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Core thesis. Quantum computers are hard to build because we encode discrete, hierarchical quantum
information in a continuous, Archimedean state space. The alternative — an ultrametric state space on the
Bruhat-Tits tree — provides passive geometric error correction as a theorem of the geometry, formalizable
through Arrhenius (thermal), Lindblad (open system), and non-Markovian (stochastic bath) error models. The
symmetries of this tree form GL(Z, Qp), whose representation theory is the p-adic Langlands
correspondence. Gauge theory dualities (the Kapustin—Witten S-duality) independently reproduce the same
correspondence. The complete-number ring provides the computational substrate for an adelic quantum
computer. The text covers non-Markovian noise models, formal p-adic Solovay—Kitaev conjecture, a threshold
theorem for ultrametric QC, explicit experimental falsifiability criteria, multi-qubit gate constructions, noise

spectroscopy, the semi-classical Archimedean shadow, and a development roadmap.

PART I — DIAGNOSIS

1. THE TWO WALLS

1.1 The Decoherence Wall

A conventional quantum computer encodes information in qubits that live on the Bloch sphere — a continuous, two-
dimensional manifold. The state of a qubit is parametrized by two continuous angles, § € [0, 7] and ¢ € [0, 2n),

and a pure state is written:

0 id 0
|9) = cos (5) |0) + e sin (5) [1).
A quantum logic gate is a unitary operator U € SU( 2) acting by rotation on this sphere. An environmental error is
also a unitary operator — a small, unwanted rotation caused by a thermal fluctuation, an electromagnetic transient,

or a cosmic ray. After [N gate operations in the presence of noise, the accumulated infidelity scales roughly as
N - g, where € is the error per gate.

The engineering response is active quantum error correction (QEC). The surface code — the leading QEC
protocol — encodes one logical qubit in d? physical qubits arranged on a d X d lattice. Syndrome measurements
detect errors, and correction pulses reverse them. The logical error rate py, scales as:
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where D is the physical error rate, pi, ~ 1% is the threshold, and C' is a constant of order unity. To achieve
pr = 1071 with p = 1073, one needs d ~ 15, requiring approximately 2d> ~ 450 physical qubits per
logical qubit, plus ancilla qubits for syndrome measurement, plus classical processing for decoding.

The thermodynamic wall arises because every syndrome measurement consumes energy, every correction pulse
generates heat, and the cryogenic system that maintains the qubits at millikelvin temperatures has finite cooling
power. State-of-the-art dilution refrigerators provide approximately 1-10 W of cooling at 10 mK. A surface-
code processor with 10 physical qubits would require an estimated 10-100 W of control power at room
temperature, of which a fraction reaches the qubits as dissipated heat. The cooling budget is exceeded before useful

logical qubit counts are reached.

1.2 The Anyon Wall

Topological quantum computing encodes information in the braiding of non-abelian anyons — quasiparticle
excitations in two-dimensional topological phases of matter. The iconic platform is the v = 5 / 2 fractional
quantum Hall state in GaAs heterostructures, where € / 4 quasiparticles are predicted to exhibit non-abelian statistics
(the Moore—Read Pfaffian state). Alternative platforms include Majorana zero modes in topological superconductors

(InSb nanowires proximitized by Al) and parafermions in fractional topological insulators.

The protection mechanism is topological: braiding operations depend only on the topology of the anyon worldlines,
not on their precise trajectories. Local perturbations — smooth deformations of the trajectories — cannot change the
braid. The error rate is exponentially suppressed in the anyon separation distance L: Pe;r =2 exp(—L / £ ), where

& is the correlation length.

But this protection holds only at zero temperature. At any nonzero temperature 7', thermal fluctuations create
anyon—anti-anyon pairs with density proportional to eXp(—A / kBT), where A is the energy gap for pair
creation. For the v = 5/2 state, A &~ 0.5 K (measured). At 7' = 10 mK, the thermal anyon density is
exp(—0.5 K/0.01 K) = exp(—50) ~ 10722 — negligible. But at 7T =30mK, it is
exp(—17) =~ 4 x 10~® — and if these stray anyons diffuse through the system and braid with computational
anyons, they introduce errors at rates that exceed fault-tolerance thresholds.

After twenty-five years of effort, no topologically protected qubit has been demonstrated. The Moore—Read state has
been tentatively identified in transport experiments, but braiding has not been performed. Majorana zero modes have
been observed in tunneling spectroscopy, but their non-abelian nature remains unconfirmed. The anyon wall —

thermal fragility — remains unbreached.

1.3 The Common Root: The Archimedean Axiom

Both walls share a common foundation. The Bloch sphere and the anyon ground state manifold are both

Archimedean spaces. They satisfy the triangle inequality:
d(z,2) < d(z,y) +d(y, 2).

In the Bloch sphere, this means small rotational errors accumulate linearly in the number of gates. In the anyon
system, it means thermal anyon excitations — each a small local perturbation — accumulate to destroy global

topological order.

The Archimedean axiom is the implicit assumption that the metric on quantum state space is continuous — that
distances can be made arbitrarily small and can be added without bound. This is an assumption, not a necessity.

There exist rigorously defined alternative metrics that violate the Archimedean axiom: the ultrametric distances.



2. TWO WAYS OF MEASURING

2.1 The Archimedean Absolute Value

The ordinary absolute value \x| measures a number's distance from zero on the continuous line. It satisfies:
Llzg|=0< 2z =0.
2. |x - y| = |z| - ly|. (Multiplicative.)
3. |ac + y‘ < |:IZ‘ + |y| (Archimedean: subadditive, small contributions accumulate.)

2.2 The p-adic Absolute Value

For a prime p, the p-adic valuation ’Up(n) of a nonzero integer n is the exponent of the highest power of p dividing

n. The p-adic absolute value is:
|n’p — pfvp(n).
For a fraction r = a/b, define |7°‘p = |a|p/]b|p. Set |0|p = 0.

Examples. 12[, =272=1/4 [12|3=3"1=1/3 |12|5=5"=1.
64, =276 =1/64 |63, =2°=1 [625]5=>5"*=1/625.

The p-adic absolute value satisfies axioms 1 and 2 identically to the ordinary absolute value. Axiom 3 is

strengthened to the ultrametric inequality:
|z + y|p < max(|x|p, |y|p)'
Consequences:

. |:E + y| p = max(|w| Py |y|p) whenever |33| p F |y|p. (The larger term dominates; the smaller term has no
effect.)

All triangles are isosceles in the induced metric.
» Any point inside a ball is a center of that ball.

o The space is totally disconnected: there are no continuous paths between distinct points.

2.3 Ostrowski's Theorem

Theorem (Ostrowski, 1916). Every nontrivial absolute value on the rational numbers QQ is equivalent either to the

ordinary Archimedean absolute value | - |, or to a p-adic absolute value | - | p for some prime .

There are no other ways to measure a rational number. The continuous measurement and the prime-based
measurements exhaust all possibilities. This theorem is the foundation for everything that follows: any mathematical
structure that must interact with all possible ways of measuring a number must accommodate both the Archimedean

view (the continuous line) and the non-Archimedean views (the p-adic worlds).

2.4 The Product Formula

For any nonzero rational number r:

| < 11, Irlp = 1.

Verification for r = 600 23 x 3 x 52

1600| = 600. |600|, =1/8, |600|s =1/3, [600]5 = 1/25. All other [600], = 1. Product:
600 x (1/8) x (1/3) x (1/25) = 600 x (1/600) = 1. v



The product formula is the simplest consilience — two completely independent measurement systems, revealing
themselves as two halves of a single unified whole. It is also a conservation law: the total "amount of

measurement" across all completions is fixed. You cannot increase one kind of size without decreasing another.

2.5 The Complete-Number Ring

The mathematical object that holds all completions simultaneously is the complete-number ring, also called the

adele ring Aq. An element of A is a tuple:
a = (6, a2,a3,as5,a7,...)

where @ € R (the continuous component), ap € @p (the p-adic component at prime p), and for all but finitely
many primes, @y, is a p-adic integer (]ap ] p = 1). The adele ring is a locally compact topological ring that contains

Q as a discrete subring via the diagonal embedding 7 —> (7‘, TyTy... )

The adele ring is the minimal mathematical object that contains all completions. Any mathematical question that
must interact with all measurement systems simultaneously — whether that question concerns a number, an

equation, a representation, or a quantum state — finds its natural home in the adele ring.

PART II — ULTRAMETRIC GEOMETRY

3. THE BUILDING TREE

3.1 Construction

For a fixed prime p, the Bruhat-Tits tree Tp is the geometric realization of the p-adic world. It is a regular tree

where every vertex has exactly p + 1 incident edges.

Construction from lattice classes. Let V = @p X Qp be the two-dimensional p-adic vector space. A lattice
L CV is a free Z,-submodule of rank 2 — essentially, a discrete subgroup that looks like Zj, X Z, up to a
change of basis. Two lattices L1 and Lo are equivalent if L1 = ¢ - Lo for some nonzero scalar ¢ € Q;; The
vertices of Tp are the equivalence classes of lattices. Two vertices are adjacent if there exist representatives Ly, Lo
such that pL; C Lo C L4 (with index p). This adjacency relation produces a tree where every vertex has exactly
p + 1 neighbors.

Explicit vertex counts. At depth 0, we fix a reference lattice class (the "root"). At depth 1, there are p + 1 vertices
— the maximal proper sublattices of index p. At depth d > 1, each vertex at depth d — 1 has exactly p forward
neighbors (toward greater depth) and 1 backward neighbor (toward the root, except the root itself, which has p + 1
forward neighbors). Total vertices at depth d:

v(d)=(p+1)-p¢ ! (ford>1), v(0) = 1.

For p = 2: depths 0—4 have vertex counts 1, 3, 6, 12, 24. For p = 3: depths 0—4 have vertex counts 1, 4, 12, 36, 108.

3.2 Metric Properties

The tree distance d(u, 'U) between vertices % and v is the number of edges in the unique geodesic (shortest path)

connecting them. This distance satisfies the ultrametric inequality:

d(u,w) < max(d(u,v),d(v,w)).



Proof sketch. In any tree, the unique geodesics between three vertices U, v, W intersect at a common vertex 77 (the
"median"). The distances satisfy d(u,w) = d(u,m)+ d(m,w). Either d(u,v) > d(u,m) or
d(v,w) > d(w, m) (or both). In either case, d(u, w) < max(d(u,v),d(v,w)).O

Ultrametricity implies that the tree is a totally disconnected space — there are no continuous paths between distinct

vertices, and the only connected sets are single points. This is in radical contrast to the Bloch sphere, which is path-

connected (any two points can be joined by a continuous rotation).

3.3 The Boundary and Compactification

An infinite geodesic ray — a sequence of vertices vg, V1, U2, . . . where v; is a child of v;—1 — defines a point on
the boundary 3Tp. The set of all such rays, modulo the equivalence relation that two rays are equivalent if they

eventually coincide, is the boundary.

