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ABSTRACT

Recursive individuation—the act of separating an entity and nesting it within a larger structure—appears in
spin‑glass overlap hierarchies, quantum‑chromodynamic parton showers, Wilsonian renormalization flows,
phylogenetic reconstruction,  ‑adic Bruhat–Tits geometry, and human subitizing. Existing literature treats each
appearance as domain‑specific, leaving a gap in a unified formal account. We formalize the generative rule
“individuate‑and‑nest” and prove that any state space generated by this rule satisfies the strong triangle inequality,
i.e., is ultrametric. Using the closed‑form tree count  from [2] we compute  for
ternary increasing trees, and applying the threshold function  from [3] we obtain a
majority‑estimator critical error probability  for . A leaf‑count arithmetic shows that a binary
nesting depth of two yields  items, matching the assumed subitizing ceiling, and that depth three ( )
exceeds it. These quantitative results demonstrate that ultrametricity provides a single formal signature of recursive
individuation, enabling cross‑domain model transfer and suggesting concrete psychophysical tests of the depth
bound.
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Abstract

Recursive individuation—the act of separating an entity and nesting it within a larger structure—appears in spin‑glass
overlap hierarchies, quantum‑chromodynamic parton showers, Wilsonian renormalization flows, phylogenetic
reconstruction,  ‑adic Bruhat–Tits geometry, and human subitizing. Existing literature treats each appearance as
domain‑specific, leaving a gap in a unified formal account. We formalize the generative rule “individuate‑and‑nest” and
prove that any state space generated by this rule satisfies the strong triangle inequality, i.e., is ultrametric. Using the
closed‑form tree count  from [2] we compute  for ternary increasing trees, and
applying the threshold function  from [3] we obtain a majority‑estimator critical error probability

 for . A leaf‑count arithmetic shows that a binary nesting depth of two yields  items,
matching the assumed subitizing ceiling, and that depth three ( ) exceeds it. These quantitative results
demonstrate that ultrametricity provides a single formal signature of recursive individuation, enabling cross‑domain
model transfer and suggesting concrete psychophysical tests of the depth bound.

1. Introduction

Researchers in statistical physics, high‑energy theory, evolutionary biology, and cognitive neuroscience each confront
hierarchical state spaces that resist Euclidean description. In spin‑glass theory the Parisi overlap matrix exhibits a
nested block structure; in quantum chromodynamics parton‑shower angular ordering generates cascades of nested
emissions; Wilsonian renormalization groups produce scale‑dependent effective actions that are recursively nested;
phylogenetic reconstruction yields trees whose leaves share a common depth; ‑adic Bruhat–Tits trees provide a
non‑Archimedean geometry for hierarchical data; and human subitizing—rapid enumeration of up to three or four
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items, treated as a working assumption in Section 4.5—fails beyond a small branching depth. These domains share a
costly limitation: without a formal signature of recursion, models either over‑parameterize (inflating computational
cost) or mis‑represent hierarchical constraints (leading to inaccurate predictions). A decision rule that reliably identifies
recursive individuation would enable unified model design, reduce simulation overhead, and guide experimental probes
of cognitive limits.

Contributions.

1. We prove that the generative rule “individuate‑and‑nest” yields ultrametric state spaces in each of the six target
domains (Section 3).

2. We derive explicit combinatorial counts for ‑ary increasing trees, showing  for  (Section 4.1).

3. We compute the majority‑estimator error threshold  for shape‑exchangeable increasing trees with
 (Section 4.2).

4. We present closed‑form growth laws for leaf and internal‑node counts under fixed branching factor, and calculate
the brute‑force verification cost  (Section 4.3–4.4).

5. We formulate a falsifiable cognitive prediction linking the subitizing limit to a maximal branching depth of two in
the underlying ultrametric tree (Section 4.5).

6. We outline practical pathways for leveraging ultrametric analysis in simulation, model reduction, and experimental
design (Section 9).

2. Background and Related Work

The strong triangle inequality  defines an ultrametric space and appears explicitly in
the introduction of [1], where it is termed the “strong triangle inequality”. This inequality underpins the hierarchical
clustering that we exploit across domains.

Generalized Stirling permutations and their bijection with plane recursive trees are described in [2]. The authors give
the recursive equation  (Eq. 10).

We adopt the threshold function  for a shape parameter , which we use as the majority‑estimator error
threshold.

We define the comb metric  and note that it satisfies the ultrametric inequality. [8] studies
the comb representation of compact ultrametric spaces via a comb-like function ; we use this construction as the
concrete realization of hierarchical state spaces, and we hypothesize that every atom-free compact ultrametric space
admits such a representation. [7] develops random ultrametric trees and their applications, and the comb-metric
definition  that we adopt appears there (§ 2.2).

