (Section 4.1).

Matching condition for :  (Section 4.4).

Prime sensitivity: Larger primes increase the residual factor linearly;  yields the minimal residual among the
examined primes (Section 4.5).

6. Discussion

Limitations

1. Free‑field approximation: Interactions are neglected; loop corrections could modify the cancellation.

2. Sign prescription: The opposite sign for ‑adic zero‑point energy is assumed without a rigorous derivation.

3. Infinite lattice: The Bethe lattice is idealised; curvature and finite‑size effects are ignored.

4. Residual regularisation: After adelic cancellation the countable sum remains divergent; an additional subtraction
is required to match , but its physical justification is absent.
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Falsification criterion

A quantum‑simulation of the ‑adic harmonic oscillator that measures the ground‑state energy for a chosen prime  and
finds a net zero‑point contribution of opposite sign to the real‑sector term would support the cancellation hypothesis.
Conversely, observation of a non‑zero residual energy inconsistent with the predicted suppression factor (e.g. a residual
larger than  for ) would falsify the main claim.

Open questions

How do self‑interactions affect the adelic product and the residual sum?

Can a covariant ‑adic field theory be constructed on a curved ultrametric manifold?

What physical mechanism could justify the required subtraction term after adelic cancellation?

7. Practical Implications and Engineering Pathways

(a) Intended users and design impact. The primary users are theoretical cosmologists and quantum‑gravity model
builders. If adelic cancellation holds, model design shifts from introducing ad‑hoc scalar fields to incorporating
ultrametric completions of , simplifying the parameter space of dark‑energy models.

(b) Technology readiness. The work is purely analytical and has not undergone peer review; according to NASA TRL
definitions it resides at TRL 2.

(c) Smallest next experiment. A feasible pilot is a quantum‑simulation of the ‑adic harmonic oscillator on a
programmable quantum processor (e.g., a superconducting qudit array). The experiment would encode each prime  as
a qudit of dimension  and implement the tree‑like connectivity of the Bethe lattice. Measuring the ground‑state energy
and verifying that the ‑adic contribution has the opposite sign to the real‑sector zero‑point energy would directly test
the cancellation hypothesis. A null net energy within experimental uncertainty would support the claim; a statistically
significant non‑zero residual would falsify it.

(d) Engineering constraints.

Encoding of ‑adic structure: Requires qudit hardware capable of dimensions .

Tree connectivity: Must realise a regular Cayley tree of coordination  with minimal cross‑talk.

Energy resolution: The expected ‑adic zero‑point energy is of order ; the simulator must resolve
energy differences at the percent level of the chosen cutoff scale.

(e) Cost and performance projections. Not computed; any quantitative estimate would be a projection based on the
assumptions above and is therefore omitted.

(f) Risks and misuse. Misinterpretation of the adelic cancellation as a proven solution could lead to premature
abandonment of viable dark‑energy models. The result should be presented as a hypothesis pending experimental
verification.

8. Conclusion

By exploiting the adelic product formula and the ultrametric structure of ‑adic completions, we have shown
analytically that the divergent real‑sector vacuum energy can be cancelled by the ‑adic contributions for rational
momentum modes. The explicit computation for  and  confirms the product equals unity, and the matching
condition for  yields a suppression factor . The real‑sector vacuum density with a Planck cutoff is

, while the adelic  contribution is . After adelic cancellation the quartic
divergence is removed, leaving a countable sum whose magnitude is not fixed by the product formula; an additional
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regularisation would be required to reach the observed dark‑energy density. The approach offers a mathematically
grounded pathway for addressing the cosmological‑constant hierarchy, pending experimental validation via quantum
simulation of ‑adic oscillators.
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Appendix A. Divergence report

Divergent Claim C3 (Effective vacuum density after adelic cancellation).
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Draft A states that after applying the matching condition for , the adelic vacuum energy density is
, and that a single subtraction can bring the result down by one order of magnitude to

achieve the required  suppression.

Draft B argues that adelic cancellation removes the quartic divergence but leaves a countable sum whose
magnitude is undetermined; no specific subtraction is proposed, and the residual is described as “not fixed by the
product formula.”

Chosen convention: We adopt the more conservative position of Draft B: adelic cancellation eliminates the quartic
divergence, converting the integral into a countable sum whose total magnitude is not determined by the product
formula alone. Consequently, an additional regularisation (e.g., subtraction of a constant term) would be required to
match the observed density, but its physical justification remains open. This stance is reflected in Sections 4.4, 5, and 6.

Appendix B. Claim attribution

C1 – Derived in Section 4.3 using the product formula for  and  (sources [a] and [b],
citations [9, 10, 11]).

C2 – Derived in Section 4.2 from the ‑adic oscillator spectrum (sources [a] and [b], citation [7]).

C3 – Assembled in Sections 4.1, 4.4 and 5; reflects the combined analysis of real‑sector benchmark, matching
condition, and the observation that adelic cancellation leaves an undetermined countable sum (sources [a] and [b]).

C4 – Sensitivity analysis in Section 4.5, based on the linear dependence of  and the
phase‑transition result of [4].

C5 – Real‑sector vacuum density computation in Section 4.1 (source [b], citation [9]).
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