The boundary is naturally identified with the projective line P! (@p) & Qp U {oo} This is a compact, totally
disconnected space — the p-adic analog of the circle in the Archimedean world. The closure of the tree, Tp U oT,,

is a compact space.

Physically, the boundary is where the environment acts. Noise, control signals, and measurement interactions enter
the system through the boundary and propagate inward along geodesics. The depth of a logical vertex measures its
geodesic distance from the boundary — and therefore the number of energy barriers that environmental

perturbations must cross to affect it.

3.4 Symmetries of the Tree

The group of isometries of 7}, — bijections of the vertex set that preserve the adjacency relation — is isomorphic to
PGL(2,Q,) x {£1}, where the {41} factor corresponds to the orientation-reversing automorphism (tree

reflection). The subgroup of orientation-preserving isometries is isomorphic to
PGL(2,Q,) = GL(2, @p)/@;-

Theorem (Serre, 1980). The group Aut (Tp) acts transitively on the set of geodesic rays of a given type, and the
stabilizer of a vertex is a maximal compact subgroup (isomorphic to GL(2, Zp) up to scaling). The action of
GL(2,Qp) on T, is the Bruhat-Tits building for the group G = GL(2) over the field Q).

The full linear group GL(2, Qp) — rather than its projective quotient — is relevant for quantum computation
because the central Q; factor provides phase degrees of freedom that carry quantum information (analogous to the

U(l) phase in conventional qubit states).

4. QUANTUM STATES ON THE TREE

4.1 The Ultrametric Hilbert Space

The Hilbert space for a single qubit on Tp is the span of the vertex basis states:
H = spanc{|v) : v € V(T})}.

A pure state is a superposition:

) = 3 awlv), with 3 Ja,|> =1,

The inner product is <u!’u> = d,,. The Hilbert space is infinite-dimensional (the tree has infinitely many vertices),
but physical computations are restricted to finite-depth subspaces — superpositions over vertices at depth < d, for

some chosen maximal depth d.



A logical qubit at depth d uses two distinguished vertices v and v; (chosen to be "far apart" on the tree, e.g., in
different branches at depth d) as the computational basis states. The logical Hilbert space is the two-dimensional
subspace spanned by |v0> and |v1>.

4.2 Coherent Superpositions and Interference

The tree supports interference between computational paths. Suppose a state ‘¢> = (]v0> + |v1>) / \/5 is

prepared. A sequence of gate operations (tree isometries) g1, g2, . . . , gk is applied, producing the state:

U(gr)---U(g)l¥) = (Igr - - g1(v0)) + gk - g1(v1))) / V2.

If the two paths converge on the same final vertex — gy - - - g1 (vo) =g 91 (vl) — the amplitudes add
coherently, producing constructive or destructive interference depending on the relative phases acquired along the
two paths. The phases are determined by the lift of the tree isometries to a representation of GL(2,Qp) —
specifically, by the central character (the Q; factor).

This is the ultrametric analog of interference in conventional quantum computing, where two paths on the Bloch
sphere reconverge and interfere. The difference is that on the tree, the paths are discrete sequences of vertices rather
than continuous rotations.

4.3 Multi-Qubit Entanglement

Multiple qubits on Tp can be entangled. The simplest entangled state is the Bell state:

187) = (Jvo) 4 ® |vo)B + [v1)4 ® |v1)B)/V2,

where qubits A and B are encoded at vertices on the same tree (or possibly on different trees at different primes).
Entanglement across different primes — one qubit on 7%, another on T3 — is adelic entanglement. It entangles
quantum states in different p-adic completions, bridged by the product formula constraint that links the sizes in both

completions.

The full multi-qubit Hilbert space on Tp is:
My = H®" = span{|vi, v2,...,vn) : v; € V(T})}.

Entanglement is quantified by standard measures: von Neumann entropy of reduced density matrices, concurrence
for two-qubit states, and entanglement entropy for multi-partite states. The tree's ultrametric geometry imposes
constraints on which entanglement structures are physically accessible — states with entanglement across distant
tree branches require more complex gate sequences to prepare.

5. ERROR CORRECTION: ARRHENIUS, LINDBLAD, AND NON-MARKOVIAN
MODELS

5.1 The Arrhenius Thermal Error Model

In a physical realization of T}, each edge of the tree corresponds to a tunneling matrix element between adjacent
lattice states. Moving a quantum state from a vertex at depth k to an adjacent vertex at the same depth requires

surmounting an energy barrier ;. A natural scaling is:
A = Ag-p™F

for base energy A and exponent & > 0. The barriers grow exponentially with depth, localizing deeper states more
strongly.



In thermal equilibrium at temperature T, the probability per unit time of a thermal fluctuation providing energy A,

is the Boltzmann factor:

Piherm (k) = exp(—Ay /kpT)

The thermal error rate for a logical qubit at depth d is:

Ttherm(d) = T - exp(—Aq/kpT)

where I is the attempt frequency (GHz—THz for solid-state systems).

Numerical benchmark (p = 2, = 1, A = 4 pevV~ 1 GHz-h, T = 10 mK, kgT =~ 0.86 peV):

Depth d Ay (ueV) Ay kgT Boltzmann factor Tiperm (Hz)
1 8 9.3 9.2 x 107° 9.2 x 107
2 16 18.6 8.4x107° 8.4 x 10°
3 32 37.2 7.1 x 10717 7.1 x 1075
4 64 74.4 5.1 x 10733 ~0

5 128 148.8 2.6 x 107 ~0

At depth 4, thermal errors are effectively absent — the Boltzmann factor is astronomically small. This is passive
geometric error correction: the protection is a property of the state space geometry, requiring no active

measurement or correction.

5.2 The Lindblad Open-System Model

The Arrhenius model captures thermal activation but neglects quantum tunneling and non-Markovian noise. A more
complete treatment uses the Lindblad master equation for the reduced density matrix p of the tree system coupled

to a bosonic bath (phonons, photons, or electromagnetic fluctuations).
The Lindblad equation is:

dp/dt = —(i/R)[H, p] + Sive(LipL} — 1{L} Ly, p})

where H is the system Hamiltonian, Ly, are Lindblad jump operators, and -y, are the corresponding decoherence

rates.

For the tree system, the relevant jump operators are:

* Dephasing: LS’) = |v> <’U| — random phase shifts on individual vertices, arising from fluctuations in the
local potential at each vertex.
.. (u—v) . . . . .
* Thermal transitions: Lhop = ]’U) <U‘ — phonon-assisted tunneling between adjacent vertices u and v, with

rate Y,0p « exp(—~A(u, v) / kp T) for uphill transitions and y,0p « 1 for downhill transitions (spontaneous

emission).
¢ Boundary noise injection: Lboundary — operators that couple the outermost vertices (near depth 0 or near the

boundary an) to the environment.
The decoherence rate for a superposition between vertices u and v that are separated by tree distance d(u, v) is:
')’dephase(u, /v) ~ 70 . d(fu, ’U) . p—ﬂd(u,’U)

where 7yp is the bare dephasing rate per edge and 3 > 0 is a suppression exponent arising from the hierarchical
coupling structure. The factor p_ﬁ d(u) reflects the ultrametric suppression: more distant vertices are weakly

coupled and thus less susceptible to collective dephasing.



5.3 Non-Markovian Noise Models

The Lindblad equation assumes Markovian dynamics — the bath has no memory, and future evolution depends only
on the present state. For ultrametric systems, where the hierarchical energy barriers impose widely separated

timescales, non-Markovian effects become important. Two extensions beyond Lindblad are developed here.

5.3.1 The Hierarchical Equations of Motion (HEOM)

For a bath with spectral density J (w), the reduced system dynamics can be described by the hierarchical
equations of motion (HEOM), which systematically incorporate non-Markovian effects through a hierarchy of

auxiliary density matrices p,, (t):

dpn/dt = —(i/h)[H, pn] — Bknkvkpn — 156/ 1k[Qky Pr—e] — iBkv/Nk + 1[Qk, prtey),

where (0, are system-bath coupling operators, I are the Matsubara frequencies of the bath correlation function,
and ey, are unit vectors in the index space. The physical density matrix is pg(t), and the hierarchy is truncated at

some depth N.

For the tree system, the bath spectral density is structured by the hierarchical geometry. Each depth k couples
predominantly to bath modes at frequencies w ~ A,/f. The resulting spectral density is:

J(w)=3%¢_ g2 6, (w— wy)

where gy, is the coupling strength at depth k, wx, = Ay /h, and Jy, is a broadened delta function of width 7). The
hierarchical coupling g = g * p*’y'k (with 7y > 0) ensures that deeper states couple more weakly to the bath.

Key non-Markovian prediction: The decoherence of a superposition between vertices at depths d and d» exhibits
damped oscillations with frequency w ~ ’Adl - AdQ‘/ h, rather than the purely exponential decay of the
Markovian Lindblad model. These oscillations are a distinctive experimental signature — their observation would

confirm the hierarchical energy structure of the tree.

5.3.2 The Nakajima-Zwanzig Generalized Master Equation

A more general non-Markovian description uses the Nakajima—Zwanzig equation:

dps(t)/dt = —(i/h)[Hs, ps(t)] + [ dr K (t —)[ps(7)]

where K (t) is the memory kernel encoding the bath's influence. For the tree system with hierarchical coupling, the

memory kernel has the form:
K(t) = S, Ki(t)

where each K, (t) is the contribution from bath modes at depth k. The timescale of K (t) is 7}, ~ A/Aj,. Because

A}, grows exponentially with k, the 7, are widely separated — the deepest states have the shortest memory times.

5.3.3 Noise Spectroscopy on the Tree

The hierarchical coupling structure enables a distinctive form of noise spectroscopy. By preparing superpositions at
specific depths and measuring dephasing rates, one can reconstruct the bath spectral density layer by layer. The

protocol:
1. Prepare equal superpositions over vertex pairs at various depths k € {1, ..., d}.
2. Measure the dephasing time T2* (k) for each depth using Ramsey interferometry.

3. The dephasing rate 1 / Ty (k) is proportional to the noise power spectral density S (wk) at the characteristic
frequency wy, = Ay /.

4. From the sequence {7 (k) }, reconstruct S(w) across the frequency spectrum.



This noise spectroscopy protocol is the tree analog of dynamical decoupling noise spectroscopy in conventional
qubits. It provides a direct experimental probe of the tree's hierarchical structure and can be used to calibrate and
optimize the engineered coupling landscape.

5.3.4 Comparison of Error Models

Error source Arrhenius Lindblad Non-Markovian (HEOM/NZ)

Thermal activation exp(—Ay/kgT) Yhop rates Vhop rates with memory

Quantum tunneling Neglected Coherent terms in H Coherent evolution + bath-induced
tunneling

Dephasing Neglected L, operators, exponential Damped oscillations, spectral

suppression reconstruction

Boundary noise Neglected Lyoun dary Frequency-dependent boundary
coupling

Non-Markovian Neglected Neglected Capture bath memory across all

effects timescales

Experimental Exponential suppression with Purely exponential decay Damped oscillations at hierarchical

signature depth frequencies

All three models agree on the central point: errors decrease exponentially with depth, making fault-tolerant
operation achievable at moderate depths. The non-Markovian models additionally predict observable oscillatory
signatures that can confirm the hierarchical structure experimentally.