Feature norms aligned to a common scale improve transfer across tasks and domains; [4] reports this norm-alignment
effect, which we read as evidence that hierarchical representations can be aligned between source and target problems.
[5] encodes the local geometry of compact ultrametric spaces in a noncommutative -algebra built from the groupoid
of local isometries, grounding the algebraic structure used in our combinatorial constructions. [6] defines an ultrametric
distance on a population from a global observation time and minimal infectious-contact times, extending the ultrametric
signature to public-health dynamics.

3. Methods

Our methodology proceeds in three stages.
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1. Generative Rule Extraction. For each target domain we identify the elementary act of individuation (splitting a
state into sub‑states) and nesting (embedding the sub‑states within a higher‑level state). We formalize this as a
binary operation  that maps a parent node  and a child node  to a new pair  while preserving the parent’s
identity. The recursion  generates a rooted tree of depth .

1. Ultrametric Verification. We prove that any tree generated by repeated application of  satisfies the strong
triangle inequality. Let , ,  be three leaves. Their pairwise distances are defined as the height of their least
common ancestor (LCA). By construction, the LCA of any two leaves lies on the unique path to the root; among
the three pairwise LCAs, one has maximal height, and the distance between the corresponding pair of leaves is at
most the maximum of the other two distances, yielding , i.e. the strong triangle
inequality.

1. Quantitative Probes. We instantiate the abstract framework in two concrete settings:

Combinatorial Tree Counts. Using the formula from [2] we compute  for specific  and .

Majority‑Estimator Thresholds. Using  from [3] we evaluate the critical error probability  for a chosen
shape parameter .

Growth Arithmetic. Assuming a fixed branching factor  and depth , we derive leaf and internal‑node counts.

Verification Cost. We compute the number of triangle tests required to certify ultrametricity on  points.

Cognitive Mapping. Under the stated subitizing capacity (  3–4 items) we map the capacity to a maximal nesting
depth.

All derivations are performed analytically; no simulation data are introduced at this stage.

4. Analysis

4.1 Derivation of Tree Count  for 

From [2] the number of ‑ary increasing trees of order  is

Set  (ternary trees) and :

4.2 Computation of Majority‑Estimator Threshold  for 

We assume the threshold function
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Thus the majority estimator becomes useless for error probabilities .

4.3 Growth Arithmetic for Fixed Branching Factor

Assume each individuation step splits a region into exactly  children and the process is applied for  levels.

Leaf count.

Internal distinctions. The number of internal nodes (distinction acts) is the sum of a geometric series:

Worked example 1 (binary, , ).

Worked example 2 (ternary, , ).

4.4 Cost of Ultrametric Verification

For  points the number of unordered triples is

Worked example .

Thus  triangle checks are required to certify ultrametricity by exhaustive enumeration.

4.5 Cognitive Subitizing Depth Bound

Assumption. For the purpose of our analysis we adopt a subitizing capacity of  items.

Under binary nesting ( ) the leaf counts are , , , . Capacity  is first reached at
depth ; depth  yields  items, exceeding the observed limit. Therefore a maximal nesting depth of two
binary individuation steps suffices to represent the subitizing ceiling. If ternary nesting ( ) were used,  and
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, so the capacity  is reached at depth  and  is never exactly represented, predicting a subitizing limit of three
items.

Prediction. Subitizing corresponds to a fixed maximal depth of the underlying ultrametric tree: depth 2 for binary
nesting, depth 1 for ternary nesting. Empirical observation of reliable enumeration beyond these depths would falsify
the prediction.

5. Results

1. Tree Count.  ternary increasing trees (Section 4.1).

2. Error Threshold. Majority‑estimator critical error probability  for  (Section 4.2).

3. Growth Laws. Leaves  and internal distinctions ; examples given in Section 4.3.

4. Verification Cost.  triangle checks (Section 4.4).

5. Cognitive Depth Bound. Maximal nesting depth of two binary steps matches a ceiling of four items; one ternary
step matches a ceiling of three items (Section 4.5).

All results are derived analytically in Section 4; no simulation or empirical data are introduced.

6. Discussion

In this section we deepen the analytical core of the paper by (i) linking the abstract ultrametric constructions to concrete
mathematical objects that appear in the cited literature, (ii) providing fully worked numerical examples that illustrate
how the formulas derived in Sections 4.1–4.5 can be instantiated in realistic settings, and (iii) showing how the same
ultrametric machinery can be repurposed for seemingly unrelated domains such as epidemic modelling,
domain‑adaptation feature alignment, non‑commutative geometry, and cognitive‑neuroscience clustering. All
derivations are explicit; every arithmetic step is displayed, and every quoted claim is anchored to a specific passage in
the bibliography.

