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ABSTRACT

Quantum computing today is limited by the large physical‑to‑logical qubit overhead required for active error
correction, which demands frequent syndrome extraction, low‑latency decoding, and extensive ancilla resources.
A proposed alternative encodes logical information on the vertices of a ‑adic Bruhat–Tits tree, exploiting the
ultrametric strong triangle inequality to confine error propagation geometrically. Existing literature lacks a
rigorous analytic foundation for such “passive” protection and provides no quantitative comparison with
surface‑code thresholds. We develop a self‑contained analytic model of an ultrametric ball code, derive exact
combinatorial expressions for the required number of physical qudits, the logical distance, and the passive logical
failure probability under independent depolarising noise. Using the model we compute concrete numbers for

 and tree depths , obtaining a ball size  qudits, passive logical failure
, and a suppression factor  relative to an unencoded qudit. The results

indicate that, at a physical error rate of , the ultrametric scheme achieves logical error rates comparable to a
distance‑3 surface code while using five‑fold fewer physical qudits. If the analytic assumptions hold, the approach
would dramatically reduce qubit overhead and cooling requirements for fault‑tolerant quantum processors.
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Abstract

Quantum computing today is limited by the large physical‑to‑logical qubit overhead required for active error
correction, which demands frequent syndrome extraction, low‑latency decoding, and extensive ancilla resources. A
proposed alternative encodes logical information on the vertices of a ‑adic Bruhat–Tits tree, exploiting the ultrametric
strong triangle inequality to confine error propagation geometrically. Existing literature lacks a rigorous analytic
foundation for such “passive” protection and provides no quantitative comparison with surface‑code thresholds. We
develop a self‑contained analytic model of an ultrametric ball code, derive exact combinatorial expressions for the
required number of physical qudits, the logical distance, and the passive logical failure probability under independent
depolarising noise. Using the model we compute concrete numbers for  and tree depths , obtaining a ball
size  qudits, passive logical failure , and a suppression factor  relative to an
unencoded qudit. The results indicate that, at a physical error rate of , the ultrametric scheme achieves logical
error rates comparable to a distance‑3 surface code while using five‑fold fewer physical qudits. If the analytic
assumptions hold, the approach would dramatically reduce qubit overhead and cooling requirements for fault‑tolerant
quantum processors.

1. Introduction

Current quantum processors require active stabiliser codes such as the surface code to achieve fault tolerance.
Implementing these codes entails a physical‑to‑logical qubit overhead on the order of –  (assumption), repeated
syndrome extraction, and real‑time decoding, all of which inflate hardware cost, power consumption, and latency. For a
cloud‑based quantum service provider (e.g., Tianyan) the overhead translates into higher subscription fees and limits
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the size of problems that can be run within a given budget. A design that could passively suppress logical errors without
ancilla qubits or syndrome processing would therefore lower the economic barrier to scalable quantum computing and
enable deeper circuits on near‑term hardware.

The ultrametric passive fault‑tolerance proposal asserts that encoding logical qubits on the balls of a Bruhat–Tits tree
creates an energy barrier  that grows exponentially with tree depth , thereby confining error
propagation. If correct, a modest tree of depth  would need only five physical qudits to protect a logical qubit,
achieving a logical error probability of order  at a physical depolarising rate of —a two‑order‑of‑magnitude
improvement over unencoded qubits and comparable to a distance‑3 surface code.

Contributions.

C1. Derivation of the exact ball‑size formula  (Section 3).

C2. Proof that the ultrametric strong triangle inequality forces error paths to climb an exponential barrier
 (Section 3).

C3. Closed‑form expression for the passive logical failure probability  under independent depolarising noise
and its evaluation for ,  (Section 4).

C4. Quantitative comparison of logical error suppression with surface‑code benchmarks, showing a suppression
factor  (Section 5).

C5. Specification of the minimal experimental test that would falsify the ultrametric confinement model
(Section 7).

2. Background and Related Work

Continuous‑time quantum error correction (CTQEC) treats noise and correction as simultaneous continuous processes;
its subsystem‑principle formulation shows that a correctable subsystem  exists when a CPTP map  restores the
reduced state on  after noise  [1]. This framework motivates the search for passive mechanisms that embed the
logical subsystem in a protected subspace without explicit recovery maps.

Entanglement‑assisted quantum error‑correcting codes (EAQECCs) expand the stabiliser formalism by allowing
pre‑shared ebits, thereby improving rate or distance without imposing the dual‑containment constraint of standard
codes [2]. While EAQECCs reduce overhead, they still require active syndrome extraction, unlike the ultrametric
proposal.

The theory of ultrametrics provides the mathematical foundation for the strong triangle inequality
 (Eq. 1.1) and the nesting/disjointness property of equal‑radius balls [3]. These

properties are essential for constructing hierarchical error‑confinement structures.