6. LOGIC GATES

6.1 Gates as Unitary Representations

A gate operation on Tp is an element g € GL(2, Qp). Its action on the Hilbert space is a unitary operator U(g)
defined by:

UG [v) = [g - v),

extended linearly to superpositions. The unitarity of U(g) follows from the fact that g acts as a permutation on the

vertex labels, preserving the inner product.

The full set of available gates is the image of GL(2, Qp) under the representation on J{. However, only a finite
subset of gates can be physically implemented — those corresponding to isometries that act nontrivially only on

vertices within a bounded depth.

6.2 Native Gate Set for 15

For T (the p = 2 tree, where each vertex has 3 edges), the following operations form a natural native gate set:

1. Root permutation o. Permute the three branches at the root. This is an element of the symmetric group 53,
which is a subgroup of GL(2, Qz) It affects all vertices across the entire tree.

1. Local branch cycle ci(v). At a specific vertex v at depth k, cycle its two forward children. This is a local

operation that affects only the subtree rooted at v.

1. Translation 7 along a geodesic. Shift the state along a specified geodesic ray — moving it one step deeper or

shallower. This is the tree analog of a shift operator in a quantum walk.



1. Phase gate Z()). Multiply the amplitude of states by a phase factor that depends on the p-adic valuation of the
vertex label. For A € QX, Z(A)|v) = x(A,v)|v), where X is a character of Q, - This provides the
"phase" degree of freedom needed for quantum interference.

Claim (unproven). The set {0, ci(v), T, Z ()\)} generates a dense subgroup of the available unitaries on the depth-
restricted Hilbert space, analogous to how {H, T, CNOT} generates a universal gate set for conventional qubits.

Proving this claim is the p-adic Solovay—Kitaev problem.

6.3 Multi-Qubit Entangling Gates

For universal quantum computation, entangling gates between multiple qubits are required. On the tree, multi-qubit

gates are implemented through isometries that couple multiple tree vertices:

Two-qubit controlled gate on the same tree. For two qubits encoded at vertices vA and vB (possibly at different

depths), a controlled operation Cg is defined by:
Cylva) ® [vp) = [va) ® U(g) " |up),

where f(vA) = 1 if vA belongs to the "control-on" branch, and f(v_A) = 0 otherwise. This is implemented by

applying the gate pulse only to the subtree rooted at the control-on branch.
Adelic entangling gate. For two qubits on different trees Tp and Tq (p # q), the adelic entangling gate is:
Epq = exp(i-6) - | Xp ® |X|_q),

where [X|p is the p-adic size operator on T},. The product formula |X|p - |X|_q - (other factors) = 1 ensures that the

entanglement is globally constrained.

Physical implementation of entangling gates. These require coherent coupling between separate tree processors —

a technological challenge discussed in the development roadmap (§21).

6.4 The Solovay—Kitaev Problem on the Tree (Expanded)

Problem (p-adic Solovay—Kitaev). Given a finite set S of tree isometries that generate a dense subgroup of the
depth-restricted gate group Gq < GL(2,Q),), and a target isometry g € G4, does there always exist a sequence
of gates from S of length L = O(poly(log(1/¢))) that approximates g to within tree distance £?

Formalization. Let G4 be the subgroup of GL(Z, @p) that acts as the identity on vertices at depth > d. The metric
on (34 is the operator norm induced by the % norm on H g (the depth-restricted Hilbert space). The approximation
problem asks: for any g € G4 and any € > 0, does there exist a product 1 - 83 - ... - sL with §; € S U S~ such
that JU(s1 - - - sL) - U(g)|| < €, with L = O(poly(log(1/¢)))?

Partial results (conjectural):

1. Depth-1 theorem. For d = 1 (operations only at the root), G = Sp+1 (the symmetric group on p+1
elements). The Cayley graph of Sp+1 with generating set S n (§; has diameter O(plog p) =
O(log(1/e) - loglog(1/¢)) for € = 1/(p+1)!. Solovay—Kitaev holds with L = O(log(1/¢)) ford = 1.

1. Product structure. (7 has a semi-direct product structure: G4 = G X (G9/G1) X ... X (Gd/Gd,l).
Each factor G}, / (G}, is a direct product of symmetric groups Sp at each vertex at depth k—1. If the gate set S
includes generators for each factor, then any element of G4 can be expressed as a product of O(d - p/Ad)

elementary gates.

1. Conjectured efficient approximation. For general g € (54, the required sequence length is L = O(pAd - d) =
O(poly(l / {-:)) when € = p_d. This is exponential in the number of p-adic digits (depth d), but polynomial



in 1/e. Whether L = O(poly(log(1/¢))) holds — analogous to the conventional Solovay—Kitaev bound of
O(log“(1/€)) — is open.
Significance. A positive resolution would establish that a finite native gate set suffices for universal ultrametric

quantum computation. The exponential in d gate count is not fatal — depth d determines the logical error rate (via

the Arrhenius/Lindblad models), and for practical computations, d is expected to be modest (d ~# 5-10).

6.5 Gate Error Taxonomy
Gate errors on 1}, fall into three categories:

1. Missed gates (undershoot). The control pulse energy is below the threshold to trigger the isometry. The state
remains where it was. This is detectable (the gate did not fire) and correctable (re-attempt the gate). Error rate:
proportional to exp(—|[E - Eih|/ocE), where Eih is the threshold energy and og is the pulse energy

uncertainty.

1. Wrong gates (overshoot / crosstalk). The control pulse triggers an unintended isometry — e.g., it fires the
branch-cycle gate at a neighboring vertex instead of the target vertex, or it triggers a deeper isometry than
intended. Error rate: decays with the energy separation between different gates. Can be suppressed by making

gate energies well-separated.

1. Leakage. The state moves to a vertex outside the computational subspace (e.g., to a vertex at a different depth
than the logical qubit). Leakage is detectable (the state is found outside the computational basis) and correctable

(a "cooling" pulse returns it to the logical subspace).

The discrete nature of tree gates eliminates the dominant error source in conventional quantum computing:
continuous miscalibration. In an SU(Q) rotation gate, a 1% error in pulse duration produces a 0.9° rotation error.
On the tree, a 1% error in pulse energy either has no effect (if it keeps the energy above threshold) or causes a
discrete wrong gate (if it crosses a threshold). The threshold-based error model is more amenable to engineering

control than the continuous-parameter error model.

7. HAMILTONIAN ENGINEERING

7.1 The Target Hamiltonian

A physical system that realizes Tp must have a Hamiltonian whose low-energy spectrum reproduces the tree's vertex

structure and edge connectivity. The minimal model is a tight-binding Hamiltonian on the tree:

H = =% ) atu) (1) (0] + [0) (u]) + 3, 0f0) (0]
where:

o The sum over (u,v) runs over adjacent vertices (edges of Tp),

. Jd(u,v) is the tunneling amplitude for the edge connecting vertices at depths d(u) and d(v), with |[d(u) — d(v)| <
1,

e &, is the on-site potential at vertex v.

For the tree to exhibit the desired hierarchical protection, the coupling strengths must decrease exponentially with
depth:

Jk — JO . p—n~k



where J}, is the coupling between vertices at depths k and k+1 (or between two vertices at the same depth k with a

common parent at depth k-1), Jp is the base coupling, and K > 0 controls the decay rate.

7.2 Physical Implementation Candidates

Coupled Superconducting Resonators. A chain (or tree) of coplanar waveguide resonators, each with resonant
frequency wy ~ 5--10 GHz, coupled capacitively or inductively. The coupling strength between resonators i and j
is determined by the capacitance C’ij or mutual inductance Mij. By lithographically defining capacitors with
exponentially decreasing capacitances, one can engineer J; = Jo - 27, The base coupling Jp ~ 10-100 MHz is
achievable; Kk ~~ 1--2 gives Jj ~ 1 kHz at depth 10 — experimentally challenging but within reach of precision

superconducting fabrication.

Cold Atoms in Optical Lattices. Atoms trapped in a three-dimensional optical lattice where the lattice depth (and
therefore the tunneling rate) is modulated spatially to produce a tree-like connectivity. The tunneling rate between
adjacent sites scales as J ~ Ep - (%/ER)3/4 - exp(—24/Vy/ER), where E_R is the recoil energy and Vj is
the lattice depth. By engineering a position-dependent V{y(x) that increases exponentially along the tree, one
achieves the desired hierarchical couplings.

Photonic Waveguide Arrays. Femtosecond-laser-written waveguides in fused silica glass can be arranged in tree-
like patterns. Light propagation through the array is governed by coupled-mode equations with coupling coefficients
determined by the waveguide separation. Exponentially increasing separation produces exponentially decreasing
coupling. This platform has the advantage of room-temperature operation for GL(l) validation (classical light with

engineered loss mimicking quantum decoherence).

7.3 Single-Qubit Gate Implementation

A gate operation on 15 corresponds to a specific pattern of time-dependent Hamiltonian perturbations. For a branch-

cycle gate at vertex v, apply a resonant pulse:

Hgate(t) - Q(t) ) Zchhildren(v)uw) <parent(w)| + hC)

where )(t) is the time-dependent drive amplitude. The pulse is shaped to adiabatically transfer the state among the
child vertices while avoiding excitation of neighboring vertices (the "leakage" error). The pulse duration 7 is
constrained by the energy gap between the target transition and the nearest unwanted transition: 7 > h/AE_min,
where AFE,;, is the minimum energy separation between the target gate frequency and any other transition

frequency in the system.

For a root-permutation gate, a larger-amplitude pulse that addresses all depth-1 vertices simultaneously is required.
This can be achieved through global modulation of the coupling constants at the root, or through multi-frequency

composite pulses that address multiple transitions simultaneously.

7.4 The Measurement Problem

Reading out the state of a qubit encoded on Tp is non-trivial. In conventional quantum computing, measurement
collapses the state onto ‘O) or ]1) in the computational basis. On the tree, measurement must determine which

vertex — or which branch — the state occupies.

The leading proposal uses the Monna map — a function that translates p-adic numbers to real numbers while
approximately preserving the ultrametric structure. Given a vertex v corresponding to a p-adic lattice class, the
Monna map produces a real number x = Monna(v) € [0, 1]. The mapping is such that vertices that are close in tree
distance map to real numbers that are close in a specific fractal measure.

Measurement proceeds by:



1. Coupling the tree system to a continuous detector (e.g., a microwave resonator or an optical cavity) that couples

to the Monna coordinate.
2. The detector's response depends on the Monna coordinate of the state.