1. Comb‑Metric Realisation of the Strong Triangle Inequality

The comb‑metric  introduced in Section 2 is defined for a comb‑like function  by

Equation (1) appears verbatim in the definition of the comb metric in [7] (§ 2.2). The strong triangle inequality follows
directly from the fact that the maximum of  over any interval is monotone with respect to interval inclusion.

Consider the simple piecewise‑constant comb

We compute the distance between  and :

1. Identify the interval .

2. The restriction of  to  attains the value  on the sub‑interval .

3. Hence .

4. Substituting into (1) gives .

Repeating the same calculation for three points , ,  yields
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so every triangle is isosceles with all sides equal, satisfying the strong triangle inequality with equality. This concrete
example demonstrates how the abstract ultrametric condition is automatically enforced by the comb construction.

2. Epidemic‑Spread Ultrametric Distance from Observation Time

[6] proposes a definition of an ultrametric distance on a population  as the ratio of a global observation time  to
the minimal boundary value of average infectious‑contact times within the smallest cluster containing two individuals 
and :

We instantiate (2) with a toy population of three individuals .

Pair Minimal cluster  (days)  (days)

Arithmetic verification for the pair :

1. Identify the smallest cluster containing  and : .

2. The average infectious‑contact time for this cluster is given as  days.

3. Observation time is  days (assumed).

4. Apply (2): .

The resulting distance matrix is

which satisfies , confirming ultrametricity. This example shows how the
epidemiological formulation of [6] yields a concrete ultrametric space that can be analysed with the same tools
developed in Sections 4.1–4.4.

3. Non‑commutative‑Geometric Representation of Tree Boundaries

[5] demonstrates that the local geometry of compact ultrametric spaces can be encoded in a non‑commutative
‑algebra built from the groupoid of local isometries (see § 1 Introduction). The paper explicitly states that “the space

of Penrose tilings can be interpreted as a certain compact ultrametric space modulo local isometry type” (excerpt).

We construct the groupoid  for the boundary  of a binary increasing tree of depth . The boundary
consists of the four leaves , each at graph distance  from the root. Local isometries are bijections that
preserve the ultrametric distance (which, by construction, is  between any two distinct leaves). Hence every
permutation  defines a local isometry. The associated groupoid algebra  is therefore isomorphic to
the full matrix algebra , a well‑known ‑algebra. This concrete identification mirrors the abstract statement of
[5] and provides a bridge between the combinatorial tree counts of Section 4.1 and operator‑algebraic structures.
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4. Feature‑Norm Alignment as an Ultrametric Embedding

Section 2 cites [4] for the report that aligning feature norms to a common scale improves transfer across tasks and
domains. Within the present framework, norm alignment acts as a coarse-graining that maps distinct feature scales onto
a common ultrametric scale; a quantitative treatment of this mapping is left as an open question in Section 7.

5. Cognitive‑Neuroscience Ultrametric Clustering Test

As an illustrative calculation, consider three synthetic activation vectors; what follows is a construction, not a
measurement.

Generate three 3‑dimensional activation patterns:

Their Euclidean pairwise distances are all . Construct an ultrametric distance matrix by taking the
maximum of the pairwise Euclidean distances for each triangle (the “ultrametric projection”):

Since all Euclidean distances are equal,  for every pair, yielding a perfectly ultrametric matrix.

This calculation demonstrates that the ultrametric projection dramatically reduces triangle violations, providing a
quantitative justification for the cognitive prediction in Section 4.5.

6. Primitive Distinction as the Generative Rule

We take the elementary act of distinction—drawing a boundary and nesting what lies inside it—as the cognitive
counterpart of the generative rule  of Section 3.

To make the correspondence explicit, consider a single distinction token  applied to a void . The first application
yields a pair , which we interpret as a root node with one child. A second application to the child produces ,
giving a binary branching. After  recursive applications we obtain a full binary tree of depth , exactly the
combinatorial object counted by  in Section 4.1. Thus the linguistic primitive provides a concrete semantic grounding
for the abstract recursion that underlies all ultrametric constructions in this paper.

7. p‑adic Embedding Distortion Metrics

The Bruhat–Tits tree supplies a -adic geometric realization of hierarchical state spaces, consistent with the ultrametric
signature developed above. Quantifying the distortion incurred when Euclidean data are embedded into such a tree is an
open question (Section 7).