Noncommutative geometry applied to trees shows that the end space of a locally finite rooted tree can be described by
a Bratteli diagram groupoid, yielding a ‑algebra isomorphic to the AF algebra of the diagram [4]. This connection
underpins the algebraic description of the ultrametric encoder.

Capacity and trainability analyses of parametrised quantum circuits reveal that the quantum Fisher information (QFI)
spectrum broadens with circuit depth, leading to barren plateaus [5]. By contrast, the ultrametric scheme does not rely
on deep variational layers, sidestepping such trainability issues.

Recent cloud‑based quantum services (e.g., Tianyan) demonstrate high‑fidelity single‑ and two‑qubit gates (99.90 %
and 99.56 % respectively) but still depend on active error‑correction stacks to reach logical error rates below  [6].
The ultrametric approach could complement such platforms by reducing the required ancilla count.
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Hilbert geometry studies show that volume‑growth entropy of metric balls matches that of hyperbolic space, suggesting
that hierarchical geometries can support exponential scaling of combinatorial structures [7]. This insight parallels the
exponential barrier  derived for the Bruhat–Tits tree.

Finally, confinement studies on a quantum Ising chain illustrate that longitudinal fields can both suppress and enhance
entanglement, emphasizing that confinement does not automatically guarantee error suppression [8]. This motivates a
careful analytic treatment of ultrametric confinement.

3. Methods

3.1. Model Assumptions

1. Tree geometry. We consider a regular ‑valent rooted Bruhat–Tits tree . Vertices at depth  are at
ultrametric distance  from the root.

2. Ball code. A logical qudit is encoded on the set of vertices forming a ball of radius , i.e. all vertices whose
ultrametric distance to the root is .

3. Noise model. Each physical qudit experiences independent depolarising noise with error probability  per
protection epoch. The noise channel is , where  is the local Hilbert‑space dimension.

4. Decoding rule. After each epoch a majority‑vote on the  children of any internal node is performed; the
root’s logical value is taken as the majority of its immediate children. This is a classical post‑processing step that
does not require ancilla qubits.

5. Symmetric encoder. We assume the existence of a symmetric encoder that maps a logical state to a superposition
uniformly supported on the ball’s vertices (branch‑permutation symmetry). This assumption is explicitly stated in
Section 6.

3.2. Derivation of Code Parameters

The number of vertices in a ball of radius  follows from elementary combinatorics on a regular tree. The root
contributes one vertex; each subsequent layer adds  vertices at depth  for . Summing the
geometric series gives

Equation (1) is the exact combinatorial identity cited in the ultrametric literature [3, 4].

The logical distance  of the ball code equals the minimal number of physical errors that can flip the majority vote at
the root. Since each internal node has  children, a majority requires at least  erroneous children at some
level. Therefore

(derived in Section 3).
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3.3. Energy Barrier from the Strong Triangle Inequality

The ultrametric inequality  forces any error path that attempts to propagate from a leaf
to the root to cross a sequence of nested balls. At each depth the error must overcome a barrier that doubles the
required number of simultaneous errors, yielding

Equation (3) follows directly from the nesting property proved in [3] and the combinatorial argument in [4].

3.4. Passive Logical Failure Probability

Under independent depolarising noise, the probability that a majority vote at a node fails is the tail of a binomial
distribution with  trials and success probability . For a ball of depth , the logical failure probability is the
product of failure probabilities at each concatenation level (each level corresponds to a majority vote on a parent node).
Hence

Equation (4) is evaluated explicitly in Section 4.

4. Analysis

We now substitute concrete parameter values and perform the arithmetic step‑by‑step.

4.1. Ball Size for , 

Using Eq. (1):

Thus the smallest ball capable of correcting a single error uses 5 qudits.

4.2. Logical Distance for 

From Eq. (2):

The code therefore has distance three, comparable to a surface‑code patch of the same size.

4.3. Passive Failure Probability for , 

We evaluate Eq. (4) with  ( ) and :
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Insert :

Summing the three contributions:

We adopt this computed value as the final analytic result.

4.4. Suppression Factor

The suppression factor  is defined as the ratio of the physical error probability  to the passive logical failure
probability:

Thus a single protection epoch reduces the error rate by roughly two orders of magnitude.

4.5. Depth 

For  we repeat the calculations.

Ball size:

Logical distance: .

Passive failure probability: For  the majority requires at least  errors among the  children, so
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We adopt the computed value  as the final analytic result.

4.6. Energy Barrier Verification

Using Eq. (3) with  and :

These integer values follow directly from Equation (3) without external reference.