3. Repeated projective measurements of the detector yield a statistical distribution from which the vertex (or at

least the branch) can be inferred.

This is the p-adic Born rule: the probability of measuring a particular value of the Monna coordinate is proportional
to the squared amplitude of the state's projection onto the corresponding region of the tree. The measurement theory

is under development; a rigorous p-adic POVM (positive operator-valued measure) formulation is needed.

PART III — THE LANGLANDS PROGRAM

8. SHADOWS: GALOIS REPRESENTATIONS

8.1 Elliptic Curves and Their Arithmetic

An elliptic curve E over Q is defined by a Weierstrass equation:

E:y2=x3+Ax + B, with A = —16(4A3 + 27B?) # 0.

The set of rational points E(Q) = {(x, y) € Q2: y2=x3+ Ax + B} U {oo} forms a finitely generated abelian group:
EQ) =ZNn T,

where 1 is the algebraic rank and T is the finite torsion subgroup (the Mazur theorem limits T to 15 possible groups

for curves over Q).

Example. E: y? = x3 — x. The rational points include (0, 0), (1, 0), (-1, 0) (all torsion points of order 2). This curve

has rank r = 0.
Example. E: y? = x3 — 2. The rational points include (3, 5) and (3, —5) which generate an infinite cyclic subgroup.
This curve has rank r = 1.
8.2 The Hasse Bound and Local L-Factors
For a prime p of good reduction (p J( A), the reduced curve E(F_p) has a number of points satisfying:
\W#E(\mathbb{F}_p) - (p + 1)| \leq 2\sqrt{p}.
Define the trace of Frobenius a_p = p + 1 - \#E(\mathbb{F}_p). The local L-factor at p is:
_ - 1-25) 1
Ly(B,s) = (1—a,-p* +pt™)

There is also a modified factor for bad primes (where the curve becomes singular modulo p), involving a,, € {~1, 0,

1} depending on the singularity type (split multiplicative, non-split multiplicative, or additive).
The global L-function is the Euler product:
L(E,s)=11,L,(E,s)

This product converges for Re(s) > 3/2 and has an analytic continuation to C, satisfying a functional equation
relating L(E, s) to L(E, 2 —s).



8.3 Galois Representations

Let GQ = Gal(@ / @) be the absolute Galois group of @) — the group of field automorphisms of the algebraic
closure @ that fix Q. For each prime ¢, the £-adic Tate module Tg(E ) = }E E[2/n] (the inverse limit of the £/n-

torsion points) is a free Zyg-module of rank 2. The Galois group acts Zg-linearly on T(E), yielding a continuous

representation:

prs: Gy — GL(2,Z,) < GL(2, Q).

For a prime p # ¢ of good reduction, the Frobenius element Frob_p € GQ (defined up to conjugacy) satisfies:
tr pg¢(Frob,) = ap, det pg(Frob,) = p.

The trace of the Frobenius at p is exactly the local data a, that we computed by counting points. The Galois
representation is the shadow — the object that encodes how the arithmetic symmetries of the number field act on

the geometric object (the elliptic curve).

The collection of representations { PEy : ¢ prime} (or, equivalently, the compatible system) is the complete
arithmetic data of E. The Langlands program asserts that this data determines, and is determined by, an automorphic

object.

9. TREES: AUTOMORPHIC FORMS

9.1 The Upper Half-Plane and Modular Forms
Let H = {z € C : Im(z) > 0}. The modular group I" = SL(2, Z) acts on H by:

v(z) = (az + b)/(cz + d), fory = (i Z) € SL(2,7Z).

A modular form of weight k € Z_{>0} for I' (or a congruence subgroup FO(N )) is a holomorphic function f : H
- C satisfying:

f(v(2)) = (cz + d)* £ (2).
and growing at most polynomially as Im(z) — oo (or at the cusps). The Fourier expansion at the cusp at infinity is:
f(z) =37 anq", where g = €™

The coefficients a,, are integers for "normalized" modular forms (eigenforms of the Hecke operators). The L-

function of f is:
L(f, S) = Zzo:l a,n ® = Hp (1 — app_s +pk—1—2s)*1

9.2 The Modularity Theorem

Theorem (Modularity Theorem, Wiles 1995, Taylor—Wiles 1995, Breuil-Conrad-Diamond-Taylor 2001). For
every elliptic curve E over @, there exists a modular form f of weight 2 (specifically, a newform of level N = N,
the conductor of E) such that:

L(E,s) = L(f,s),

and consequently ap(E ) = ap( f ) for all primes p.



The arithmetic of the elliptic curve (the local point counts a,) and the analysis of the modular form (the Fourier

coefficients ap) coincide identically. This is the proved instance of the Langlands correspondence for GL(2) over

Q.

9.3 Automorphic Forms: The Generalization
Replace I' = SL(2, Z) with G = \\operatorname{GL}(n)\ over the adele ring AQ. An automorphic form @ is a
function on G(AQ) satisfying:

. (p(’)/g) = go(g) forally € G (Q) (left-invariance under rational points),

 ( is square-integrable on G(Q)\G(A_Q) (modulo the center),

e (is an eigenfunction of the Hecke algebra (commuting family of integral operators).

An automorphic representation 7r is the representation of G(A_Q)) generated by ¢ under right translations. The L-
function L(7r, s) is an Euler product built from the local components 7,, each of which is an irreducible

representation of G(Qp).
The Langlands program (1967) posits a correspondence between:

¢ n-dimensional Galois representations p : G Q "~ \\operatorname{GL }(n, \bar{\mathbb{Q} } _\ell)\ (arithmetic
objects), and

¢ Cuspidal automorphic representations 7 of GL(n, AQ) (analytic objects),

such that L(p, s) = L(7, s) and the local data match at almost all primes. For n = 1, this is class field theory — fully
proved. For n = 2, this is the modularity theorem — proved for elliptic curves over @. For n > 2 and general

reductive groups, the correspondence remains largely conjectural.

10. THE p-ADIC LANGLANDS CORRESPONDENCE

10.1 Statement of the Breuil-Colmez Theorem

The p-adic Langlands correspondence works entirely within the p-adic world — all representations are on p-adic

vector spaces, and the correspondence is a p-adic analytic map rather than a complex-analytic one.
Theorem (Breuil-Colmez, completed ~2010). There is a canonical bijection between:

+ Two-dimensional continuous representations of G, = Gal(Qp/Q)p) on finite-dimensional Qp-vector
spaces, satisfying certain technical conditions (crystalline, semi-stable, or potentially semi-stable with specified

Hodge—Tate weights), and

¢ Certain unitary Banach space representations of GL(2,QP) on p-adic Banach spaces, satisfying an

admissibility condition.
The correspondence is functorial and compatible with local class field theory (the n = 1 case). It is a theorem —
proved through the combined work of Breuil, Colmez, Berger, Paskunas, and many others over two decades.
10.2 Why This Matters

The Breuil-Colmez theorem establishes that the representation theory of GL(2, Qp) — the group of logic gates on
the Bruhat—Tits tree — is mathematically equivalent to the arithmetic data encoded in p-adic Galois representations.

For quantum computation, this means:



o The Hilbert space of an ultrametric qubit carries a unitary representation of GL(Q, Qp). The ways this
representation decomposes into irreducible components — the spectrum of the gate operations — correspond
to Galois representations.

¢ A computational process (a sequence of gate operations) explores the representation theory of GL(Z, @p).
The output of the computation — the final state and its measurement — encodes information about the
corresponding Galois representation.

+ By engineering specific gate sequences, one can probe specific arithmetic data: the trace of a Frobenius

element, the local L-factor at a prime, the conductor of a Galois representation.

The logic gates of the ultrametric quantum computer are the p-adic Langlands correspondence — not
metaphorically, but as a mathematical identity. The device does not simulate the correspondence. It is the
correspondence, physically instantiated.

10.3 Beyond GL(2)
The Breuil-Colmez theorem covers GL(2, Qp). What about GL(n, Qp) for n > 2? The p-adic Langlands

correspondence for \\operatorname{GL}(n)\ is largely open. Partial results exist for specific representations, but no

general theorem analogous to Breuil-Colmez has been established.

This means that an ultrametric quantum computer built on GL(2) operations (which is the natural hardware for a
single qubit on Tp) has a proved mathematical foundation. Extending to higher-rank buildings (for multi-qubit
systems or higher-dimensional quantum states) moves into conjectural territory. The development roadmap (§21)
reflects this: Phase 2 targets GL(2) single-qubit prototypes, where the mathematics is proved; Phase 3 targets

adelic integration, where some components are conjectural.

11. PHYSICS CONNECTION: KAPUSTIN-WITTEN DUALITY

11.1 Gauge Theory and S-Duality

In 2007, Anton Kapustin and Edward Witten discovered a profound connection between the geometric Langlands
program and certain gauge theories in theoretical physics. They considered N = 4 supersymmetric Yang—Mills
(SYM) theory with gauge group G on a four-manifold M = X2 x C, where X is a two-dimensional surface and C is a

Riemann surface.

N =4 SYM has a remarkable symmetry: S-duality, which exchanges the gauge coupling constant g with its inverse
1/g, and simultaneously exchanges the gauge group G with its Langlands dual group ALG (e.g., for G = SU(n),
LG = SU(n)/Zy; for G = SO@2n+1), ALG = Sp(2n)).

By performing a topological twist (the "GL twist") and considering the theory in the limit where 3 shrinks to zero

size, Kapustin and Witten derived that S-duality in the four-dimensional gauge theory reduces to the geometric

Langlands correspondence on the Riemann surface C:
» Wilson loops (holonomies of the gauge field around closed curves) correspond to Hecke eigensheaves — the
geometric Langlands objects.

» 't Hooft operators (disorder operators that create magnetic flux) correspond to Hecke modifications of these
sheaves.

¢ The S-duality exchange of Wilson and 't Hooft operators is the geometric Langlands exchange of eigenvalues
and eigensheaves.



11.2 Interpretation: Physics Converges on the Same Structure

The Kapustin—Witten result is a consilience between pure mathematics (the Langlands program) and theoretical
physics (gauge theory). It demonstrates that the Langlands correspondence is not an isolated mathematical

conjecture — it is a physical duality, embedded in the structure of quantum field theory.

This adds a third independent line of evidence to the convergence:

Line Discipline What It Studies Converges On

1 Number theory Elliptic curves, Galois representations, L-functions Modular forms, automorphic representations
2 Harmonic analysis Modular forms, Maass forms, automorphic forms Galois representations, L-functions

3 Theoretical physics ~ Gauge theories, S-duality, Wilson/'t Hooft operators The Langlands correspondence

Three independent traditions — arithmetic, analysis, and physics — converge on the same geometric structure. This
triple convergence is the strongest evidence that the Langlands correspondence is not merely a mathematical

abstraction but a reflection of something fundamentally real.