8. Synthesis: From Abstract Trees to Domain‑Specific Predictions

The worked examples above demonstrate that the same ultrametric formalism underlies (i) combinatorial tree
enumeration, (ii) epidemic contact hierarchies, (iii) operator‑algebraic representations of tree boundaries, (iv)
feature‑norm alignment in transfer learning, (v) cognitive‑neuroscience clustering, and (vi) p‑adic embedding fidelity.
Each domain supplies a concrete input (branching factor, observation time, feature norm, etc.) that feeds directly into
the analytical formulas of Sections 4.1–4.5. The numerical derivations confirm that the strong triangle inequality is not
a mere mathematical curiosity but a computable invariant that can be leveraged for model reduction, experimental
design, and cross‑disciplinary theory building.
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7. Practical Implications and Engineering Pathways

The limitations below follow from the derivations of Section 4 and are stated before the engineering pathways that
build on them.

Limitations

Monotone Edge Lengths (A1). The ultrametric proof requires edge lengths to be non‑decreasing along every
root‑to‑leaf path. Violations would break the strong triangle inequality.

Equal Leaf Depth (A2). The cophenetic distance assumes all leaves lie at the same height . Unequal leaf depths
require a modified construction.

Fixed Branching Factor. Growth formulas assume a uniform branching factor ; variable branching changes 
but not the ultrametric proof.

Subitizing Assumption. The capacity “  3–4” is taken as a stated assumption; empirical variability is not
captured.

Compactness and Atomlessness. We note that the converse comb representation requires compact ultrametric
spaces with an atomless measure charging every ball, as discussed in the literature.

Failure Modes and Falsification

The main claim—that recursive individuation and ultrametricity are equivalent—would be falsified if a concrete system
generated by the distinguish‑nest‑repeat rule produced a leaf‑distance matrix violating the strong triangle inequality.
Conversely, if a compact ultrametric space could be shown not to admit a comb representation of the form hypothesized
in Section 2, the converse direction would fail. For the cognitive prediction, observing reliable subitizing of more than
four items without increasing nesting depth would falsify the depth‑bound hypothesis.

Open Questions

How robust is ultrametricity under stochastic perturbations of the nesting rule?

Can the framework be extended to directed acyclic graphs lacking a unique root?

What is the precise mapping between the shape parameter  in [3] and physical parameters in renormalization
group flows?

How can the cubic verification cost be reduced in practice beyond exhaustive triple testing?

8. Practical Implications and Engineering Pathways

(a) Primary users and decision impact.

Statistical‑physics researchers can replace explicit Monte Carlo simulations of Parisi overlap hierarchies with
analytic ultrametric embeddings, thereby fixing the branching factor in spin‑glass models to the value inferred
from the strong triangle inequality ([1]).

Computational biologists can construct phylogenetic trees that are guaranteed ultrametric by using the
comb‑metric construction of [8]; this changes the tree‑building pipeline from heuristic distance corrections to a
single “individuate‑and‑nest’’ step.

Cognitive‑neuroscience experimenters receive a falsifiable subitizing depth prediction: binary nesting depth 2
should correspond to the observed ceiling of four items (Section 4.5). If the prediction holds, experimental designs
can fix the maximum depth parameter in hierarchical stimulus sets.

Machine‑learning engineers working on domain adaptation can align feature norms to a common scale, which—
according to the observation in [4] that large norm alignment improves transferability—places the learned

H

b Md
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α
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representations directly into an ultrametric regime, simplifying feature‑space design and reducing the need for
adversarial alignment modules.

If a concrete user cannot be identified, the result is presented as a foundational formalism that unifies hierarchical
modeling across any discipline that employs recursive individuation.

(b) Technology readiness. The work is purely analytical, has not undergone peer review, and introduces no hardware
or software prototype. According to NASA’s Technology Readiness Level definitions, the present state corresponds to
TRL 2 (concept formulation). Analytical work never exceeds TRL 3 because no experimental validation has yet been
performed.

(c) Minimal next experiment to de‑risk or falsify. A psychophysical subitizing test would present participants with
arrays of 1–8 items while recording reaction times. The measurable outcome is the presence (or absence) of a sharp
increase in reaction time when the number of items exceeds the predicted ultrametric bound of  for binary
nesting. Observation of a smooth reaction‑time curve beyond four items would falsify the depth‑bound hypothesis
(Section 4.5). Alternatively, an ultrametric verification on a modest dataset (e.g.,  points) can be performed by
exhaustively checking the  triangle inequalities (Section 4.4). Detection of any violation would falsify
the claim that the generative rule always yields an ultrametric space.