5. Results

Quantity Value Section

Ball size  ( ,  )  qudits 4.1

Passive logical failure  ( ,  ) 4.3

Suppression factor 4.4

Ball size  ( ,  )  qudits 4.5

Passive logical failure  ( ,  ) 4.5

Energy barrier  (arb. units) 4.6

Energy barrier  (arb. units) 4.6

All numbers are derived analytically from the model assumptions listed in Section 3; no simulation data are used.

6. Discussion

6.1. Limitations

L1. Symmetric encoder existence. The derivations assume a branch‑permutation symmetric encoder (Lemma 1,
Proposition 1). No explicit construction is provided; failure to find such an encoder invalidates the distance claim
(Eq. 2).

L2. Independent depolarising noise. Correlated errors across neighboring vertices would break the binomial
independence underlying Eq. (4).

L3. Majority‑vote decoding. The analysis treats the majority vote as error‑free; in practice measurement errors
could degrade performance.

L4. Thermal activation model. The bound  assumes a simple Arrhenius form with  and
neglects quantum tunnelling.

L5. Physical implementation of Hecke‑type gates. The gate set required to implement the ultrametric encoder is
not specified; hardware constraints may limit realizability.
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6.2. Falsification Criterion

If an experiment on a five‑atom  tree (depth ) with engineered depolarising noise  yields a logical
error probability exceeding  (more than twice the predicted ), the ultrametric confinement
hypothesis would be falsified. This threshold accounts for statistical fluctuations at the  confidence level for

 trials.

6.3. Open Questions

Construction of explicit encoder circuits respecting the ultrametric symmetry.

Extension of the model to higher‑dimensional qudits and to non‑depolarising noise channels.

Investigation of coherent error pathways that could circumvent the classical barrier (e.g., via interference across
branches).

7. Practical Implications and Engineering Pathways

(a) Potential Users and Design Impact

Quantum cloud service providers (e.g., Tianyan) and hardware manufacturers seeking to reduce qubit overhead would
benefit from a passive error‑confinement scheme. If the ultrametric ball code can be instantiated, logical qubits could
be stored using five physical qudits instead of the  required by a distance‑3 surface code, directly lowering
hardware cost, cooling power, and latency.

(b) Technology Readiness Level

The work is purely analytical and has not undergone peer review; therefore it resides at TRL 2 (technology concept
formulated). No prototype has been built, and no experimental validation exists.

(c) Minimal Next Experiment

A prototype consisting of five Rb atoms trapped in an optical tweezer array, arranged in a  tree of depth ,
would test the model. The experiment would:

1. Initialise each atom in a chosen hyperfine level (encoding a qudit).

2. Apply calibrated depolarising noise with .

3. Perform a majority‑vote readout of the root after one protection epoch.

Observing a logical error rate  would falsify the model; a rate  would support it.

(d) Engineering Constraints

Encoder design. Requires a symmetric mapping from logical to physical states; no explicit circuit is presently
known.

Gate set. Hecke‑type operators acting on the tree must be realizable on the chosen platform (neutral atoms,
superconducting qubits, etc.).

Measurement fidelity. Majority‑vote decoding assumes readout errors , comparable to the best reported
single‑qubit readout fidelities in Tianyan’s platform [6].

Scalability. Extending to deeper trees multiplies the number of qudits as ; hardware
must support coherent control over dozens of qudits with uniform connectivity.
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(e) Projected Cost and Performance Bounds (Projection)

Assuming a neutral‑atom platform where a single tweezer costs \0.10 \  per qudit, a
five‑qudit ball code would cost approximately \0.75 \ –\100$ for a
surface‑code patch of comparable logical error rate (assumption). This projection assumes the encoder can be
implemented without additional ancilla qubits.

(f) Risks and Misuse Paths

If the ultrametric barrier is over‑estimated, deploying the scheme in a production system could lead to unexpectedly
high logical error rates, compromising algorithmic results. Moreover, reliance on a passive scheme without active
monitoring may mask correlated error bursts, leading to silent data corruption.

8. Conclusion

We have provided a rigorous analytic foundation for ultrametric passive fault tolerance on Bruhat–Tits trees. Exact
combinatorial formulas yield compact ball codes (e.g.,  for , ) with logical distances comparable to
low‑depth surface‑code patches. Under independent depolarising noise at  the scheme achieves a logical error
probability of , a suppression factor of , and an exponential energy barrier .
While the results are promising, they rest on the existence of a symmetric encoder and on idealised noise assumptions.
The minimal five‑atom experiment outlined in Section 7 offers a concrete path to falsify or validate the model. If
validated, ultrametric passive codes could dramatically reduce qubit overhead and power consumption, opening a new
engineering avenue toward scalable quantum computation.
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C2 Ultrametric strong triangle inequality forces nesting or disjointness of equal‑radius balls. A, B, C Convergent
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