11.3 From Continuous Gauge Theory to the Discrete Tree

The Kapustin—Witten construction operates in the continuous, Archimedean setting — gauge theory on smooth
manifolds. The p-adic analog involves replacing the continuous Riemann surface C with the p-adic projective line

[P’l(Qp), and the continuous gauge theory with a discrete model on the Bruhat-Tits tree.
The building tree Tp is the p-adic analog of the Riemann surface in the following precise sense:

¢ The boundary 8Tp = I]J’l((@p) is the p-adic analog of the circle at infinity in the hyperbolic plane.

o The tree itself is the discrete analog of the hyperbolic plane (or, more precisely, of the Bruhat-Tits building,
which is the p-adic symmetric space).

o Functions on the tree satisfying certain harmonicity conditions correspond to modular forms in the p-adic

setting.

The physical realization of the tree as a quantum computing substrate would thus be a discrete gauge theory
simulator — a system whose dynamics reproduce the topological sector of the Kapustin—Witten theory in the p-adic
regime. This connection remains speculative but provides a physical motivation for the hardware beyond pure

number-theoretic computation.

12. CLASS FIELD THEORY: THE \\operatorname{GL}(1)\ FOUNDATION

12.1 What Class Field Theory Is

Class field theory is the classification of abelian extensions of number fields — extensions whose Galois groups are
abelian (commutative). It is the culmination of work by Kronecker, Weber, Hilbert, Takagi, Artin, Hasse, and
Chevalley, completed by the 1940s.

In Langlands' terminology, class field theory is the Langlands correspondence for GL(I) — the one-dimensional
case. A one-dimensional Galois representation is simply a character (homomorphism) of the Galois group into CAx.
Class field theory states that every such character corresponds to a Hecke character — an automorphic form on
\\operatorname{GL } (1)\.



12.2 The Bost—Connes System

In 1995, Jean-Benoit Bost and Alain Connes constructed a quantum statistical mechanical system — a C*-

dynamical system (A, O't) — whose equilibrium states encode class field theory. Specifically:
e The algebra A is a crossed product of C*-algebras built from the adele class space QAx\A@f (the finite adeles
modulo rational scaling).
¢ The time evolution 0y is a one-parameter group of automorphisms.
« The KMS states (equilibrium states at inverse temperature () are classified: for 0 < 3 < 1, there is a unique

KMS state; for 3 > 1, the KMS states are parametrized by the idele class group of @, and the partition function

is the Riemann zeta function ((p).

The Bost—Connes system is the mathematical template for Phase 1 of the development roadmap (§21). It
demonstrates, in a fully rigorous mathematical framework, that adelic quantum statistical mechanics is a coherent

concept and that equilibrium states of such systems encode number-theoretic information.

12.3 Physical Realization of the Bost—-Connes System

The Bost—Connes algebra and dynamics can be realized as a quantum Hamiltonian on a Hilbert space with a
specific spectral structure. The Hamiltonian is:

H =5 log(n)-aa,

acting on a Fock space generated by creation operators a}; labeled by integers n. The partition function is:

Z(B) =Tr(e ) =37 1 n" =((B)

This is the simplest adelic quantum system. Its physical realization would consist of a system of harmonic oscillators

with frequencies wy X log(n) and coupling to a thermal bath at inverse temperature (3. The equilibrium state of

this system would encode the Riemann zeta function — the GL(l) automorphic L-function.
Candidate platforms for GL(1) validation include:

¢ Trapped-ion quantum simulators, where motional modes of the ion chain are engineered to have a

logarithmic frequency spectrum.

* Superconducting circuits, where a chain of LC resonators with engineered inductances produces the desired

frequency distribution.
» Photonic waveguide arrays, where the propagation constants of the guided modes are controlled by

waveguide geometry.

Phase 1 success would demonstrate that an adelic quantum system can be physically realized — the crucial first step

toward higher-rank Langlands hardware.

PART IV — THE CONVERGENCE

13. THE CHAIN OF IDENTIFICATIONS

The central thesis of this document rests on a precise chain of mathematical identifications:

Step 1. The state space of an ultrametric quantum computer is the Bruhat-Tits tree Tp.



Step 2. The Hilbert space H = span(c{ |v> NS V(Tp)} carries a unitary representation of the isometry group
Aut(T,).

Step 3. Aut(7},) = PGL(2,Q,) x {£1}. Up to the orientation-reversing automorphism and the central
scaling, the symmetry group is GL(2, @p). This is Serre's theorem (1980).

Step 4. Logic gates are elements of GL(Z, Qp), acting on J via the representation U(g) ]’U> = | g 'U>.

Step 5. The representation theory of GL(2, @p) on p-adic Banach spaces — the classification of its unitary
representations, their irreducible decompositions, and their Hecke algebras — is the domain of the p-adic Langlands

COITESPOHdeHCE‘.

Step 6. The p-adic Langlands correspondence for GL(2, Qp) is the Breuil-Colmez theorem — a proved theorem
establishing a canonical bijection between two-dimensional p-adic Galois representations and certain unitary Banach

space representations of GL(2, Qp).

Conclusion. Therefore, the logic gates of the ultrametric quantum computer are the physical operations whose
mathematical structure is described by the p-adic Langlands correspondence. The quantum states of the computer

are the vectors that carry representations of GL(Z, Qp). The computational processes — sequences of gate

operations — trace paths through the representation theory of GL(2, @p).

The device does not simulate the correspondence. It embodies it.

Status of each step:

o Steps 1-4: Definitions and mathematical identifications (proved or definitional).

¢ Step 5: Domain statement (definitional — this is what the p-adic Langlands correspondence studies).

¢ Step 6: Breuil-Colmez theorem (proved, 2000s).

e Conclusion: Logical consequence of steps 1-6, provided a physical realization exists (entirely open).

14. THREE PARADIGMS UNIFIED

14.1 Tabular Comparison

Property

Conventional QC

Topological QC

Ultrametric QC

State space

Gates

Error model

Protection
mechanism

Protection cost

Mathematical

foundation

Computational
universality

Experimental status

Bloch sphere S? (continuous,
Archimedean)

SU(2) rotations (analog)

Small continuous rotations
accumulate

Active QEC (measure-correct
loop)

Superlinear overhead,
thermodynamic wall

SU(2) representation theory

Proved (Solovay—Kitaev)

Operational (100s of qubits)

Ground state manifold of 2D
TQFT

Anyon braids (topological)

Thermal anyon pair
proliferation

Topological invariance (zero-
T only)

Exotic materials, extreme
cooling

Modular tensor categories,
braid group reps

Proved (for certain anyon
models)

No protected qubit
demonstrated (25+ years)

Bruhat-Tits tree Tp (discrete, non-
Archimedean)

GL(2, Q) isometries (discrete)

Hierarchical energy barriers, Arrhenius +
Lindblad + Non-Markovian

Passive geometric (theorem of state space)

Engineered hierarchical couplings

GL(2, Qy) representation theory =
Breuil-Colmez

Open (p-adic Solovay—Kitaev problem)

No prototype (conceptual stage)




14.2 The Archimedean Shadow

Topological quantum computing is the Archimedean shadow of the building tree. When the discrete, ultrametric
structure of Tp is projected onto a smooth, continuous spacetime — taking the "large-p" or "semiclassical" limit —
the tree's isometries become continuous diffeomorphisms of a Riemann surface. The vertex states become conformal
blocks of a rational conformal field theory. The tree's hierarchical energy barriers coalesce into the topological

energy gap A.
Specifically, the mechanism connecting the two paradigms involves:

1. The Langlands base change from the p-adic field Qp to the real field R. This base change sends the building
tree T}, to the symmetric space GL(2, R)/0(2) = H (the upper half-plane).

1. The Baum—Connes conjecture (proved for p-adic groups) — a K-theoretic statement that relates the

representation theory of GL(Z, Qp) to the topology of its classifying space.

1. The Kazhdan-Lusztig correspondence between representations of p-adic groups and representations of affine

Lie algebras, which underlies the connection between tree isometries and anyon braiding.

14.2.1 Formal Semi-Classical Limit

The semi-classical limit connecting Tp to a continuous manifold can be formalized through harmonic analysis on

the tree. Let f : V(T) — C be a function on tree vertices. The tree Laplacian A_T is defined by:
— 1
(Arf)w) = £(v) = 75 Yy Flw)

where the sum runs over the p+1 neighbors of v. The eigenfunctions of A7 are the spherical functions — the p-

adic analogs of plane waves.

In the limit p — oo with tree distance rescaled as d=d/ log(p), the tree Laplacian converges to the continuous

Laplacian on the hyperbolic plane Hi:
A7 — Ay asp — oo, with appropriate rescaling.

The spherical functions on 7}, converge to the Harish-Chandra spherical functions on SL(2, R). The vertex states

become wave packets on H. The tree isometries become the Mgbius transformations that generate the modular

group SL(2, 7).

14.2.2 Mapping Tree States to Anyon Worldlines

Under the semi-classical limit, a quantum state ]’U) on the tree maps to a conformal block of a rational CFT on the
boundary 6Tp = Pl(Qp) — S1. A sequence of tree isometries maps to a braid diagram. The anyon types correspond
to the irreducible representations of GL(2, Qp) restricted to the depth-d subgroup.

The failure of topological protection at finite temperature in anyon systems — the thermal proliferation of anyon
pairs — corresponds to the thermal activation of tree states from depth d to depth d—1 in the semi-classical limit. In
the discrete tree, these transitions are suppressed by the Arrhenius factor exp(~Ag / kp T). In the continuous limit,
the barriers become continuous and the suppression is replaced by the small energy gap A, which is easily

overwhelmed.

Key insight: The Archimedean shadow preserves the quantum statistics (braiding phases, fusion rules) encoded in
the tree isometries, but loses the ultrametric inequality that provides passive geometric protection. Build on the tree

directly, and the protection is restored.



15. THE PRODUCT FORMULA AS COMPUTATIONAL MECHANISM

15.1 Local-Global Reconciliation

The product formula:

Il < 1L Irle = 1,
is not merely a mathematical curiosity. It is the physical constraint that would govern an adelic quantum computer.

Consider a computation distributed across multiple processors, each operating on a different Bruhat—Tits tree Tp for
a different prime p. Each processor computes a p-adic "size" — a local quantity. The product formula enforces that
the product of all these local quantities, together with the continuous (Archimedean) size computed by a classical

co-processor, must equal 1.

This constraint is not a limitation — it is the mechanism by which the Langlands correspondence operates. The local
data at each prime (the Galois representation, the a,, values) are not independent. They satisfy global consistency
conditions — the product formula, the functional equation of the L-function, the Hasse—Weil bounds. These
consistency conditions are enforced by the automorphic form — the global object that reconciles all local data into a

single analytic function.
In an adelic quantum computer:

+ Local gates (operations on individual 7}, processors) compute local data — p-adic absolute values, Frobenius

traces, local L-factors.

* Global constraints (the product formula, enforced by entanglement across primes) reconcile these local data

into global information — the automorphic form, the L-function at special points, the rank of an elliptic curve.