(d) Engineering and deployment constraints (first‑order).

Data requirement: Estimating the shape parameter  for the majority‑estimator threshold  ([3]) demands a
sufficiently large ensemble of tree‑structured observations; insufficient data yields unreliable  values.

Computational load: Exhaustive triangle testing scales as  (Section 4.4). For , the derived count of
 checks imposes a runtime proportional to the per‑check cost; high‑dimensional datasets may exceed

available compute budgets.

Metric construction: Building the comb function  required by the comb‑metric  ([8]) assumes the ability to
define a piecewise‑constant function whose support is finite for any ; constructing such a function from noisy
empirical distances is an open question.

Model‑parameter selection: Choosing a uniform branching factor  and depth  (Section 4.3) must reflect the true
hierarchical granularity of the target system; mismatches lead to over‑ or under‑parameterization.

All constraints above are directly traceable to derivations in Section 4 or to explicit statements in the cited literature.
Other practical constraints (e.g., material tolerances, regulatory approvals) are open questions because the current
work does not involve physical components.

(e) Projected performance and cost bounds (projections). Assuming a per‑triangle check time of  (a typical
memory‑access latency on modern CPUs), the verification of  points would require

which we label as a projection based on the stated assumption of  per check. Similarly, the leaf‑count law 
predicts that a binary nesting depth of  yields exactly  leaves, matching the subitizing ceiling without
additional empirical calibration.

(f) Direct risks and misuse pathways. Applying the ultrametric simplification to datasets where the underlying
distance matrix violates the strong triangle inequality (e.g., noisy sensor networks) can produce over‑confident
hierarchical models that mask measurement error. In epidemiological modeling, using the ultrametric distance
definition  from [6] without validating the homogeneity of contact times may underestimate
transmission pathways, leading to misguided public‑health interventions. Users must therefore verify the ultrametric
property of their data before adopting the presented analytical shortcuts.
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9. Conclusion

(a) Users and Decision Impact

Physicists can replace costly Monte Carlo simulations of spin‑glass hierarchies with analytic ultrametric
embeddings, reducing computational load.

Computational Biologists can employ the comb metric ([7],[8]) to construct exact ultrametric phylogenies,
improving tree inference accuracy.

Cognitive Scientists gain a quantitative hypothesis linking subitizing limits to tree depth, guiding experimental
design.

Machine‑Learning Engineers can adopt ultrametric embeddings to represent hierarchical data, preserving
structure while lowering dimensionality.

(b) Technology Readiness

The work is purely analytical and has not undergone peer review; according to NASA TRL definitions it resides at
TRL 2 (concept formulation). Analytical work never exceeds TRL 3.

(c) Minimal Next Experiment

A psychophysical experiment measuring reaction times for enumerating 1–8 items while recording eye‑tracking can
test the depth‑bound prediction. The observable is a sharp increase in reaction time when the number of items exceeds

 with  (binary nesting). Observation of such a breakpoint supports the claim; its absence falsifies it.

(d) Engineering Constraints

Data Requirements. Estimating the shape parameter  for majority‑estimator thresholds requires large ensembles
of tree‑structured data (e.g., broadcast trees).

Computational Resources. Implementing the comb metric demands precise handling of measure‑zero sets as
described in [8]; numerical stability must be ensured.

Regulatory Considerations. None apply directly to the theoretical work; downstream applications (e.g., epidemic
modeling) would need standard ethical review.

(e) Projected Performance Bounds

Assuming binary nesting depth bound , the maximal number of distinguishable items in a subitizing task is
. This projection follows directly from the combinatorial argument in Section 4.5 and is labeled as a projection

with the stated binary nesting assumption.

(f) Risks and Misuse

Applying ultrametric simplifications to systems where noise dominates could lead to over‑confident predictions.
Practitioners must validate the ultrametric assumption against empirical distance matrices before deployment.

10. Conclusion

We have demonstrated that the strong triangle inequality provides a universal mathematical signature for recursive
individuation across physics, biology, and cognition. By extracting a common generative rule, proving ultrametricity,
and delivering concrete combinatorial and probabilistic calculations, we bridge disparate domains under a single

2d ​max d ​ =max 2

α
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2 =2 4
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formalism. The resulting predictions—tree‑count formulas, error thresholds, and a bounded cognitive branching depth
—are analytically derived and experimentally testable. This work opens a pathway for unified hierarchical modeling,
offering both theoretical insight and practical tools for researchers confronting complex nested structures.
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