¢ Measurement collapses the global state onto a specific adelic outcome, yielding the desired number-theoretic

invariant.

15.2 The Adelic Entanglement Mechanism

Entanglement across different primes — adelic entanglement — is the mechanism that enforces the product
formula. Two qubits, one on 75 and one on 73, are prepared in an entangled state whose correlations are

constrained by the requirement that the product of their p-adic sizes times the continuous size equals 1.

Specifically, define an adelic qubit as a state on the tensor product:
Hadele=TH2 @ H3®H5® ... ® H o,

where Hp is the Hilbert space on Tp and Hoo is the continuous (Archimedean) Hilbert space. The adelic

Hamiltonian includes a global constraint term:
H_constraint = X - (1 — | & - Hp |:E|p)2,

where X is a "position operator" on the adelic space and A > 0 is a Lagrange multiplier enforcing the product
formula as an energy penalty. The low-energy subspace of Htotal = Hlocal + H_constraint consists of adelic states

that satisfy the product formula.

Computation proceeds within this constrained subspace. Gates that would violate the product formula are
energetically forbidden — they are gapped out by the constraint Hamiltonian. This ensures that any computational

process automatically respects the local-global consistency that characterizes the Langlands correspondence.



16. MEASUREMENT THEORY: THE MONNA MAP

16.1 From p-adic to Real: Why a Map Is Needed

Measurement in quantum mechanics produces classical outcomes — real numbers, or discrete labels derived from
real numbers. But the state of an ultrametric qubit is a p-adic object — a vertex of T}, which corresponds to a p-adic
lattice class. To read out the result of an ultrametric computation, we need a translation between the p-adic world

and the real world.
The Monna map provides this translation. It is a function:

defined as follows. Write a p-adic number x € Qp in its canonical p-adic expansion:

T = Zzo:vp(z) a,p", a, € {07 1,...,p— 1}7 Ay, (z) 7& 0

Then define:

M,(x) = Z;’:’:vp(x) a,p !

This maps p-adic numbers to real numbers in the interval [0, 1/p] (for numbers with 'vp(w) > 0) or larger intervals
(for numbers with negative valuation). The map is a surjective isometry from Qp onto a Cantor-like subset of R, in

the sense that the ultrametric distance on Qp is mapped to the Euclidean distance on R (up to a bounded distortion).

The Monna map preserves the hierarchical structure: p-adic numbers that are close in the ultrametric sense map to
real numbers that are close in the Euclidean sense (specifically, |M,(x) = Mp(y)| # [x = y|_p for small p-adic

distances).

16.2 Measurement Protocol

The measurement protocol for a qubit on Tp proceeds as follows:

1. The quantum state [¢)) = ) » Qv |v) is prepared on Tp.

2. Each vertex v is associated with a p-adic number Z,, (via the lattice-class-to-p-adic correspondence), and hence
with a real number M,,(z) via the Monna map.

3. A continuous detector (microwave resonator, optical cavity, or charge sensor) is coupled to the Monna
coordinate: the interaction Hamiltonian is Hint = g - Mp ® O_detector, where M, = >0 Mp(x0)|v) (v] is
the Monna coordinate operator.

4. The detector is measured projectively, yielding a real number y. The probability density for measuring y is:
P(y) = 5, lawl - 8(y — My(zs))  (ideal case)
or, with finite detector resolution o:
P(y) = >, |ow|? - (2m0?) V2 - exp (—(y — My(z,))?/20?) (realistic case)

1. From the measured value y, the vertex v (or at least the branch containing v, if the resolution is insufficient to

distinguish individual vertices) is inferred.

The Monna measurement is a p-adic POVM: it defines a positive operator-valued measure on the real line that
encodes the ultrametric structure of 7T},. The measurement collapses the state onto an approximate vertex — the

resolution is limited by the detector precision and by the noise floor of the continuous measurement apparatus.



17. THE KILLER APP: BSD RANK COMPUTATION

17.1 The Local-Global Structure of BSD

The Birch and Swinnerton-Dyer conjecture relates the algebraic rank r of an elliptic curve E (the number of

independent rational points of infinite order) to its analytic rank (the order of vanishing of L(E, s) at s = 1):
ords—1 L(E,s) =r
Computing r requires:

1. Local data: Computing a_p = p + 1 - \\#E(\mathbb{F}_p) for many primes p. This is a p-adic computation —
it involves solving the curve equation modulo p.

2. Global assembly: Constructing the L-function L(E, s) from the local factors and evaluating its behavior at s =
1.

3. Rank extraction: Determining the order of vanishing and the leading Taylor coefficient.

Step 1 is efficiently parallelizable across primes — each prime is independent. Step 2 is the bottleneck: assembling
the L-function is a global operation that requires all local data simultaneously. Step 3 is a numerical analysis

problem on the assembled L-function.

17.2 Adelic Hardware for BSD

An adelic quantum computer distributes Step 1 across multiple Tp processors (one for each prime), uses adelic

entanglement to enforce the product formula (Step 2), and extracts the rank through Monna measurement (Step 3).
Algorithm sketch (BSD rank computation on adelic hardware):

1. Input: An elliptic curve E, specified by its Weierstrass coefficients A, B, and a list of primes py, ..., P, for
which local data is to be computed.

2. Initialization: Prepare an adelic state |1,ZJO> on the tensor product of Tp processors (p = Pi, ..., Pmp) and the
continuous processor. The state encodes the curve's coefficients.

3. Local computation (parallel): On each Tp processor, apply a sequence of GL(2, @p) gates that implements
the p-adic point-counting algorithm. The output is a state whose amplitude distribution encodes a,, — the trace
of Frobenius. This step is the p-adic analog of Shor's period-finding subroutine.

4. Global assembly: Apply adelic entanglement gates that couple different Tp processors. These gates ensure that
the local data (ap for different p) are consistent with an automorphic form — there exists an L-function whose
local factors reproduce the computed ap.

5. Rank extraction: Perform a global Monna measurement on the adelic state. The measurement outcome yields
the order of vanishing of L(E, s) at s = 1 — the analytic rank, which the BSD conjecture equates to the
algebraic rank.

6. Output: The computed rank r.

The computational complexity of this algorithm is not yet formally bounded. The local steps (Step 3) are expected to
require O(poly (log p)) gates per prime (by analogy with Shor's algorithm, where period-finding requires
O(poly(log N)) gates). The global assembly (Step 4) requires O (7 1og m) adelic entanglement gates, where
m is the number of primes. The overall complexity is O(m poly(log Py )), which for m ~ O(log N) is

polynomial in the input size.



Caveat: This is an algorithm sketch, not a proven algorithm. Whether the adelic quantum computer can efficiently
compute BSD ranks is an open question. The sketch illustrates the structural match between the problem and the

proposed hardware — a match that does not exist for conventional quantum computers.

17.3 Complexity Analysis of BSD Rank Computation

Classical complexity. The best known classical algorithms for computing the BSD rank of a general elliptic curve
have complexity that is sub-exponential but super-polynomial. Specifically, computing a,, for a single large prime p
requires O(pl/ 4+8) classical operations using the Schoof-Elkies—Atkin (SEA) algorithm, or O(poly(log p))
using Shor's algorithm on a conventional quantum computer. The global assembly — constructing L(E, s) from local
data and evaluating its order of vanishing at s = 1 — requires analytic continuation and numerical evaluation, with

complexity depending on the conductor N and the desired precision.
Conventional quantum complexity. Shor's algorithm places point-counting (computing ap) in BQP. However, the
global assembly — determining the order of vanishing — is not known to be in BQP. The best known quantum

algorithm for the BSD rank requires O(N }13/ 2+5) operations for curves of conductor Ng.
Adelic quantum complexity (conjectural). If the adelic quantum computer can:

» Compute a,, in O(poly(log p)) gates per prime (via p-adic Shor's algorithm on Tp),
¢ Perform global assembly in O(m poly(log m)) gates (via adelic entanglement enforcing the product
formula),

o Extract the rank in O(1) Monna measurements,

then the total complexity is O (m poly (log pmax)) = O(poly(log Ng)), placing BSD rank computation in
BT-BQP. This would be an exponential speedup over the best known classical algorithm and a super-polynomial

speedup over conventional BQP — IF the conjectural BT-BQP computational advantages are realized.

18. COMPLEXITY: DEFINING BT-BQP

18.1 The Computational Model

We define the Bruhat-Tits quantum computer (BTQC) as a model of computation with the following

components:

o State space: The Hilbert space .7 of superpositions over vertices of Tp at depth < d, for some fixed p and d.

» Gates: A finite set S of elementary isometries of Tp (representations of elements of GL(2, Qp) that act within
H3).

« Initial state: A fixed fiducial state |O> = |vr00t> (the root vertex or a designated logical vertex).

¢ Measurement: A Monna-coordinate measurement, producing a real-valued outcome with resolution € = pfd.
The measurement outcome is interpreted as a classical bit string via a fixed decoding function.

* Runtime: The number of gates applied, as a function of the input size n (where the input encodes a choice of

computation, e.g., an elliptic curve E).

18.2 Complexity Classes

Define:

BT-BQP = {L : L is a language decidable by a BTQC with bounded error (error probability < 1/3) in O(poly('n))
gates, where n is the input size and the tree depth d = O(poly(n))}.



BT-BPP = The classical analog, where superpositions are replaced by probability distributions and gates are

stochastic matrices (classical random walks on Tp).

BT-BQNC = The subclass of BT-BQP where the circuit depth (number of sequential gate layers) is
O(poly(log n)) — the p-adic analog of the conventional quantum class BQNC.

Key questions:

1. BQP € BT-BQP? Can a conventional quantum circuit be simulated on a BTQC with polynomial overhead?
This requires showing that any SU(2) rotation can be approximated by a sequence of tree isometries — the p-

adic Solovay—Kitaev problem. If yes, then BT-BQP is at least as powerful as BQP.

1. BT-BQP € BQP? Can a BTQC be simulated on a conventional quantum computer? This requires constructing
a p-adic quantum simulation algorithm — representing the tree isometries as unitary matrices in the standard
gate model, and simulating the Monna measurement via a quantum Fourier transform. If yes, then BT-BQP =

BQP and ultrametric hardware offers no asymptotic advantage.

1. BT-BQP # BQP? The most interesting possibility. Evidence for inequality is circumstantial: BSD rank
computation is a candidate problem outside BQP, and the p-adic structure of BTQC provides native access to

number-theoretic data that BQP algorithms must simulate through expensive circuits.

18.3 Oracle Separation Candidates

An oracle separation between BT-BQP and BQP would provide formal evidence that ultrametric hardware offers a
computational advantage. Candidate oracles:

e The BSD oracle: O_BSD(E) = r(E), the algebraic rank of elliptic curve E. If BT-BQP can compute r(E) in
polynomial time given oracle access to the local data ap, but BQP cannot, then BT-BQP # BQP relative to an
oracle.

« The Galois oracle: Oga) ( p) = the automorphic representation corresponding to Galois representation p. This
is the Langlands correspondence as an oracle. If BT-BQP can evaluate this oracle in polynomial time but BQP
cannot, the separation is established.

¢ The L-function oracle: O_L(E, s) = L(E, s). Evaluating L-functions at arbitrary complex arguments requires
access to local data at all primes. If BIT-BQP can evaluate L(E, s) to precision € in time polynomial in
log(l / 6) and the conductor, but BQP requires time exponential in the number of prime factors, the separation
is established.

No oracle separation has been proved. This is a high-priority open problem for the theoretical foundations of

ultrametric quantum computation.

18.4 Threshold Theorem for Ultrametric QC

Conjecture (Ultrametric Threshold Theorem). There exists a threshold physical error rate p;h > 0 such that, for
any physical error rate p < p¢h, the logical error rate of a BTQC can be made arbitrarily small by increasing the
encoding depth d, with a resource overhead that scales polynomially in log(l / p L), where Py, is the target logical

error rate.
Argument sketch. The physical error rate on the tree includes:

« Thermal activation errors: Pinerm (d) = po - €xp(—Ay/kpT),
* Gate errors (missed/wrong gates): pgate,

« Dephasing errors: Pgephase(d) ~ D) - d - p P,



The total physical error rate at depth d is Pphys (d) = Ptherm(d) + Dgate + Ddephase (d) + Dleakage-

If pgate < pih (the threshold for gate errors) and the thermal and dephasing errors are exponentially suppressed in
d, then by increasing d:

* Dtherm (@) and Paephase (d) can be made arbitrarily small,
¢ The residual pgate errors can be handled by encoding at a higher depth.

The encoding overhead scales as the number of tree vertices at depth < d, which is 'U(d) =0 (pd). The target
logical error rate is PL = Ptherm(d) = po - exp(—Ao - p*¢/kpT). Inverting:
d~ (1/a) -log,((ksT/Ao) - log(po/pr)). The overhead v(d) = O(p*) = O(log(po/pr)"/*) —
polynomial in log(1/py,).

Comparison with surface code. Surface code overhead: Nphys ~ 2 - (log(pL) / log(p/ pth))2 — polynomial
in log(1/pr) but with a larger exponent. The ultrametric overhead grows as log(1/ pL)l/ * — a slower
polynomial growth for cx > 1/2. This suggests that ultrametric error correction has a more favorable scaling than

surface-code QEC, provided the tree Hamiltonian can be engineered with sufficient precision.

Caveat. This threshold theorem is conjectural. It assumes that (1) gate errors can be made independent of depth, (2)
leakage errors can be efficiently suppressed, and (3) the p-adic Solovay—Kitaev problem has a positive resolution (so
that fault-tolerant universal computation is possible on the tree). Proving these assumptions — or finding

counterexamples — is a central task for the theory of ultrametric quantum computation.

19. EXPERIMENTAL SIGNATURES AND FALSIFIABILITY

19.1 Why Falsifiability Matters

A scientific proposal must be falsifiable — there must exist conceivable experimental outcomes that would
demonstrate the proposal to be incorrect. This section identifies specific, measurable experimental signatures that

would confirm or refute the ultrametric quantum computation hypothesis.

19.2 Signatures of the Tree Hamiltonian

Signature 1: Logarithmic level spacing. The tree Hamiltonian predicts that the energy spectrum at depth d has
characteristic frequencies wy, ~ Ay /A = Ag - p** /B for k = 1, ..., d. Spectroscopic measurement (e.g., two-

tone spectroscopy of coupled resonators) should reveal:
log(wp) = log(Ao/h) + ark-log(p).

A linear relationship in the log-frequency vs. depth plot is a signature of the tree Hamiltonian. A deviation from
linearity (e.g., power-law rather than exponential growth) would falsify the tree model for the specific physical

platform.

Signature 2: Hierarchical dephasing oscillations. The non-Markovian noise model (§5.3) predicts damped
oscillatory dephasing with frequencies wj. Ramsey interferometry on superpositions at depth k should reveal
oscillations at frequency wp. The absence of these oscillations — purely exponential dephasing at all depths —

would indicate that the hierarchical coupling structure is not realized.

Signature 3: Depth-dependent coherence enhancement. The Arrhenius model predicts that the coherence time 7%
at depth d scales as T5(d) ~ T5(0) - exp(Ay/kpT'). Measuring T5 as a function of depth and temperature,
and finding that log(7T%(d)/T2(0)) po‘d /T, would confirm the exponential protection mechanism. A sub-

exponential scaling would falsify the Arrhenius model.



19.3 Signatures of p-adic Measurement

Signature 4: Fractal measurement statistics. The Monna measurement produces outcomes distributed on a
Cantor-like set in [0, 1]. Measuring the outcome distribution for a uniform superposition over all vertices at depth d
should reveal pid-spaced peaks with hierarchical clustering. A smooth or uniform distribution would falsify the

Monna measurement model.

Signature 5: p-adic interference. Prepare an equal superposition over two vertices vy, v1 at depth d. Apply a
sequence of tree isometries that reconverges the two paths. Measure in the computational basis. The interference
pattern — the probability of measuring vg vs. v1 as a function of the relative phase — should exhibit discrete phase
steps corresponding to the p-adic central character. A continuous sinusoidal interference pattern (as in conventional

Ramsey interferometry) would indicate that the state space is continuous, not ultrametric.

19.4 Negative Results That Would Falsify the Hypothesis

The ultrametric QC hypothesis would be falsified if:

1. No hierarchical coupling: Experiments on candidate platforms reveal that coupling strengths cannot be
engineered to decay exponentially with depth. The "finite-depth approximation" (§3.1) is not merely an

engineering challenge but a fundamental obstruction.

1. No thermal protection: Coherence times at depth d do not show exponential improvement over depth d—1.

The Arrhenius factor is not observed. Thermal errors dominate at all achievable depths.

1. No p-adic interference: Quantum interference on tree-like structures is observed to be continuous (sinusoidal)
rather than discrete (p-adic). This would indicate that the state space retains Archimedean properties despite the

discrete geometry.

1. BQP-completeness of the gate set: It is proved that the gate set {c, cg(v), T, Z ()\)} generates a group whose
representation theory is simulable in BQP. This would imply that ultrametric QC offers no asymptotic

computational advantage.

1. No adelic constraint: Attempts to entangle qubits across different primes fail to reveal the product formula
constraint. The p-adic measurements at different primes are statistically independent, with no correlation

structure matching the product formula.

20. LIMITATIONS AND OPEN QUESTIONS

20.1 Mathematical Status Table

Claim Status

Product formula Proved (elementary)
Ostrowski's theorem (classification of absolute values) Proved (1916)
Hasse bound (point-count bound for elliptic curves) Proved (1934)
Bruhat-Tits tree isometries = GL(2, Q) Proved (Serre, 1980)
Class field theory (GL(1) Langlands correspondence) Proved (by 1940s)
Modularity theorem (GL(2) over @ for elliptic curves) Proved (1995-2001)
Langlands for function fields (Drinfeld 1988, Lafforgue 2002) Proved

Breuil-Colmez theorem (p-adic Langlands for GL(2,Q,)) Proved (2000s)



Claim Status

Bost-Connes system (adelic quantum statistical mechanics at GL(1)) Proved as math model (1995)

Kapustin—Witten duality (gauge theory — geometric Langlands) Physical argument, not mathematically rigorous
Full Langlands functoriality (general groups, number fields) Conjectural (since 1967)

p-adic Langlands for GL(n, Q,), n>2 Mostly open

Physical realizability of BT tree Hamiltonian Entirely open

p-adic Solovay—Kitaev theorem Open (partial results in §6.4)

BT-BQP # BQP Open

Adelic entanglement mechanism Open

Ultrametric threshold theorem Conjectural (§18.4)

Non-Markovian signatures of hierarchical coupling Predicted, unobserved (85.3, §19)

20.2 Physical Realizability Gaps

+ Finite depth approximation. The infinite tree 7}, must be approximated by a finite tree of depth d. What d is
achievable with current or near-term technology? The required d depends on the temperature T and the energy
gap scaling exponent &« — higher T demands larger d.

 Coupling precision. Exponentially decreasing coupling strengths J, = Jj - p_'“dc must be fabricated with
sufficient precision that the spectrum of the system matches the ideal tree spectrum. For p = 2 and K = 1, the
coupling at depth 10 is J / 1024 — require five orders of magnitude dynamic range.

* Decoherence from non-thermal sources. Charge noise (1/f noise), flux noise, and quasiparticle poisoning in
superconducting circuits may introduce decoherence channels not captured by the Arrhenius, Lindblad, or non-
Markovian models.

¢ Measurement fidelity. The Monna map measurement requires a detector with sufficient resolution to
distinguish tree vertices. For depth d, the Monna coordinates of distinct vertices differ by at most pid in the

Euclidean metric. A detector with resolution < p_d is needed to achieve high-fidelity readout.

21. DEVELOPMENT ROADMAP

Phase 1: GL(l) Validation — Bost—Connes Simulator (Near Term, 0-5 years)
Goal: Demonstrate that an adelic quantum statistical mechanical system can be physically realized.

System: A quantum simulator implementing the Bost-Connes Hamiltonian H = Zn log(n) aLan with the

ability to prepare equilibrium states at various inverse temperatures (3.
Platform candidates (prioritized):

o Trapped ions (highest demonstrated quantum control fidelity — 99.99% single-qubit gates, 99.9% two-qubit
gates, long coherence times ~seconds). Challenge: engineering logarithmic frequency spectrum in motional
modes.

* Superconducting circuits (fastest gate speeds — nanosecond-scale operations, scalable fabrication).
Challenge: cryogenic operation, noise environment.

» Photonic waveguide arrays (room-temperature operation for classical validation). Challenge: classical light

lacks quantum coherence; serves as proof-of-principle for tree geometry only.

Success criteria:



« Measurement of the partition function Z () = (() for B > 1, with experimental error < 1% of the

theoretical value.
« Demonstration of the phase transition at 3 = 1 (the KMS state structure changes from unique to non-unique).
 Verification that the symmetry group of the system matches the idele class group predicted by Bost—Connes.

¢ Observation of non-Markovian signatures in two-time correlation functions (§5.3).
Expected publications and milestones:

¢ Year 1-2: Theory paper formalizing the Bost—-Connes Hamiltonian in trapped-ion language.
¢ Year 2-3: Experimental demonstration of logarithmic frequency spectrum in a 5-ion chain.

¢ Year 3-5: Measurement of Z(f3) and KMS state classification.

Phase 2: GL(2) Single-Qubit Prototype (Medium Term, 3—10 years)
Goal: Demonstrate passive geometric error suppression on 75 at depth d = 3-5.

System: An array of coupled electromagnetic resonators (or equivalent) with exponentially decreasing coupling
strengths Jj, = Jy - 27°F, k ~ 1--2.

Sub-phases:

¢ 2a. Tree geometry validation. Fabricate a tree of resonators at depth d = 3 and demonstrate that the measured

spectrum matches the tight-binding model prediction to within 5%.

* 2b. Coherence benchmarking. Measure T and T3 at each depth. Confirm that log (7% (d) /Ty (0)) o 2ud
at T =10 mK.

¢ 2c. Gate demonstration. Implement elementary tree isometries (root permutation, branch cycle) with fidelity >

90%. Demonstrate interference between two computational paths.
Success criteria:

« Coherence time T for a logical qubit at depth d exceeding T for an uncoupled resonator by a factor exp(Aq /
kp T) (Arrhenius enhancement).

» Gate fidelity for elementary tree isometries > 99% (comparable to current transmon gates).

¢ Passive error suppression demonstrated: thermal error rate at depth d lower than active error correction would

achieve with comparable resource overhead.

e Observation of hierarchical dephasing oscillations (§19, Signature 2).

Phase 3: Adelic Integration (Long Term, 10+ years)

Goal: Combine Tp processors for multiple primes (p = 2, 3, 5), implement adelic entanglement, and perform a

global computation.
Sub-phases:

« 3a. Dual-prime entanglement. Entangle one qubit on 75 with one qubit on 773 via a coherent microwave bus.
Measure the correlation structure and compare with the product formula prediction.

¢ 3b. BSD rank computation (trivial curve). Compute the BSD rank for E: y2 = x3 — x (rank r = 0) — a
validation test where the expected output is known.

¢ 3c. BSD rank computation (first nontrivial curve). Compute the BSD rank for E: y2 = x3 — 2 (rankr = 1) —

the first nontrivial test of adelic computational advantage.

Infrastructure requirements:



e Multi-prime tree processors co-located in a single dilution refrigerator.
o Coherent quantum buses linking processors with ultra-low loss (quality factors > 10°).

¢ Classical control system capable of coordinating gate sequences across multiple primes with nanosecond

synchronization.

Phase 4: Fault-Tolerant Universal Ultrametric QC (Speculative, 20+ years)

Goal: Scale to BT-BQP, demonstrating an asymptotic computational advantage over conventional quantum and

classical computers.
This phase requires:

» Resolution of the p-adic Solovay—Kitaev problem (proving universality of a finite gate set).
¢ Proof (or strong evidence) that BT-BQP # BQP.

» Fabrication of trees at depth d > 10 with coupling precision better than 1%.

¢ Adelic processors spanning 10+ primes.

« Fault-tolerant error correction using the ultrametric threshold theorem (§18.4).

22. THE UNIFYING THREAD

This document began with the number 12, measured by size and by divisibility. It has traversed quantum error
correction, p-adic analysis, the Bruhat-Tits tree, the Langlands program, gauge theory dualities, the Bost—Connes
system, the Monna measurement map, non-Markovian noise models, the p-adic Solovay—Kitaev problem, the BT-

BQP complexity class, and experimental falsifiability criteria.

At every stage, the same pattern recurs: independent lines of evidence, developed by different communities, using
different methods, for different purposes, converge on the same geometric structure — the Bruhat-Tits tree and its

adelic generalization.

¢ Ostrowski's theorem: there are exactly two kinds of measurement, Archimedean and non-Archimedean.
¢ The product formula: they are not independent — they are constrained to multiply to 1.

¢ The modularity theorem: the arithmetic of elliptic curves (shadows) and the analysis of modular forms (trees)

converge on the same L-functions.
¢ The Langlands program: all shadows have trees, all trees have shadows. Arithmetic = analysis.
¢ The Breuil-Colmez theorem: the p-adic version is a proved mathematical fact.
« Kapustin—Witten duality: physics independently converges on the same structure.

» The Bost—Connes system: adelic quantum statistical mechanics is a rigorous mathematical framework.
Recent developments covered in this text include:

* Non-Markovian noise models predict damped oscillatory dephasing — a falsifiable experimental signature of
the tree's hierarchical coupling structure.

¢ The p-adic Solovay—Kitaev problem is formalized with partial results for depth-1 and product structure.

e An ultrametric threshold theorem is conjectured, suggesting that the resource overhead for fault-tolerant
ultrametric QC scales polynomially in log(l / P L) with a more favorable exponent than surface-code QEC.

¢ Explicit experimental signatures and falsifiability criteria are provided, transforming the proposal from a purely

theoretical vision into a testable scientific hypothesis.



The building tree is where they all meet. Its vertices are the states. Its symmetries are the gates. Its representation
theory is the Langlands correspondence. Its boundary is the interface with the continuous world. Its adelic product
enforces the global constraints that reconcile local data. Its hierarchical coupling structure imprints characteristic

non-Markovian signatures on quantum decoherence.

A machine built on this tree would be a physical instantiation of the deepest consilience we know. Whether such a
machine can be built remains open. But the structure it would embody is real — discovered by following the

convergence of independent lines of evidence to their natural conclusion.

The logic gates of the machine are the Langlands correspondence itself. All that remains is to build it. And to test it

— against the falsifiability criteria that separate science from speculation.

Compiled May 2026.

APPENDIX A: GLOSSARY OF KEY TERMS

Term

Definition

Absolute value

Adelic quantum computer

Archimedean

Automorphic form

Breuil-Colmez theorem
Bruhat-Tits tree

BSA (Birch and Swinnerton-
Dyer)

BT-BQP

BT-BQNC

Complete-number ring (Adele
ring)

Consilience

Decoherence

Elliptic curve

Galois representation

HEOM (Hierarchical
Equations of Motion)

L-function
Langlands program
Lindblad equation
Modular form
Modularity theorem

Monna map

The distance of a number from zero on the continuous number line.

A proposed computing architecture with native access to all measurement systems simultaneously,
constrained by the product formula.

A property where small quantities can accumulate into large ones. Governed by the triangle
inequality.

A function on a highly symmetric space that transforms in a controlled way under the symmetries.
Generalizes modular forms.

The proved p-adic Langlands correspondence for GL(2, Qp).
The geometric realization of the p-adic world; the state space of an ultrametric quantum computer.

A Millennium Prize conjecture relating the algebraic rank of an elliptic curve to the order of
vanishing of its L-function.

The complexity class of problems efficiently solvable by a Bruhat-Tits quantum computer.
The subclass of BT-BQP with polylogarithmic circuit depth.

The mathematical object holding all measurement systems simultaneously.

The convergence of independent lines of evidence on the same conclusion.
The loss of quantum information through interaction with the environment.
A smooth cubic equation: y2 = x3 + A*x + B.

An encoding of how the symmetries of solutions to polynomial equations act on a vector space.

A non-Markovian extension of the Lindblad equation using a hierarchy of auxiliary density matrices.

An infinite product built from local data at each prime, encoding global information.

A conjectural framework positing a correspondence between arithmetic and analytic objects.
The master equation for open quantum systems coupled to a Markovian bath.

A highly symmetric function on the upper half-plane.

The proved theorem that every elliptic curve over Q corresponds to a modular form.

A function translating p-adic numbers to real numbers while preserving ultrametric structure.



Term
Non-Archimedean

Ontological mismatch

Ostrowski's theorem
p-adic absolute value

Passive geometric error
correction

Product formula

Qubit

Rank (of an elliptic curve)
S-duality

Triangle inequality
Ultrametric inequality

Ultrametric threshold
theorem

Absolute Galois group
Adeles (A)
Archimedean (formal)
Class field theory
Hasse bound
Langlands correspondence
Langlands functoriality
Motive

p-adic AdS/CFT

p-adic Langlands

Qp

Lip

Shtuka

Strong triangle inequality

Trace formula

Definition
A property where small quantities cannot accumulate. Governed by the ultrametric inequality.

The diagnosis that the difficulty of building quantum computers stems from encoding discrete,
hierarchical information in a continuous state space.

The theorem that there are only two kinds of measurement: Archimedean and p-adic.
A way of measuring by divisibility: a number is "small" if highly divisible by p.

Error suppression arising from the geometry of the state space itself.

The fact that the product of the continuous size and all p-based sizes of any nonzero fraction is
exactly 1.

The quantum analog of a classical bit; can exist in a superposition of 0 and 1.
The number of independent rational points of infinite order.

A symmetry of gauge theories exchanging the coupling constant with its inverse.
|z +y| < [z] + [yl.
|a: + y| < max( |33|, |y|) Two small things cannot combine to make a bigger thing.

The conjectural result that fault-tolerant ultrametric QC with arbitrary logical error rate can be
achieved by increasing tree depth, with polynomial overhead.

Go, = Gal(@p / Qp): automorphisms of the algebraic closure fixing Q.

Restricted direct product of R and all Qp. The complete-number ring.

Metric space where integers are unbounded. IR is Archimedean; Qp is not.

Langlands for GL(l). Artin reciprocity: abelianized Galois group = idele class group.
|#E(Fp) — (p+ 1)| < 2,/p. Bounds the number of points on an elliptic curve modulo p.
Conjectural bijection: Galois representations <+ automorphic representations.

Transfer of automorphic representations G — H via L-homomorphism.

Grothendieck's conjectural universal cohomology underlying all realizations.

Holographic duality with Bruhat-Tits tree as discrete AdS and P! (Qp) as conformal boundary.
Langlands correspondence with p-adic coefficients on both sides. Proved for GL(Q, Qp).
p-adic numbers: completion of (Q with respect to || p- Ultrametric field.

p-adic integers: {z € Q) : |x|, < 1}. Compact subring of Q.

Vector bundle on a curve over Fq with Frobenius-twisted isomorphism. Encodes the Langlands
correspondence in the function field setting.

d(z,z) < max(d(z,y),d(y, z)). Defines ultrametricity; all triangles are isosceles.

S(geometric) = S(spectral) on G(Q)\G(A). Primary analytic tool for proving Langlands

functoriality.
Tp Bruhat-Tits tree: (p + l)—regular infinite tree; affine building of GL(Z, Qp).
APPENDIX B: ADDITIONS
Section Addition Status
§5.3 Non-Markovian noise models (HEOM, Nakajima—Zwanzig) New

§5.3.3 Noise spectroscopy on the tree New



Section
§5.3.4
§6.3
§6.4
§14.2.1
§14.2.2
§17.3
§18.2
§18.4
§19
§20.1

§21

Addition

Comparison table of all three error models

Multi-qubit entangling gate constructions

Expanded p-adic Solovay—Kitaev formalization with partial results
Formal semi-classical limit (tree Laplacian — hyperbolic Laplacian)
Mapping tree states to anyon worldlines

Expanded complexity analysis of BSD rank computation
BT-BQNC complexity class definition

Ultrametric threshold theorem (conjectural)

Experimental signatures and falsifiability criteria

Updated mathematical status table

Updated development roadmap with four phases and explicit milestones

Status
New
New
Expanded
New
New
New
New
New
New
Expanded

Expanded
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